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Abstract—This paper introduces the MDL algorithm for dis-
tributed localization in a network of mobile agents in Rm,
m ≥ 1. The algorithm requires the dynamic agents with
unknown locations to lie in the convex hull of at least m + 1
mobile or static anchors that can track their positions over time
perfectly. Under minimal assumptions on network connectivity
and local triangulation at each agent, we show that the MDL
algorithm leads to convergence of the estimated agent locations
to the true locations under general deterministic motion models.
In addition, MDL exhibits desirable tracking performance in
random environments also and we explicitly characterize the
steady state tracking error in such environments. A significant
feature of the algorithm is its distributed nature, where each
agent updates its current location estimate based on its neighbors’
estimates and current local barycentric coordinates, computed
using only local information. Simulations verify the effectiveness
of the approach.

I. INTRODUCTION

Localization is a fundamental problem in randomly de-
ployed sensor networks. Usually the sensors have computa-
tional and communication limits due to power constraints.
Hence, long distance communication and high order computa-
tion is infeasible. In [1], we presented a distributed localization
algorithm, DILOC, in m-dimensional Euclidean space, Rm,
that only requires local communication. Furthermore, DILOC
requires each sensor to compute a linear state update that is a
function of the neighboring states. The state update is based on
local barycentric coordinates that are computed using Cayley-
Menger determinants, see [1] for details.

When the sensor network consists of mobile agents1 e.g.,
robots, vehicles or cellphones, whose positions change as a
function of time, simple DILOC updates are not applicable
since the network configuration is not static. Hence, the state
update (the optimal combining coefficients) changes with time
as the neighborhood at each sensor changes. In the mobile
case, the localization problem is not only to estimate the
starting position of the agents, but also to track their motion.
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1The term agents, nodes and sensors mean the same and are used inter-
changeably to denote the network elements with unknown locations.

In this paper, we present a distributed localization algorithm
in m-dimensional Euclidean space, Rm, that is application to
mobile networks. In our setup, we assume that an arbitrary
number of sensors with unknown locations lie in the convex
hull of at leat m + 1 anchors that precisely know their
locations and motion (for instance, they may have a GPS unit).
Our algorithm is distributed and requires only local distance
information to compute the state updates at each time when
the motion has taken place.

We present a broad motion model that captures several
practical scenarios of coordinated and uncoordinated motion
of mobile agents. As a motivation of coordinated motion,
consider the anchors moving in a specified manner such that
the underlying sensor network is guided in a desired direction.
An example of uncoordinated motion is the motion of cell
phones that move randomly is a given fixed region (or a cell).
At each time step of the motion, the network configuration
changes. Our algorithm is implemented on the same time scale
as that of the motion. In this paper, we derive conditions
under which our algorithm converges and establish minimal
assumptions required for this setup.

Reference [2] discusses a tracking algorithm that tracks
objects using wireless sensing devices sensing the objects.
The wireless devices already know their locations and tracking
is achieved by aggregating the sensed information. Another
interesting tracking algorithm is provided in [3] that tracks
humans on a tiled floor by using pressure sensors on the tiles
and pressure and gait patterns of the humans. Our algorithm
falls into token localization and tracking where the objects
to be tracked possess a sensor (or an RFID tag) and helps
the tracker. Reference [4] uses trilaterations to solve the
localization/tracking problem that requires a large number of
close by anchors to have a reasonable location estimate. Some
other relevant references in this direction include [5], [6], [7],
[8].

We now describe the rest of the paper. Section II covers
background on DILOC. Section III presents problem formula-
tion and our motion model. Section IV presents our algorithm,
whereas Section V discusses the convergence proof. We then
present simulations in Section VI and finally Section VII
concludes the paper.

II. BACKGROUND

In this section, we summarize the distributed localization
algorithm, DILOC, in [1]. In Rm (m ≥ 1), let Ω be the set
of M sensors with unknown locations and let κ be the set



of m+ 1 anchors (that know their locations exactly) such that
the sensors lie inside the convex hull of the anchors, i.e.,

C(Ω) ⊂ C(κ), (1)

where C(·) denotes the convex hull formed by the elements
of the set in its argument. Let Θ be the set of all of the
nodes in the network, i.e., Θ = Ω ∪ κ. We assume that for
each sensor, l ∈ Ω, there exists a triangulation set2, Θl ⊂ Θ
containing exactly m + 1 neighbors of l, such that sensor l
lies in the convex hull of Θl.

The distribution localization algorithm, DILOC [1], at each
sensor, l ∈ Ω, is given by the convex linear combination:

xl(t+ 1) =
∑

j∈Ω∩Θl

pljxj(t) +
∑

k∈κ∩Θl

blkuk, l ∈ Ω, (2)

where xl = [x1,l, . . . , xm,l] is the (location) coordinate row of
the lth sensor (in Rm), uk = [u1,k, . . . , um,k] is the (location)
coordinate row of the kth anchor, and plj and blk are the
barycentric coordinates3 [10], [11], of sensor l in terms of its
neighbors in Θl.

Define the matrices:

P = {plj}, (3)
B = {blk}, (4)

Γ =

[
I 0
B P

]
, (5)

X(t) = [x1(t)T , . . . ,xM (t)T ]T , (6)
U(t) = U = [uT1 , . . . ,u

T
m+1]T . (7)

DILOC (2) can be written compactly as[
U(t+ 1)
X(t+ 1)

]
= Γ

[
U(t)
X(t)

]
=

[
I 0
B P

] [
U(t)
X(t)

]
, (8)

which gives the following expression for updating the sensor
coordinates.

X(t+ 1) = PX(t) + BU, (9)

= Pt+1X(0) +

t∑
k=0

PkBU. (10)

Under appropriate assumptions on the connectivity of the
underlying sensor network, we have

ρ(P) < 1, (11)

where ρ denotes the spectral radius, and DILOC converges to

lim
t→∞

X(t+ 1) = (I−P)−1BU, (12)

which are the exact sensor coordinates. The convergence proof
and the required conditions are studied in great detail in [1].

2The identification of a triangulation set is an important step in the
algorithm. A convex hull inclusion test is provided in [1] to test if a sensor
lies in the convex hull of m+1 arbitrarily chosen sensors from its neighbors.
Probabilistic bounds on the communication radius and the sensor deployment
density are also provided in [1] to guarantee a successful triangulation with
arbitrary high probability.

3The barycentric coordinates are computed using only the local distance
information among the elements in the set, Θl ∪ {l}, by using the Cayley-
Menger determinants [1], [9].

III. PROBLEM FORMULATION: MOTION DYNAMICS OF
MOBILE AGENTS

We consider the following model for the motion dynamics
of the agents in our network. Let C∗(t) denote the exact
locations of the nodes at time t, i.e.,

C∗(t) =

[
U∗(t)
X∗(t)

]
. (13)

The motion model, we consider, is as follows.

C∗(t) = AC∗(t) + z(t) + y(t), (14)

which can be partitioned into anchors and sensors as[
U∗(t+ 1)
X∗(t+ 1)

]
=

[
I 0

Aux Axx

] [
U∗(t)
X∗(t)

]
+

[
zu(t)
zx(t)

]
+

[
0

yx(t)

]
. (15)

The n × n matrix4 A relates the motion of a sensor to its
neighbors such that the network may move in a coordinated
fashion. The matrix z(t) is the deterministic drift added to
the coordinates, whereas the matrix y(t) is the random drift
with bounded norm. We state this explicitly as an assumption.
Assumption M.2.

‖y(t)‖ ≤ a P a.s. (16)

Although, the motion of the anchors is independent of the
sensors (because of the upper right zero block in A), the
sensors move in such a way that they remain in the convex
hull of the anchors. To guarantee this we may assume that A
is stochastic and the drift matrices are such that the sensors
do not leave the convex hull of the anchors. Since the anchors
know their exact locations at all time, the random drift in
the anchors motions is zero, i.e., yu(t) = 0, ∀t. We further
assume that each sensor l, knows the l row of the matrices A
and z. The above is the general form of our motion model that
we consider in this paper. Some special cases can be derived
that we elaborate below.

Uncoordinated motion in a fixed region: Consider
zu(t) = 0, ∀t and Aux = 0,Axx = I. In this scenario, the
anchors remain fixed and the sensors move randomly inside
their convex hull. This can be thought of as the motion of
wireless objects that move randomly inside a given region (or
a cell). The drift at each sensor, zl(t)+yl(t), is such that each
sensor l does not leave the convex hull of the anchors.

Coordinated motion driven by anchors: Consider another
scenario where zx(t) = 0, ∀t, and Aux 6= 0,Axx 6= 0 are
such that each column of Aux contains at least one non-zero
element and the resulting A is a stochastic matrix. This form
of a motion model is driven by anchors and the conditions on

4The identity matrix on the upper left block of A emphasizes that the
anchors move independently of each other and the sensors. The motion of
the anchors is captured by the deterministic drift zu(t). In some problems
of interest, like formation control of mobile vehicles, the anchors may be
coupled among each other and the identity block can be replaced by a matrix
with a specific structure, like a stochastic matrix. In that case our analysis
will hold with obvious modifications in the proofs.



Aux,Axx, guarantee that the sensors move in a coordinated
manner driven by the anchors.

Given the motion dynamics in eq. (14), we would like
to estimate the and track the location of each sensor in a
distributed manner.

IV. ALGORITHM AND ASSUMPTIONS

Consider the motion model for mobile agents presented in
Section III. In the general case, we have[

U∗(t+ 1)
X∗(t+ 1)

]
=

[
I 0

Aux Axx

] [
U∗(t)
X∗(t)

]
+

[
zu(t)
zx(t)

]
+

[
0

yx(t)

]
. (17)

We now present the following algorithm for distributed local-
ization of mobile sensors:

Algorithm MDL:

C(t+ 1) = Γt+1

(
AC(t) +

[
zu(t)
zx(t)

])
(18)

Here: C(t) = [UT (t) XT (t)]T corresponds to the location es-
timates of the agents at time t. Note that under the assumptions
of the motion model, we have

U(t) = U∗(t), ∀t. (19)

Also, the time-varying matrix Γt+1 denotes the matrix of
local barycentric coordinates computed at time t + 1 based
on distance measurements corresponding to the network con-
figuration C∗(t+ 1).

Some Remarks on MDL: Before proceeding to the con-
vergence analysis of MDL, we present some discussion on the
above update rule. Recall the algorithm DILOC for distributed
localization in a network of static agents (Section II), where
the update is of the form:

C(t+ 1) = ΓC(t). (20)

In that case, the network configuration (i.e., the inter-sensor
distances) remains constant over time, and the matrix Γ of
local barycentric coordinates does not change over time. The
exact location C∗ is a fixed point of the linear operator Γ, i.e.,

C∗ = ΓC∗. (21)

Under the assumptions of DILOC (connectivity, triangulation
etc., see [1] for details), the operator Γ has the desired con-
traction properties and the update rule in eqn. (20) converges
to the unique fixed point of Γ, i.e., we have

lim
t→∞

C(t) = C∗ (22)

In the mobile network case, if Γt+1 is the matrix of local
barycentric coordinates computed on the basis of the network
configuration at time t+ 1, we have the following fixed point
condition:

C∗(t+ 1) = Γt+1

(
AC∗(t) +

[
zu(t)

zx(t)+]

])
. (23)

For a moment, assume that the unknown random perturba-
tion yx(t) is absent. In this case, under appropriate uniform
contractive properties of the linear operators {Γt}t≥0 (to be
detailed in the assumptions provided later), it is reasonable
to expect that the MDL update should converge to the exact
coordinates as t→∞, i.e.,

lim
t→∞

‖C(t)−C∗(t)‖ = 0 (24)

This is the key intuition behind the MDL update rule. In the
general case, when random perturbations are present and are
unpredictable, the update takes the form of eqn. (18). In this
case, we expect a steady state convergence error, i.e.,

lim sup
t→∞

‖C(t)−C∗(t)‖ ≤ e∗ (25)

where the steady-state error depends on the distribution of the
random perturbation, as shown later.

We now present the key assumption on network connectivity
and triangulations at time t, required for establishing desired
convergence properties of the MDL algorithm:

Assumption M.1 For every t, define the matrix Ht by:

Ht = PtAxx. (26)

Here Pt is the block coming from the natural decomposition
of the matrix Γt as:

Γt =

[
I 0

Bt Pt

]
(27)

We make the following assumption on network connectivity
and triangulation:

There exists 0 < ε < 1, such that,

P (‖Ht‖ ≤ ε, ∀t) = 1 (28)

(note that the matrices Ht are now random, because of the ran-
dom perturbations yx(t) that affect the network configuration
and thus Ht.)

Since, ‖Axx‖ ≤ 1 (being a sub-block of a stochastic matrix,
A), a sufficient condition for M.1 to hold is:

P (‖Pt‖ ≤ ε, ∀t) = 1. (29)

The fact, that M.1 is reasonable, is demonstrated from the
fact, that, in the static case, under minimal assumptions on
network connectivity and triangulation [1], we have ‖P‖ ≤ ε
for some ε < 1. In the dynamic case, assuming the network is
sufficiently dense or the motion is coordinated, the network
structure does not change drastically over time and hence
Assumption M.1, which is a uniformity condition on the
relative network structure is reasonable.

V. CONVERGENCE ANALYSIS OF MDL

In this section we present the convergence analysis of the
algorithm MDL with the general motion model discussed in
Section III and Assumption M.1.

Theorem 1: Consider the dynamic sensor motion model
with C∗(t) denoting the sensor configuration at time t as given
in eqn. (14). Let C(t) be the sensor state estimates generated



by the distributed localization algorithm MDL (18). We then
have

P
(

lim sup
t→∞

‖C(t)−C∗‖ ≤ a

1− ε

)
= 1 (30)

Proof: By construction of the local barycentric coordi-
nates, it follows that for all t (recall eqn. (23)),

C∗(t+ 1) = Γt+1

[
I 0

Aux Axx

]
C(t)∗

+ Γt+1

[
zu(t)
zx(t)

]
+ Γt+1

[
0

yx(t)

]
. (31)

Subtracting this from the MDL state update

C(t+ 1) = Γt+1

(
AC(t) +

[
zu(t)
zx(t)

])
(32)

we have

e(t+ 1) = Γt+1

[
I 0

Aux Axx

]
e(t)− Γt+1

[
0

yx(t)

]
(33)

where:
e(t) = C(t)−C∗(t) (34)

is the matrix of location estimation errors at time t. Decom-
posing e(t) into sensors and anchors, we have

e(t) =

[
eu(t)
ex(t)

]
=

[
0

ex(t)

]
(35)

The fact, that eu(t) = 0, follows from U(t) = U∗(t), as the
anchors know their locations exactly at all time t.

Multiplying out the various terms in eqn. (33) we then have
the following update rule for e(t):

eu(t) = 0, ∀t (36)

and
ex(t+ 1) = Ht+1ex(t)−Pt+1yx(t), ∀t (37)

where Ht is defined in eqn. (26). Continuing the recursion for
ex(t), we have

ex(t) =

(
t∏

k=1

Hk

)
ex(0)

−
t−1∑
k=0

 t∏
j=t−k+2

Hj

Pt−k+1yx(t− k) (38)

We thus have

‖ex(t)‖ ≤ ‖ex(0)‖
t∏

k=1

‖Hk‖ (39)

+

t−1∑
k=0

‖Pt−k+1‖ ‖yx(t− k)‖

 t∏
j=t−k+2

‖Hj‖

 .

Under Assumptions M.1, M.2, we have for all t

‖Ht‖ ≤ ε, P a.s. (40)

‖yx(t)‖ ≤ a, P a.s. (41)

Also, by construction, the matrix Pt is substochastic for all t
and hence

‖Pt‖ ≤ 1, P a.s. (42)

The following then holds P a.s. from eqn. (39)

‖ex(t)‖ ≤ εt ‖ex(0)‖+ a

t−1∑
k=0

εk (43)

Taking the limit as t → ∞ and noting that 0 < ε < 1, we
have P a.s.

lim sup
t→∞

‖ex(t)‖ ≤ a

1− ε
(44)

The result then follows from eqns. (36) and (44).
Remarks: The convergence results are established under

minimal conditions on network connectivity and triangulation,
embedded in the Assumption M.1, i.e.,

P (‖Ht‖ ≤ ε, ∀t) = 1, (45)

for some ε < 1. The problem of finding the right value of ε
is also of interest and conveys significant information on the
convergence rate of the algorithm. Such a characterization of ε
depends on the specifics of the motion model, for example, the
geometry of sensor deployment, the various model matrices
and the distribution of the random drift. This is an interesting
problem in its own right and we intend to investigate this in
the future.

In the absence of the random drift (but with non-zero de-
terministic drift), the assumption M.1 on network connectivity
and local triangulation at all times can be relaxed and we may
work with the much weaker assumption of successful local
triangulation infinitely often (i.o.), i.e.,

P (‖Ht‖ ≤ ε, i.o. t) = 1 (46)

for some ε < 1.

VI. SIMULATIONS

In this section, we present numerical simulations for the
MDL algorithm. Consider a network of n = 50 nodes in R2

(plane), where we have m + 1 = 3 anchors and M = 47
sensors. The sensors lie in the convex hull of the anchors.
We assume a coordinated motion model on the sensors. In
particular, we choose Aux and Axx such that A is a stochastic
matrix and there is no drift on the sensors’ motion, i.e., zx =
0. The anchors move with a known drift and the sensors move
as a convex combination of their neighbors’ movement. This
guarantees that the sensors remain in the convex hull.

Fig. 2(a) shows the motion of the anchors and two randomly
chosen sensors. Fig. 1(a) and fig. 1(b) show the horizontal and
vertical coordinates of two randomly chosen sensors as solid
lines. The estimated coordinates with the MDL algorithm are
plotted as dashed lines. The initial condition of the algorithm
are set to zero. Notice that MDL catches up with the motion
and then tracks the motion of the sensors. Fig. 2(b) shows the
normalized mean squared error, i.e.,

MSEt =
1

M

M∑
l=1

m∑
i=1

(
xl,i(t)− x∗l,i

)2
, (47)
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Fig. 1. Coordinated motion with known drift: (a) The horizontal coordinates
of two randomly chosen sensors and the MDL estimates. (b) The vertical
coordinates of two randomly chosen sensors and the MDL estimates.

in the estimated coordinates.
In the next experiment, we consider the same model as

before but introduce a random drift to the sensors motion.
In particular, we choose a uniform random variable on the
interval [−2 2] as random drift in each coordinate at each
sensor. For a network of N = 50 nodes, we show the resulting
estimates as dashed lines against the original coordinates as
solid lines in Fig. 3(a) and Fig. 3(b) for two randomly chosen
sensors. Fig. 4(a) shows the motion of the anchors and these
sensors. We then plot the normalized mean squared error in
Fig. 4(b). Notice that the estimates catch up the exact sensor
coordinates but there is an error due to the random drift. We
use log scale to show the steady state error.

Finally, we present a simulation for uncoordinated motion
in a fixed region. We choose A = I and choose zero known
drift, i.e., z = 0. We choose yx such that each of its element
is a uniform random variable on the interval [−2 2]. Fig. 6(a)
shows the motion for two randomly chosen sensors (notice
that the anchors are fixed and do not move). For a network
of N = 50 nodes, we show the resulting estimates as dashed
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Fig. 2. Coordinated motion with known drift: (a) The motion of the anchors
(shown as nablas) and two randomly chosen sensors (out of N = 50) shown
as gray and black. (b) The normalized mean squared error.

lines against the original coordinates as solid lines in Fig. 5(a)
and Fig. 5(b) for two randomly chosen sensors. We then plot
the normalized mean squared error in Fig. 6(b). Notice that
the estimates catch up the exact sensor coordinates but there
is an error due to the random drift. We use log scale to show
the steady state error.

VII. CONCLUSIONS

We present a distributed algorithm for localization and
tracking of wireless devices with unknown locations in m-
dimensional Euclidean spaces. Our algorithm requires the
devices to be tracked to lie in the convex hull of at least
m + 1 anchors that know their exact locations. We present
a general model to capture the motion dynamics and discuss
realistic practical cases where such motion can occur as special
cases of this general model. Under minimal assumptions on
network connectivity and deployment, we show that algorithm
converges to exact locations in the mobile case when there is
no random drift in the motion. Under random drift, we bound
the steady state error that arises due to this randomness.
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Fig. 3. Coordinated motion with random drift: (a) The horizontal coordinates
of two randomly chosen sensors and the MDL estimates. (b) The vertical
coordinates of two randomly chosen sensors and the MDL estimates.
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Fig. 5. Uncoordinated motion in a fixed region with random drift: (a)
The horizontal coordinates of two randomly chosen sensors and the MDL
estimates. (b) The vertical coordinates of two randomly chosen sensors and
the MDL estimates.
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Fig. 6. Uncoordinated motion in a fixed region with random drift: (a) The
motion of two randomly chosen sensors (out of N = 50) shown as gray and
black. (b) The log-normalized mean squared error.


