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Over-Determined Linear Equation

m Fit an approximate function f(x) from sampling points

()~ By () ty b, () + -

(M > N)

A -a=|B _ _ .
M samples < Over-determined linear equation

N coefficients
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Over-Determined Linear Equation

m Solve over-determined linear equation

~ No exact solution to satisfy all equations, but we can find the
least-squares solution:

A-aa=B

11

min |A-a-B,

(Least-squares solution)
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Over-Determined Linear Equation

m There are two popular approaches to solve over-determined
linear equations

M samples << A |a=|B| (M>N)

N coefficients
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Over-Determined Linear Equation

m Solution 1
A-a=B
AT : A Q= A’ B
NxM Mx N NxM
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Over-Determined Linear Equation

m Solution 1

A’ : A |a= A’ B
N x M M Xx N N X M ]
i i Mxl
1L
a=(ATAJ"-(ATB)
R
NxN Nx1

We can prove that the solution yields least-squared error
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Over-Determined Linear Equation

m Proof of optimality

min |A-a-BJ;
F(e)=|A-a-B|, =(A-a-B) -(A-a-B)
F(a)=|A-a-B|} =(a"-A"-B").(A-a-B)

Fla)=a"A"Aa-a"A"B-B"Ac+B"B
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Over-Determined Linear Equation

m Proof of optimality

Fla)=a"A"Aa—-a"A'B-B"Ac+B"B
«"ATB=(a"ATB) =B Aa
F(la)=a"'A"Aa-2B"Aa+B"B

5 % 5
—F(a)= £(ozT ATAa)—a(ZBTAaF 0
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Over-Determined Linear Equation

m Proof of optimality

0 O ( 1T O (nnT
= F(ag)= 2= _ —
v (a) o (a A Aa) "o (2&0\05) 0
W PT
W = AT A a'Wa = ZZWUa,aJ

n I#n J#N
= 2w an+z in&i Z |
I1#N j#n
=2W_a, + Z 2W,
j#n
:ZZanaj
J
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Over-Determined Linear Equation

m Proof of optimality

oo oa " oa F
0
W =ATA Py (aTWa): ZZanaJ
n J
- _
5—%(aTwa) > 2wy
i T . a T _ ) _ _ T
-~ (a"Wa)= . (a"Wa)| = Zj:zwzjaj = Wa = 2A Aa
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Over-Determined Linear Equation

m Proof of optimality

(2P"a)|=|2p, |=2P=2AB
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Over-Determined Linear Equation

m Proof of optimality

oa oa " oo F
i(ocTWOz):ZATAoc i(2|:’T06)—2AT|3
oa oo

2A"Aa-2A'B=0

a=(ATA]"-(ATB)
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Over-Determined Linear Equation

m Solution 2

A-aa=B

QR decomposition

_>< X X_
A= Q R x
MXN || NXxNX]
Orthogonal, i.e., Q'Q =1  Upper triangular
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QR Decomposition

|A, = 1|,
r=|Al,
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QR Decomposition

Ay =Q 1, +Q, 1y, Q2TQ2:1 Q1TQ2:O

Q1TA2 :QlTQl’r12+Q1TQ2'r22
I, :QlTAZ
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QR Decomposition

Ay =Q 1, +Q, 1y, Q2TQ2:1 Q1TQ2:O

Az - r12Q1 — Qz I
|A; = 1.Qu], = 122 Qe
I = HAZ - r12Q1H2

Q, = A, —1,Q

r22

Continue iteration until Q and R are found
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QR Decomposition

m Geometrical interpretation

A2
Start from two vectors A, and A,
»
Al
A2
/ Normalized A, to determine Q,
—>—>
QA
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QR Decomposition

m Geometrical interpretation

A
Q0 g = _2_|
M Decompose A, into r;,Q, and r,,Q,

>

QA

A2

Q,
Normalized r,,Q, to determine Q,

>—>
Q A
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QR Decomposition

m [t is referred to as classical Gram-Schmidt algorithm
~ Q may not be orthogonal due to numerical errors

m Modified Gram-Schmidt algorithm was proposed to further
Improve numerical stability

m More details can be found at

Numerical Recipes: The Art of Scientific Computing, 2007
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Over-Determined Linear Equation

m Solution 2

A-a=B A=Q-R

s

Q-R-a=B
uys
Q"' Q-R-a=Q'-B
4L Qo=
Ra=Q"-B

1L
a=R™*-(Q"B)

N X M ] _Nx{
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Over-Determined Linear Equation

m In theory, these two approaches yield identical results
A-a=B A=Q-R

ATA=R'Q'QR=R'R
(ATA]" =(RR) =R*(RT)"
A'B=R'Q'B
a=(ATAJ"-(ATB)=R*R")"-R'Q"B=R'Q"B
(ATA)AT = R-1QT is often referred to as pseudo-inverse of A
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Over-Determined Linear Equation

m |n practice, Solution 2 is preferred since it is more robust to
numerical noise

Y MATLAB uses a modified version of solution 2 to solve over-
determined linear equations

“ You can use a simple command “o. = A\B” to solve over-
determined linear equations in MATLAB

m To understand the numerical difference, we check the
condition number of both approaches
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Over-Determined Linear Equation

m A simple example based on L; matrix norm

1 0
A=| 0 107
10" 107

aal| 1 107 o |1 107
107 107 0 10°

k(AT A)=10% k(R)=10°

Solution 1 Solution 2
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Over-Determined Linear Equation

m Comparison on two solutions

Solution 1 o =(ATAJ"-(ATB)
Solution 2 a=R" -(QT B)
1L
k(ATA)>>k(R)

Solution 2 is more numerically robust
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m Over-determined linear equation solver
N Pseudo-inverse
N QR decomposition
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