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Overview 

 Conjugate Gradient Method (Part 3) 
 Conjugate gradient method 
 Convergence rate 



Slide 3   

Conjugate Search Direction 

 Important equations about conjugate search direction 
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Equivalent optimization 

Residual vs. gradient 
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Conjugate Search Direction 

 Important equations about conjugate search direction 
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Conjugate search directions 
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Conjugate Gradient Method 

 Step 1: start from an initial guess X(0), and set k = 0 

 Step 2: calculate 
 

 Step 3: update solution 
 
 

 Step 4: calculate residual 
 

 Step 5: determine search direction 
 
 

 Step 6: set k = k + 1 and go to Step 3 
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Conjugate Gradient Method 

( ) ( )kk AXBR −= ( ) ( ) ( ) ( )kkkk DXX µ+=+1

( ) ( )11 ++ −= kk AXBR

( ) ( ) ( ) ( )[ ]kkkk DXABR µ+⋅−=+1

( ) ( ) ( ) ( )kkkk ADAXBR µ−−=+1

( ) ( ) ( ) ( )kkkk ADRR µ−=+1
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 Step 1: start from an initial guess X(0), and set k = 0 

 Step 2: calculate 
 

 Step 3: update solution 
 
 

 Step 4: calculate residual 
 

 Step 5: determine search direction 
 
 

 Step 6: set k = k + 1 and go to Step 3 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )kTk

kTk
kkkkk

ADD
RDDXX =+=+ µµ where1

( ) ( ) ( )000 AXBRD −==

( ) ( ) ( ) ( )kkkk ADRR µ−=+1

( ) ( ) ( )
( ) ( )

( ) ( )iTi

kTi

ik

k

i

i
ik

kk

ADD
ARDDRD

1

,1
0

,1
11 where

+

+
=

+
++ −=+= ∑ ββ



Slide 10   

 Conjugate Gradient Method 

 Orthogonal residuals 
( ) ( ) 01 =+kTk RD
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 Conjugate Gradient Method 

 Orthogonal residuals 
( ) ( ) ( ) ( ) ( ) ( )},,,{},,,{ 1010 kk RRRspanDDDspan  =( ) ( ) ( )jiRD jTi <= 0
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( ) ( ) ( )jiRR jTi <= 0

R(i) and R(j) are orthogonal 
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Conjugate Gradient Method 
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Conjugate Gradient Method 

 
 
 
 

 i = k 
 

 i < k 
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Conjugate Gradient Method 

 Step 1: start from an initial guess X(0), and set k = 0 

 Step 2: calculate 
 

 Step 3: update solution 
 
 

 Step 4: calculate residual 
 

 Step 5: determine search direction 
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Conjugate Gradient Method 
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Conjugate Gradient Method 
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Convergence Rate 

 Mathematical analysis of convergence is quite complex 
 We will directly show the results, but not detailed analysis 

 
 Convergence rate of conjugate gradient method 
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Convergence Rate 

 
 
 

 Property 1: Converge by one iteration if κ(A) = 1 
 E.g., A is an identity matrix 
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Convergence Rate 

 
 
 

 Property 2: slowly converge if κ(A) is large 
 I.e., AX = B is ill-conditioned 

 
 In this case, we want to improve convergence rate by pre-

conditioning 
 Scale the matrix A to reduce its condition number 
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Summary 

 Conjugate gradient method (Part 3) 
 Conjugate gradient method 
 Convergence rate 
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