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Constrained Nonlinear Optimization

m Standard form for constrained nonlinear optimization

min f(X)
ST. g,.(X)<0 (m=12,---,M)
h(X)=0 (n=12,---,N)

m We do not write equality constraint h(X) = 0 as two inequality
constraints h(X) = 0 and h(X) <0 in this lecture

N Equality and inequality constraints are handled differently in
duality theory
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Lagrangian

min f(X)
ST. g,(X)<0 (m=12,---,M)
h(X)=0 (n=12,---,N)

m Define the Lagrangian

L(X,U,V)=f(X +Zu ol +Zvnhn
ml\ nlf

Lagrange multipliers

“L(X,U,V) is a nonlinear function of X, but it is linearly dependent
of Uand V
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Lagrange Dual Function

m Define Lagrange dual function

d(U,V)=iQfL(X,UV mf{ Zug Zvnhn }

m At any given X, L(X,U,V) is a linear function of U and V
d(U,V) is the minimum of an infinite number of linear functions

Slide 5



Lagrange Dual Function

dU,V)= me(XUV { +Zu g, ( +Zvnhn }

d(U,V)A
) T ——— \

Concave \

>
UV

m For any constrained nonlinear optimization, the Lagrange
dual function d(U,V) is concave
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Lower Bound Property

m |f X* is the optimal solution and U > 0, then

g,(X)<0 (m=12--M)
h(X")=0 (n=12,--,N)

< f (X *) d(U,V) is the lower bound of f(X*)
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Linear Programming Example

mxin C'X
S.T. AX =B
X <0

L(X,UV)=C"X+UTX +V"-(AX -B)
=(CT+UT+VTA)- X -VTB

~V'B (CT+UT+VTA=0)
—o  (Otherwise)

Concave function

d(U.V)=inf L(X,U,V):{

C'X">-V'B (CT+UT+VTA=0 U >0)
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Lagrange Dual Problem

m Lagrange dual problem is defined as

min - f(X) max d(U,V)
ST. g,(X)<0 (m=12,---,M) j> UV
h(X)=0 (=12 N) >T. U=20
A S Dual problem
Primal problem
m Linear programming example
min C'X max -V 'B
X uyv
ST. AX=B j‘ ST. C'+U"+V'A=0
X <0 U>0
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Weak Duality

min f(X)
ST. g.(X)<0 (m=12,-,M) j>
h(X)=0 (n=12,---,N)
Primal problem

max d(U,V)
uyv

S.T. U=0

Dual problem

m Weak duality
X X* is primal optimum
< U* and V* are dual optimum
« f(X*) > d(U*,V*) (Lagrange dual function is the lower bound)

m Weak duality holds for any optimization problem (either convex
Or NON-convex)
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Strong Duality

min  f(X) . dU)
ST. ¢,.(X)<0 (m=12,---,M) :NV na
h(X)=0 (n=12,---,N) ST. U=0
b o Dual problem
Primal problem

m Strong duality
X X* is primal optimum
< U* and V* are dual optimum
f(X*) = d(U*,V*) (duality gap is zero)

m Strong duality does not hold in general, but it usually holds for
convex problems

N Conditions that guarantee strong duality in convex problems are
referred to as constraint qualifications
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Slater’s Constraint Qualification

m Strong duality holds for convex optimization

min f(X)
ST. g.(X)<0 (m=12,--,M)
AX =B

Equality constraints
must be linear

wif it is strictly feasible, i.e.,

g.(X)<0 (m=12,---,M)
AX =B

m Sufficient but not necessary condition
~ Many other constraint qualifications exist
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Quadratic Programming Example

mxin XTAX—I—ZBTX A+ul B
S.T. ==0

ST. X™X <1 BTt
Primal problem u=0
Dual problem

m Primal problem is not convex, if A is not positive semidefinite

m Dual problem is convex semidefinite programming

m Strong duality holds even if primal problem is not convex

N Dual problem can be solved both efficiently and robustly due to
convexity
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Complementary Slackness

min  f(X)

diu,Vv

S.T. g.(X)<0 (Mm=12,---,M) j> max u.Vv)

h(X)=0 (n=12,---,N) ST. U=0

b o Dual problem
Primal problem

m Assume that strong duality holds, X* is primal optimum, and
U* and V* are dual optimum

M

f(X")=dU"V)= inf{f(X)+Zu;gm(x)+nZN;v:hn(X)}

m=1
N

mZM_'Iu g, (X )+nZ_;VIhn(X*)
i

><
—
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Complementary Slackness

min  f(X)
X
ST. g,(X)<0 (m=12,---,M) j>
h(X)=0 (n=12,---,N)
Primal problem

max d(U,V)
uyv

S.T. U=0

Dual problem

mu.*>0-— g, (X*) =0 (active constraint)
m g (X*)<0—>u_*=0(inactive constraint)
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Karush-Kuhn-Tucker (KKT) Condition

min  f(X)

diu,Vv

S.T. g.(X)<0 (Mm=12,---,M) j> max u.Vv)

h(X)=0 (n=12,---,N) ST. U=0

b o Dual problem
Primal problem

m |f strong duality holds and X*, U* and V* are optimal, then

g (x )<0 (m 1,2,---,M)

Primal constraints
X")=0 (n=12,---N)

U >0 Dual constraints

"9,(X)=0 (m=12,--,M) Complementary slackness
M N
VE(X )+ YU vy, (XT)+ DV -Vh (X T)=0  x*minimizes L(X,U% V¥
m=1 n=1
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KKT Condition for Convex Problem

min  f(X) . dU)
ST. ¢,.(X)<0 (m=12,---,M) :NV na
h(X)=0 (n=12,---,N) ST. U=0
b o Dual problem
Primal problem

m Given a convex problem with strong duality, X*, U* and V* are
optimal if and only if they satisfy the KKT condition

m Many convex programming algorithms are derived from KKT

Boyd and Vandenberghe, “Convex Optimization,” Cambridge University
Press, 2004
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m Duality
~ Lagrange dual
 KKT condition
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