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m Conjugate Gradient Method (Part 3)

~ Conjugate gradient method
N Convergence rate
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Conjugate Search Direction

m Important equations about conjugate search direction

AX =B > Linear equation

min f(X):%XTAX ~B"X +C —> Equivalent optimization

RK —g_ ax® > Residual definition

vi|X®|= Ax ¥ - =—R® > Residual vs. gradient
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Conjugate Search Direction

m Important equations about conjugate search direction

> |[teration scheme

H= DT ADK) -
DUTADY =0 > Conjugate search directions
DWTRKD — ¢ > Orthogonal residual
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Conjugate Gradient Method

m Step 1: start from an initial guess X©), and set k =0
m Step 2: calculate

DO _RO _g_aAx©
m Step 3: update solution

(KT R(K)
(1) _ 5 (), (k) y(K) «_ DR
XU = XY+ 4D where 4"/ = ST ADW
m Step 4: calculate residual
R(k+1) _ B . AX (k+l)
m Step 5: determine search direction
(i)T (k+1)
(k+1) _ Rlks1) Dl ~ D" AR
D +Z:Bk+1| where  f,; =- DT ADW

m Step 6: setk=k + 1 and go to Step 3
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Conjugate Gradient Method
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Conjugate Gradient Method
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Conjugate Gradient Method

m Orthogonal residuals

R(k+1) _ Rk) —,u(k)AD(k) DT ADU) = 0 DKTRK) _

D(k)T R(k+1) _ O
DT R(Kk+2) _ (kT .[R(m) _ gk AD(k+1)]
D(k)T R(k+3) _ D(k)T . [R(k+2) . l[l(k+2)AD(k+2)]: D(k)T R(k+2) . ﬂ(k+2)D(k)T AD(k+2 _ O

D(k)T R(k+1) . ILl(k+l)D(k)T AD(k+l) _ O

DUTRW =0 (i< j)
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Conjugate Gradient Method

m Orthogonal residuals

R® 1 span{D'?, DY, ..., D"V}

R® 1 span{R®,R%,... R« 1}

R® and RY are orthogonal
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Conjugate Gradient Method

D(i)T AR(k+l)
DUT ADW)

k -
D(k+1) = R(k+1) + Zﬂkﬂ,i D(I) Where ﬂk+1,i ==
i=0

R+ _ Rk) —,u(k)AD(k)

R(HUT R(k+1) _ [R(i) _lu(i)AD(i)]T Rk = ROTR(D) _ (T AR+

‘Ll(i)D(i)T AR(k—I—l) _ R(i)T R(k—l—l) . R(i+1)T R(k—l—l)
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Conjugate Gradient Method

K (T Ap(k+1)
(k1) _ (k1) (i) ~ D7 AR
D - R +;ﬂk+l,iD Where ﬂk+1,i _ D(i)T AD(.)
,u(i)D(i)T AR K+ — ROITR(k+) _ pi+1)T p(k+) ROTRG) — 0
mi=kK (i) ()T A (k+) (ke2)T o (k1)
4D AR — Rl Rk
mi<k

ILl(i)D(i)T AR(k+1) _ 0

(k)T (k+1) (k+1)T o (k+1)
(k+1) _ p(k+1) (k) — _ D AR — R R
D =R + S D where B = DT AD® ,u(k)D(k)T AD®)

Slide 13



Conjugate Gradient Method

m Step 1: start from an initial guess X©), and set k =0
m Step 2: calculate

DO _RO _g_aAx©
m Step 3: update solution

DT RK)

(k+1) — y (k) o, (K)py(k) (k) _
XU = XY+ 4D where u = DT AD®

m Step 4: calculate residual
Rk+1) _ pk) —,u(k)AD(k)

m Step 5: determine search direction
R(k+1)T R(k+1)

(k+1) _ p(k+1) (k) =
D*Y=R*Y+ ., ,DY where B, = IDET AD®

m Step 6: setk=k + 1 and go to Step 3
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Conjugate Gradient Method

m Step 1: start from an initial guess X©), and set k =0
m Step 2: calculate

DO _RO _g_aAx©
m Step 3: update solution

(KT R(K)
(1) _ 5 (), (k) y(K) «_ DR
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m Step 4: calculate residual
Rk+1) _ pk) —,u(k)AD(k)
m Step 5: determine search direction
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Conjugate Gradient Method

R(k+1)T R(k+1)
,u(k)D(k)T AD®K)

D(k+l) — R(k+l) +ﬂk+1,kD(k) Where ﬁk+l,k —

,u(k)D(k)T AD®K) = pkITRK)

R(k+1)T R(k+1) - R(k+1)T R(k+1)
,u(k)D(k)T ADK) — pKITRK)

ﬁk+1,k —
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Conjugate Gradient Method

m Step 1: start from an initial guess X©), and set k =0
m Step 2: calculate

DO _RO _g_aAx©
m Step 3: update solution

DT RK)

(k+1) — y (k) o, (K)py(k) (k) _
XU = XY+ 4D where u = DT AD®

m Step 4: calculate residual
Rk+1) _ pk) —,u(k)AD(k)

m Step 5: determine search direction
R(k+1)T R(k+1)

DT R(K)

DY =R&Y 1 5 DY where S, =

m Step 6: setk=k + 1 and go to Step 3

Slide 17



Convergence Rate

m Mathematical analysis of convergence is quite complex
~ We will directly show the results, but not detailed analysis

m Convergence rate of conjugate gradient method

AX =B
-] [T -

T

Exact Condition
solution number
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Convergence Rate

el AT -

erl

m Property 1: Converge by one iteration if K(A) = 1
< E.g., Ais an identity matrix

Slide 19



Convergence Rate

el AT -

erl

m Property 2: slowly converge if k(A) Is large
< l.e., AX =B is ill-conditioned

m In this case, we want to improve convergence rate by pre-
conditioning
N Scale the matrix A to reduce its condition number
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m Conjugate gradient method (Part 3)
N Conjugate gradient method
N Convergence rate
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