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An lterative Algorithm to Evaluate Multimodal
S Parameter-Measurements

H.-W. Glock and U. van Rienen

Abstract—Scattering-(.S-)parameters are well established
quantities to characterize RF-components both in theory and
for measurement purposes. In spite of this, there are very few
approaches to measureS-parameters in waveguide environ-
ments with more than a single propagating mode. In this paper we
present a method for this purpose using a conventional single mode
network analyzer, coaxial-waveguide adaptors to be calibrated
within the procedure and waveguides of adjustable length. The
most important step is the extraction of the devicesS-parameters
aimed for from the ensemble of single mode measurements. This
is done by an iterative algorithm described in this paper.

Index Terms—Measurement evaluation, multimode, S-param-
eter, waveguide.

I. INTRODUCTION Fig.1. Schematic drawing of setups used for adaptor calibration with delayed

HE d . . & . ingl d shorts (upper) and for measurement. Small letters denote the signals at all
etermination of-parameters in a single mode (USUggnnection planes, index 0 corresponds to the coaxial lines, which have to be

ally coaxial line) environment is a fundamental techniquennected with a usual single mode network analyzer.
in rf measurement. So-called network analyzers (NWA) are used o ]
to measure the (2 2)-S-matrix of a two-port device. With ap- & Series of two-porf-parameters taken with different delay line
propriate adaptors they do this even for single-moded Wavé@ngths as shoyvn in Fig. 1. The quantities directly observable de-
uides. The elimination of the adaptors influence from the r@&nd in a nonlinear manner @i parameters to be measured;
sult of the measurement is a standard problem in NWA mesR their extraction needs a well suited algorithm presented here.
surements and commonly known as “calibration” or “de-em-
bedding-problem” (see e.g. [1] for an overview of calibration Il. THEORY OF MEASUREMENT SETUP

approaches, [2] for a single mode procedure that has some simf we consider a setup with two adaptarssand B, a test
ilarities to our method). A special situation arises at signal frgrevice and two connecting waveguides with lengthsand
quencies high enough that higher order waveguide modes gfe(Fig. 1), we are able to write down all signals, related by

able to propagate: though each mode is an independent porighropriately define$-matrices (ref. Fig. 1):
the device there are no means to couple one mode individu- <b ) <A I\ (a

ally over a broad frequency range and without disturbance of
the others. The approaches in literature (e.g. [3] and references

o

therein) to determine multimode-parameters may be divided <90> . <Bgo BT) <’Lo>

into two groups: 1) use of mode-selective couplers; 2) field pat- g) B B h )’

tern scanning with antenna arrays. The first approach relies on ay 0 E(Ly) b

the assumption of ideal selectivity which is satisfactory only for < J) T <E(L1) 0 ) <8> ’
small frequency bands. The second suffers either from small sig- 2 0 E(L) I

nals or from field disturbances due to the number of compara- <ﬁ) = <E(L2) o ) <§> )
tively large antennas. Therefore we followed a different concept R =

that utilizes waveguide-NWA-adaptors without empriori de- <;—»> = (_11 gmgg 222) <g> ,

manded property. This implies the necessity to calibrate these

adaptors within the procedure. The calibration uses a short and < ) . <F1 r ) <a0> (1)

a waveguide of variable length; the measurement itself needs g/ T 1 ho

two calibrated adaptors and two adjustable waveguides. In ei-All the quadratic submatrices af@ x n)-dimensional,n

ther case the multimodg-parameters are to be extracted fronpeing the number of waveguide modes. For the waveguide of
length L and the phase constantsholds:

o>
=)
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Using an additional abbreviation:

DD
= (E0 g(OLﬂ)(éi é;) ":D =
(B0 g) o s

one finds after the elimination of all signal quantities (comp. [4])
an equation that relates the overall{2)-S-matrix of the com- Fig. 2. An example for the interpretation of the geometric series found in (8)

plete setup with all internaﬂ'-parameters of its components: and (10): the two signal paths in the calibration setup that correspond to the term
’ 2A401A02‘4126727‘(71+72)Ll.

(7 )= (% 5)
T TI's)~ \ 0 By matrices. This is of importance if objects without any internal
ir o A 0 ~1 power loss are considered. _ o
+ < o AT ) H [1 — <ﬁ B) g} The expansion (5) transforms (4) into the infinite sum

(5 3) o (7 0)-(% )

0 B or 00 J
The left hand side may be understood as a function of the + <A 199T> H Z K% g) ﬂ}
two delay line lenghtd.; and L, that is parameterized by the 0 =0 =/
set-up’s properties. It's the basic principle of the measurement A 0
to exploit different propagating constants of nondegenerated ’ <0 g) (8)

modes b);'vzryrl]ng waveguuje Ierlgtrzﬁs ina sequenc?rﬁf mfaSLﬁﬁysically the convergence of (8) is a consequence of decreasing
ments toll nd t ZS?[ pro_perctjles, I.te.f epara}[_metersf. h efre Or€ signal amplitudes with increasing order of internal scattering.
a—usually overdetermined—set of equations of the form (g ¢onition is established even in the case of loss-free objects

has o be solved either i) for thé-parameters of the parts by the coupling to the external measurement system. The ex-

(@ll A, B-quantities); this step is denoted as “calibration;temal orts are reflection-free by definition, so they carry power
or ii) for the S-parameters of thé€2 x n)-port-device C; P y ’ ycarryp

hich I here * " Th librati ! out of the system, coupling at least to one mode. This gives the
which we call here “measurement.” The calibration requires g, «ic| interpretation of criterion (7).

well known standard-object’, which is realized as a pair of
shorts. This choice has first the advantage of easiest pract
implementation and second it decouples the ports due to N ) L
vanishing transmission through. This results in two separate Pi(L1) = Ao — A" E°(L)[L+ AE (L) A (9)
equation systems of half the dimension of (4). Inversely, thghd the geometric series expansion reads in the 2-mode case
ports A and B have to be known for the measurement step. explicitly like
I'1(Ly) = Ago — (Ag e 211 + Afye™ 72 1)
h h (4) ind I d + (e D 4 Ay Azpei

The inverse matrix that appears in (4) induces a complicate —2i(vi4ye)Lyy
nonlinear dependence on all individu#iparameters that leads _ + 2401402 A1z0 _ ) _ (10)
to the failure of standard solution approaches. The key ideafefiuation (10) expresses the measured input refledtidd., )
our method is the expansion of the inverse matrix in a geometfié linear combination of oscillations in length with well known

. Further discussion is simplified by restriction to the calibra-
fﬁgerl‘u step of portA. Then the equation equivalent to (4) is

[ll. PRINCIPLE OF NUMERICAL PROCEDURE

series according to wavenumbers. The coefficients are simple functions of the
S-parameters searched for:
Q=M =t M M A M) 6 T
This expansion is only valid if the geometric matrix series con- 1 Aoo = Aoo
verges. It's a well known fact (comp. e.g. [5]) that this happens e~ 2Zinly —A2, = + Ao,
if all row- (and due to symmetry column-) value-sumsidfare 2iml 5
smaller than 1: ¢ —Ab = +Ao (11)
n e—diml A2 A = A
S Myl <1 Y1<p<n (6) ‘ o -
g=1 6741"/2[11 A%QAQQ = A22
In [4] it's shown that even the weaker condition e=2i(n+2) I 2 Ao1 As Aro = +A;,
Z [Mpe| <1 V1<p<n,p#po Furthermore (10) is a good representation in order to explain the
q=1 physical relevance of (8) and (10), resp.. Each term describes the
n contribution of one distinct signal path as it's shown in Fig. 2.
Z |Mpqql <1 (7)  There two second order paths are indicated as sequence of: in-
g=1 cidence (e.gAy:), propagation (e.gz:—*":11), reflection at the
is sufficient under some assumptions about the structure gfort ¢ = —1), propagation, scattering at the adaptds ),

M, which are definetely fulfilled in case of completely filledpropagation in the second mode (2£1), again reflection at
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approximation of thes-parameters using (12), (13). (13)

(&)
r- rl(?' ) from N measurements, KOR® = 0 now holds the modified daté = (I'; — KORY).
r,L®) * Repeat steps 2. and 3. until the calculategarameters
converge which usually happens after a few loops.
A2 In the case of a device measurement a more complicated
ROR® = -[ATE?A B’ [l+éE=2]"é52K]m(( i )) procedure is needed which utilizes the same principle. The
Ly main differences are the use of three sets of measurement data

(one transmission quantiffj( L, , L-), two reflection quantities
(L4, L), I's(Ly, Lo)) each related to the respective reflec-

(i+1) = () #9+0 = (g*K)"' K* (T, - RKORY)

Ao tion- or transmission-likes-parameters of the devic€@ (14)
-A} and each connected with an approximative overdetermined
& ali+n= A-ZA?n linear equation system similar to (12) as shown in (14) at the
A‘z":; bottom of the next page. As can be seen in (14), all parameters
2,\0:’102,\” of C are found explicitly in the zeroth order term of the geo-

metric series expansion (8), which makes situation somewhat
easier compared to the calibration step where two orders were

Fig. 3. Iteration scheme used for adaptor calibration as described above. needed.

the short, propagation bacl_< t(_) the adaptor, final coupling tg the IV. TEST AND APPLICATION OF THEALGORITHM

external systemA4gz). In a similar manner all terms may be in- o _ _
terpreted that are summed up in (4) and (9) in very compactThe proc_edure was 'Fested in S|.mglated expeqments staryng
expressions. If we would truncate the sum expansion using o,f.ngm.an arbitrarily (within the restrictions of passivity and reci-
terms printed in (10) a sufficiently large set of N measuremerfR€0City) chosen set of-parameters of a deviog and/or of
ng)(LEJ)) would allow us to solve for the terms indicated ifdaptors4, B used in the artificial setup. The externgipa-

the second column of (11) and in consequence fostparam- rameters one would measure if the experiment would be per-
eters. We can do this applying the well-known scheme to firf@'med without any errors are calculated from (4), (9) resp. for

the best solution of overdetermined linear equation systems3ifré€ly chosen set of delay line lengths. These data were fed
the sense of least square: back into the iterative procedure searching for fhparame-

ters originally given in order to test convergence and precision
i=(KTK)'K*'T (12) without error contributions of real experimental data.
T The results of these tests were very encouraging. Table |
with (13) as shown at the bottom of the page. In this way thgyows a set of the 25-parameters of a device with two
problem would be solved if there won't be an infinite numbefaveguide ports, each with three modes. In spite of start values
of signal paths with increasing number of internal reflectionggund by total neglection of all higher scattering orders being

that have been neglected in (12), (13). partially about factors in errdel1, 13, ¢22, - - ) all S-param-
In order to incorporate their influence, a procedure was agters converge within four iterations to closest neighborhood of
plied that consists of the following steps (comp. Fig. 3): their “true” values. In order to quantify the deviation, an error
» Use (12) to find approximate start values of tfigparam- function was defined:
eters.

» Use them to calculate the approximative contribution of

the higher order term& OR to the measured reflection.
Again they form an infinite geometric series. Thus they
are expressed explicitly as inverse matrix. Fig. 4 shows the so-defined error found in simulated experi-

» Subtract the higher order contribution from the meanents with and without random noise added to the input “mea-
sured data and once more determine an (improvesl)rement” data. One observes an almost exponential decay of

As(iter) _ Z |c§€iter.) i c;gtrue)| (15)
ke{11,22,---,66}

1 2Ly 2LV 2 LY —ain LY s LY =2i(v e LY

K = : : : : : :
1 C—in1T§N> 2y TS 6—2m2L§N> 6—4m1L§N> 6—4m2r1§N> 6—27‘,(~,1+a,2)r1§N>
Ago
— A2 (L) (D)
A o)
o —4p2 . .
= A2 A , = : (13)
g N (L)
Afa Az 1 (L)

2A01 Aga A1
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TABLE |
SAMPLE S-PARAMETERS FOUND IN A SIMULATED EXPERIMENT
Par. »Truth”/10~! | start value/10~! |4th iteration/10~!
cll 1.4449 +1.3341 1 3.1847 -2.8648 1 1.4451 4+1.3343 1
cl2 1.3325 +0.12154 1 2.671 +1.9835 1 | 1.3322 +0.12143 1
cl3 1.3581 -1.2674 I 0.3071 4-0.31025 I 1.358 -1.2679 I
cl4 |0.20411 -0.92088 I | 0.20222 -0.9146 I | 0.20408 -0.92091 I
cl5 | 0.85806 -0.26736 I | 0.86926 -0.2760 I 0.8581 -0.26736 1
c16 |0.20411 -0.92088 I | 0.20389 -0.9171 I | 0.20399 -0.92088 I
c22 -1.1618 -1.4336 I | -4.1269 -1.2024 [ -1.1613 -1.4339 1
c23 0.4031 -0.41991 1 | 0.21636 -0.7851 1 | 0.40329 -0.41974 I
c24 |0.0066706 -0.31791 | 0.00921 -0.3016 I 0.0067003 -0.3179 I
€25 0.75806 4+0.96736 1 0.75313 -+0.9824 I [0.75809 +0.96741 I
c26 | 0.40411 -0.62088 I | 0.40474 -0.6113 I | 0.40412 -0.62095 I
c33 1.3885 +2.6462 1 | 1.3138 +2.8975 1 1.3883 +2.6463 1
c34 -0.21326 -0.5999 I | -0.1976 -0.5829 I | -0.21309 -0.5999 I
c35 1.4581 -0.36736 I 1.471 -0.36093 1 1.4581 -0.3673 1
c36 |-0.10411 40.5209 I |-0.0977 +0.5366 I |-0.10416 +0.5208 I
cd4 -2.319-1.1083 I | -3.0121 -2.7701 1 -2.3188 -1.1073 I
c45 -0.65806 -1.2674 1 -2.132 -1.9579 1 | -0.65702 -1.2662 [
c46 1.2041 -0.32088 I 1.0664 -1.2742 1 1.203 -0.31915 1
(413 1.4581 -0.46736 1 {-2.0528 +0.5783 1 1.463 -0.46589 1
c56 2.1041 -0.92088 1 1.8415 -1.167 2.1039 -0.91918 I
c66 0.70411 +1.1209 I 0.68803 +1.2793 T | 0.70508 +1.1195 1

the error with ideal input data that saturates at a certain point
depending on the level of noise if there is any. Then the itera-
tion result is trapped in the vicinity of the “truth.” The method
was applied to various objects in real measurements [4]. Due
to lack of space and the difficulty of graphical representation,
we restrict ourselves on the results found at a self-manufactu
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Sum of the absolute error of S-parameters vs. iteration
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Fig. 4. Error of all S-parameters (logarithmic scale) according to (15) vs.

iteration number with three different levels of artificial random noise added
to the input data in a simulated experiment; point lines: top—noise of 1% of
signal, middle—0.001% noise, lower with continuos slope—uwithout noise.
Points marked “init” correspond to the starting values found by neglecting
higher order contributions to geometric series.

Abs(S-p.)

. 803, 3]
*afl, 1
. a0[1] 0.4 al 1.3[2' 2
- 20[2]

. aD[3]
.a00

0.2 - a[2,3]

* a[l, 2]
. a[1,3]
0.1
Pi Pz =77 7 Arg(S-p)

5. TypicalS-parameter set of an adaptor, found at 4.5 GHz, displayed in a
esian representation of the complex unit circle (value vs. argument). Index

adaptor from koaxial line to a 78 mm diameter circular waverdenotes the coaxial line.

guide at a single frequency point with three waveguide modes

able to propagate (Fig. 5). In Fig. 6. the coaxial input reflecticeind argument calculated from ti$eparameters found by our
as it was measured (dots) is displayed together with its valpeocedure (line). The correspondence of both is extremly good.

=2 I A2, Oy = Ci
e—2iv2Ln A2,Ca = Cy
Ti(Ly, L) e 2l A5G | =Gy
e—in+r2) 2A01 A02C12 = C12
e— i) 2A0; Aok Cjx = Cj
e—i(Li+viL2) Ap1Bo1Cis = Cu3
e—i(v2L1+mL2) Ao2Bo1Cas = Cha
T(L1, Ly)| e—itniitrle) Ao1Bo2Cl4 = Cus
o—i(v2LitzLs) A BoaCoy = Cyy
emOslatnle) 1 Ao BokCihany | = Chhn)
o~ 2imLs B2, Ca = Cs3
o2 Lo B2,Cy = Cyy
Do(Ly,Ly)| 72702 B3;Cmy+m) = Clitmim 4
e Hritz) Lz 2B01Bo2C34 = Cay
e~ Gtz 280 BiCliamyerny | = Clitn)htn)
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Abs(Gamma(L))
0.4
02
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Arg(Gamma(lL))
2Pi
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Fig. 6. T'(L), for test purposes calculated from thfeparameters from

single mode measurement devices. This can be done exploiting
a system description in terms of infinite series of multiple scat-
tering by an iteration scheme described above. Its convergence
to the searchefi-parameters within few iterations and its appli-
cability to real measurement data are successfully demonstrated.
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