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Abstract

Since their re-discovery in mid-90’s, Low-Density Parity-Check (LDPC) codes have been

shown to be capacity approaching for a large class of memoryless channels. Recently their

performance has been analysed over certain Finite State Markov Channels (FSMCs), and has

been found to be encouraging. In this dissertation, we present upper bounds on the rate of

LDPC codes for reliable communication over FSMCs. We consider the class of FSMCs in

which the channel behaves as a Binary Symmetric Channel (BSC) in each state. A simple

upper bound for all non-inverting FSMCs is first derived. A tighter bound is then presented

for the case of Gilbert-Elliott channels. Tighter bounds are also derived for FSMCs which

behave as a BSC in each state. However, the latter bounds hold only almost surely for

randomly constructed sequence of LDPC codes. Finally, we extend these bounds to arbitrary

symmetric FSMCs. To establish the utility of of random construction of LDPC codes, we

prove the concentration theorem for Belief Propagation (BP) decoding over Markov channels.

The derivation of these bounds is a generalization of bounds given by Gallager for BSCs. Since

these bounds are derived for optimal Maximum-Likelihood decoding, they also hold for BP

decoding.

These bounds prove that if a sequence of codes has a constant average number of 1’s in

corresponding parity check matrices, the sequence can not achieve capacity of any FSMC.

Furthermore, using the derivations of bounds on the rate, we also derive lower bounds on

density of parity check matrices for given performance over FSMCs.

We also introduce the concept of minimal stopping sets in the decoding of LDPC codes

over Binary Erasure Channel (BEC). The significance of minimal stopping sets is explained,

and bounds on their number are derived for LDPC codes with λ2 = 0.
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Chapter 1

Introduction

Shannon, in his 1948 paper “A Mathematical Theory of Communication” [Sha48] wrote:

“The fundamental problem of communication is that of reproducing at one point either exactly

or approximately a message selected at another point.”

Consider Fig 1. The source produces a message which is to be reliably reproduced at

the receiving end. The channel corrupts the transmitted symbols, inducing errors in the

received message. To correct these errors, redundant symbols dependent on the message

are introduced at the transmitting end. Using appropriate redundancy, some of the errors

induced by the channel can be corrected. This is the essence of error correction coding.

The addition of the redundant symbols is done by the encoder at the transmitting end.

The inverse operation of the encoder, and the correction of errors, is done at the decoder,

which is at the receiver. The mapping of information symbols to symbols at the output of

the encoder is called the error correcting code, or simply, the code. If the encoder maps k

information symbols to n(> k) output symbols, the n output symbols constitute a codeword,

and n is said to be the codelength or the blocklength. Collection of all the codewords, along

with the mapping from information symbols to the codewords, defines the code. The rate

of the code is defined as the ratio of the number of information bits transmitted across the

Message
Source Channel

Channel
Encoder Destination

Message

Noise

Decoder

Figure 1.1: A communication system
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channel to the number of bits used to transmit that information, which is k
n
.

In [Sha48], Shannon proved that for transmission rates below a certain constant, known

as channel capacity, C, one can design codes which operate at as low probability of error

as desired. That is for any rate R < C, we can design coding techniques such that as the

codelength converges to infinity, the probability of error converges to 0.

However, the proof in [Sha48] was non-constructive: he showed that there exists a sequence

of codes which achieves capacity. That is, there exists a sequence of codes {Cn}∞n=1 of rates Rn

and probabilities of error P n
e such that Rn → C and P n

e → 0. But no explicit construction

of such a sequence was given. Instead it was shown that a sequence of randomly chosen

codes would achieve capacity with a high probability. However, encoding and decoding of

such a random codes is a computationally expensive exercise. For the ensuing 45 years after

the publication of Shannon’s results [Sha48], coding theorists designed highly structured

techniques for error correction with small probabilities of errors for small blocklengths. The

strong code structure is helpful in realizing fast encoding and decoding algorithms, as well

as minimizing the probability of error. However, these code constructions perform poorly at

large blocklengths. Hence the goal of capacity achieving codes remained elusive.

In 1993, Berrou et al [BGT93] presented the Turbo Codes, a class of codes which came

close to channel capacity for Additive White Gaussian Noise (AWGN) channels with fast

decoding algorithms. The discovery of Turbo codes resulted in a flurry of results dealing

with analysis of these codes, improvement in their performance, and further exploration of

similar codes. The denouement of this exploration was the discovery of a whole new class of

codes, including the rediscovery of Low-Density Parity-Check (LDPC) codes [Mac99], which

exhibit superior performance [RSU01][LMSS01] and have fast encoding [RU01a] and decoding

[RU01b] algorithms.

LDPC Codes were invented by Gallager in his PhD dissertation [Gal60]. Due to impedi-

ments of limited computational speeds, their competency in approaching capacity could not

be appreciated and they were almost in oblivion until their rediscovery. An LDPC code is

represented by an m×n (m < n) parity-check binary matrix H. The null space of the parity

check matrix is the set of valid codewords. That is, x is a valid codeword iff HxT = 0.

LDPC codes have sparse parity check matrices, which means that the number of 1’s in the
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matrix is much smaller than the number of 0’s. Gallager also proposed a sub-optimal iterative

decoding of LDPC codes, which has low-complexity. This decoding has been generalized to

belief-propagation decoding [RU01b] which is commonly used today.

LDPC codes have been shown to be capacity approaching over various memoryless chan-

nels [RU01b]. They outperform Turbo codes over various channels [RU01b], including AWGN

channels [CJRU01]. Recently, their performance has been analyzed over some channels with

memory [Eck04][EKP03], and has been found to be promising. The authors in [Eck04][EKP03]

also discuss the design and decoding issues for these channels.

In [Gal60, pp 37–38] Gallager gave information theoretic bounds on the rate that LDPC

codes can achieve. The problem is defined as follows:

Consider the ensemble of LDPC codes for which there are d 1’s in each row of the cor-

responding H matrices. What is the maximum rate that we can achieve using these codes

such that the probability of error converges to 0? Evidently, this rate is less than the channel

capacity. Under the restriction of fixed number of 1’s in each row of the parity check matrix,

can we find tighter bounds on the rate?

Gallager gave such upper bounds on the rate for Binary Symmetric Channels (BSCs).

The bounds also yield results on the number of 1’s required in the rows of H in order to

achieve desired performance in asymptotic sense, as well as for finite lengths [SU03]. In this

dissertation, we generalize the bounds found by Gallager to a certain class of channels with

memory. The channels we consider are Finite State Markov Channels (FSMCs). The bounds

are derived under the assumption of optimal Maximum-Likelihood (ML) decoding at the

receiver. Since BP decoding is sub-optimal, the bounds continue to hold for performance of

BP decoded LDPC codes, and so also for any improved decoding thereof.

We also analyze the decoding of LDPC codes over Binary Erasure Channels (BECs). In

this context, we define minimal stopping sets and elucidate their significance. We also find

bounds on the number of minimal stopping sets for a given ensemble of LDPC codes having

no columns with two 1’s in their corresponding H matrices. These bounds could be useful in

finding complexity of algorithms which improve performance of LDPC codes.
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1.1 Organization

In chapter 2 we introduce LDPC codes and Finite State Markov channels. We proceed to give

the derivations and the expressions for the bounds on the rate derived by Gallager [Gal60],

and the generalization of these bounds to memoryless symmetric channels [BKLM02]. We

also introduce BP decoding of LDPC codes over BECs.

In chapter 3 we derive bounds on the rate of LDPC codes over a class of FSMCs, which we

refer to as simple FSMCs. The derivation of these bounds is then used to find lower bounds

on density of H for given performance over FSMCs. We then generalize the bounds on rate

to general FSMCs. The bounds on general FSMCs may, however, be loose.

In chapter 4 we elucidate the importance of stopping sets, and draw conclusions pertaining

to the ability of LDPC codes to achieve capacity. Next we define minimal stopping sets for a

given LDPC code. We explain their significance in relation to decoding of LDPC codes over

BECs. We then find bounds on the number of minimal stopping sets for a given ensemble of

LDPC codes having no columns of weight 2.

We conclude in chapter 5.
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Chapter 2

LDPC Codes and Finite State Markov
Channels

2.1 LDPC Codes

Low-Density Parity-Check (LDPC) codes are linear codes for which the parity-check matrix

H is very sparse, that is, the number of 1’s in the matrix is much smaller than the number

of 0’s. Any vector x is a valid codeword if HxT = 0. Thus rows of H represent the parity

checks, that is, a constraint that some of the elements of x (viz. those which correspond to

locations in the row where 1’s occur) have to satisfy. Any valid codeword has to satisfy all

the parity checks.

Alternatively, LDPC codes are represented by means of Tanner graphs [Tan81]. These are

bipartite graphs, with nodes on left denoting the columns and the ones on the right denoting

the rows of H. An edge connects the left variable nodes to the right check nodes if there

is a 1 in the corresponding location in the H matrix. An example Tanner graph and its

corresponding parity check equations is shown in Fig 2.1. The degree of a node is the number

of edges connected to that node. Hence the degree of a variable node is the number of 1’s

in the corresponding column in H, also called as column weight for that column. Similarly,

degree of a check node is the row weight of the corresponding row in H. The set of variable

nodes is denoted by V .

Gallager in [Gal60] introduced codes which are now called regular LDPC codes[RU01b].

These codes have fixed c 1’s in each row, and d 1’s in each column of the parity check matrix.

The idea of regular LDPC codes was extended to irregular LDPC codes in [RSU01][LMSS01],
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x1 + x2 + x3 + x4 + x6 + x8 + x10 = 0

x1 + x3 + x4 + x7 + x8 + x9 + x10 = 0

x2 + x4 + x8 = 0

x1 + x5 + x7 + x8 + x9 + x10 = 0

x3 + x4 + x5 + x7 + x9 = 0

x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

Figure 2.1: Tanner graph and corresponding parity check equations

where it was also shown that irregular LDPC codes exhibit better performance. An irreg-

ular LDPC code is defined using left and right degree polynomials, λ(x) and ρ(x). For

λ(x) =
∑

i≥2 λix
i−1, λi is the fraction of edges of left degree i. ρ(x) is similarly defined for

distribution of edges of right degree i. Alternatively, they can be defined using distributions

of degrees of variable and check nodes. It turns out (see [RU01b]) that using distributions of

edges is mathematically more convenient to work with when analyzing the decoding of LDPC

codes. However, in our results, we also need the distributions of check node degrees. Hence

we define similar polynomial ω(x) for left node degree distribution, that is for row weight

distribution. Thus ωi denotes the fraction of variable nodes of degree i. Note that ρ(x) and

ω(x) are related by ωd =
ρd
d∑
i

ρi
i

.

Irregular LDPC codes have been shown to be capacity-achieving for Binary Erasure Chan-

nels (BEC), and capacity-approaching for a large number of MBIOS channels, including the

Binary Symmetric Channel (BSC) and the Additive White Gaussian Noise (AWGN) channel.

Recently, their performance has been analyzed over a class of channels with memory, known

as Markov channels, and more specifically on Gilbert-Elliott (GE) channel [Eck04][EKP03],

and has been found to be promising.
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2.1.1 Socket construction

Socket construction of LDPC codes was introduced in [RU01b]. Here we describe the con-

struction for regular codes. An ensemble Cn(c, d) of (c, d) regular LDPC codes of length

n is defined as follows. Assign to each node c or d sockets, in accordance with its degree.

Thus there are nc variable node sockets and md = nc check node sockets. Enumerate the

variable node sockets from 1 to nc. Arbitrarily enumerate the check node sockets from 1

to nc. This corresponds to generating a permutation of the set {1, 2, . . . , nc} and assigning

values to the check nodes according to the permutation. The corresponding bipartite graph

is then defined by identifying edges with pairs of sockets and letting the set of such pairs be

{(i, π(i)), i = 1, 2, . . . , nc}. In case of multiple edges between two nodes, an edge is assigned if

the number of such edges is odd. The collection of codes generated by these permutations is

called Cn(c, d). Since the choice of labeling is arbitrary, this construction induces a uniform

distribution on the set Cn(c, d). Similar construction is performed for irregular LDPC codes.

We denote a parity check matrix of a code of rate R and blocklength n by H. Let the

number of rows of H be m. If the rows of H are linearly independent, then for regular codes,

R = 1− m
n

= 1− c
d
. However, in general, the rows needn’t be linearly independent, and hence

the actual rate of the code would be greater than this value, which we call the design rate

Rd. Thus Rd = 1 − c
d

for regular codes and Rd = 1 −
∫ 1
0 ρ(x)dx∫ 1
0 λ(x)dx

for irregular codes. Since all

the rows of H need not be linearly independent, R ≥ Rd.

2.1.2 Notation and definitions

A vector comprising of first n elements of a sequence of random variables is denoted in

bold letters with superscript n. For example, the channel input vector is denoted by Xn :=

{X1, X2, . . . , Xn}. Similarly, the channel output vector is denoted by Yn and the error vector

by Zn. kth element of any vector Xn is denoted by Xk.

Throughout this dissertation, log(·) denotes logarithm to the base 2, and ln(·) denotes

logarithm to the base e. H(·) denotes the binary entropy function. We use the same notation

H(·) for discrete or continuous random variables, or random vectors. The entropy of a
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continuous random variable X with distribution function fX(x) is given by

H(X) = −
∫ ∞

−∞
fX(x) log(fX(x))dx (2.1)

We now introduce some definitions which are useful in understanding the subsequent

contents.

Definition 2.1 (Syndrome Vector). The syndrome vector comprises of the results of the
m parity check equations when applied to Yn, the received vector. It is denoted by Sn(1−R).
ith syndrome element is denoted by Si.

Definition 2.2 (Density). For a binary linear code C with a parity check matrix H, the
density of H, denoted by ∆(H), is defined as the ratio of the total number of 1’s in a parity-
check matrix to the code dimension (see [SU03]).

The design density, ∆d, is defined in an analogous manner to the design rate Rd. Note

that ∆d ≤ ∆.

Definition 2.3 (Gap). In a row of the parity check matrix H, suppose two 1’s, which are
separated by a string of 0’s, occur at locations n1 and n2. Then the gap between the two 1’s
is defined as |n2 − n1|.

Definition 2.4 (Reliable Communication). A sequence of codes {Cn}∞n=1 of corresponding
bit error probabilities P n

b is said to communicate reliably if P n
b

n→∞−→ 0. Similarly, reliable
communication is also defined in block error probability sense. [BKLM02]

Definition 2.5 (Binary Symmetric Channel). A binary symmetric channel is a memo-
ryless binary-input binary-output channel, with Pr(Y = 1|X = 0) = Pr(Y = 0|X = 1) = η.

Definition 2.6 (Binary Erasure Channel). A binary Erasure channel is a memoryless
channel with input alphabet X = {0, 1} and output alphabet Y = {0, 1, E}, where E denotes
an erasure, that is, the receiver is unable to detect the value of input bit. The conditional
probability of output given the input is

pY |X(y|x) =


p if y = E
1− p if y = x
0 otherwise

(2.2)

Definition 2.7 (Random Construction of LDPC Codes). In random construction of
LDPC codes, a code is chosen randomly from Cn(λ, ρ) with uniform probability.

Note that this random construction induces a uniform probability distribution on codes of

given (λ, ρ) for a given length. This further induces a probability distribution on the product

space consisting of sequences of codes of different lengths for a given (λ, ρ).
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2.2 Decoding of LDPC codes

A major advantage of LDPC codes is the low-complexity Belief Propagation (BP) decoding

introduced in [RU01b]. BP decoding, though sub-optimal, is of linear time decoding com-

plexity (in blocklength), as compared to exponential time decoding complexity of random

codes, or quadratic time decoding complexity of some well known codes, for example the

Reed-Solomon (RS) codes. At the large lengths needed to approach capacity, even quadratic

time complexity is quite expensive.

In this dissertation, we require only the BP decoding over the BEC. BP decoding assumes

a particularly simple form over the BEC. The decoding proceeds as follows:

First the variable nodes corresponding to unerased data bit values are marked, the received

values corresponding to these nodes are added to the the check node they are connected to.

This value is assigned to the check node. Then these nodes and the edges connected to these

nodes are erased. In the next step, all check nodes of reduced degree 1 are marked, and the

connected variable node is given the assigned value of the check node. Now the two-step

procedure is repeated in the next iteration.

The reader is referred to [RU01b] for detailed description of BP and related algorithms.

2.2.1 Stopping sets

Definition 2.8 (Stopping Sets). A stopping set S is a subset of V, the set of variable
nodes, such that all neighbors of S are connected to S at least twice. [DPT+02]

Observe that, trivially, the null set is also a stopping set. Also, if S1 and S2 are two

stopping sets, then evidently, S1 ∪ S2 is also a stopping set.

Lemma 2.1 (Combinatorial Characterization of Iterative Decoder Performance).
[DPT+02] For a given LDPC code C transmitted over the erasure channel, we decode iter-
atively (using BP algorithm) until the codeword has been recovered or the decoder fails to
progress further. Let E denote the subset of set of variable nodes which is erased by the chan-
nel. Then the set of erasures which remain when the decoder stops is equal to the unique
maximal stopping set of E.

Proof See [DPT+02].

The distribution of stopping sets is used to do the finite length analysis of LDPC codes

over erasure channel in [DPT+02], and to find asymptotic block error probability for a given

distribution in [OVZ05].
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Using stopping set distributions for irregular ensembles, Orlitsky et al (in [OVZ05, The-

orem 13]) discovered the following interesting result

Theorem 2.2. For ensemble Cn(λ, ρ), if λ′(0)ρ′(1) < 1, then there exists a constant α∗ such
that ∀ α < α∗

lim
n→∞

Pr(s∗ ≤ αn) = 1−
√

1− λ′(0)ρ′(1) (2.3)

where s∗ is the size of the smallest non-empty stopping set.

In particular, for codes with no variable nodes of degree 2 (and hence, λ2 = 0), with

probability converging to 1, the size of smallest stopping set grows linearly in n.

2.3 Finite State Markov Channels

In a Finite State Markov Channel (FSMC), the channel behavior at any given time instant

is dependent only on the state of the channel at that time. The state determines the output

probability distribution. The underlying state-space has a Markov chain structure, with

finitely many states.

Our emphasis is on simple FSMCs, i.e. FSMCs for which the channel behaves as a BSC

in each state.

We assume that the Markov chain has a unique steady state distribution, for which the

Markov chain should be irreducible and aperiodic [Ros02]. Cm denotes the capacity of an

FSMC, where m is the number of states in the FSMC, each of which are denoted by integers

s = 1, 2, . . . ,m. ηi and γi denote the crossover probability and the steady state probability,

respectively, of the ith state. The FSMC is said to be non-inverting if ηi < 0.5 ∀ i ∈

{1, 2, . . . ,m}.

Throughout this dissertation, we consider only symmetric FSMCs, that is, FSMCs which

are symmetric in each state. In ith state, the channel has output distribution given by fi(y)

such that

fi(y|X = 0) = fi(−y|X = 1) (2.4)

Evidently, simple FSMC is a special case case of symmetric FSMCs.
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Figure 2.2: Gilbert-Elliott (GE) channel

2.3.1 Gilbert-Elliott Channels

Gilbert-Elliott (GE) channels are a special class of FSMCs. They are two-state simple FSMCs

(Fig 2.3.1). The states are called “good” state and “bad” state. The “good” (“bad”) state is

denoted by G (B), transition probability from G to B (B to G) by b (g), the corresponding

crossover probability in the state G (B) by ηG (ηB), where ηG < ηB. If ηG < ηB < 0.5,

the channel is said to be non-inverting, and if g + b < 1, the channel is said to be non-

oscillatory. We assume that the GE channel is non-inverting and non-oscillatory. The steady

state probability of G (B) is denoted by γG(γB). Also, CGE denotes the capacity of a GE

channel. Much of the notations and definitions here are borrowed from [MBD89] in which

the capacity of GE channels was also derived.

2.4 Gallager’s bound on the rate for the BSC

LDPC codes were introduced by Gallager in [Gal60]. In the same work, he gave bounds on

the rate of regular LDPC codes for reliable communication over a BSC. The bound Gallager
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found is

R < 1− H(η)

H(ηd)
(2.5)

where ηd = 1+(1−2η)d

2
. Observe that as d → ∞, ηd → 0.5 and hence H(ηd) → 1. Also, the

capacity of BSC with crossover parameter η is given by CBSC(η) = 1 − H(η). Thus LDPC

codes for fixed d are bounded below capacity. Also, for a sequence of LDPC codes to achieve

capacity of a BSC, d must converge to infinity.

It is tempting to conclude that LDPC codes can not achieve capacity, since as d → ∞,

the matrix H, seemingly, would no longer be low density. However, we can have d increase

slowly with respect to the blocklength such that the ratio of number of 1’s in each row to the

block-length would converge to 0. Indeed, it was proved by MacKay in [Mac99] that LDPC

codes are capacity achieving for any stationary ergodic channel (under ML decoding). Hence

there exists a sequence of LDPC codes which is capacity achieving under ML decoding, and

the number of 1’s in each row converges to infinity.

2.5 Generalization of Gallager’s Bound: The Bound of

Burshtein et al

The bound was generalized by Burshtein et al in [BKLM02] to Memoryless Binary Input

Output Symmetric (MBIOS) channels and irregular LDPC codes. By an MBIOS channel we

mean a channel with binary input X ∈ {0, 1} and output symbol Y ∈ R such that

P (Y = y|X = 1) = P (Y = −y|X = 0) = f(y) (2.6)

The crossover probability η of an MBIOS channel is defined as

η =
1

2

∫ ∞

−∞
min(f(y), f(−y))dy (2.7)

Observe that in case of the BSC this reduces to the usual crossover probability.

For regular codes, the bound found in [BKLM02] is

R ≤ 1− 1− C

H(ηd)
(2.8)
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where ηd = 1+(1−2η)d

2
, and C is the capacity of the MBIOS channel.

For irregular codes, the bound they find is

R ≤ 1− 1− C∑
d ωdH(ηd)

(2.9)

Using Jensen’s inequality, the bound in (2.9) can be relaxed to

R ≤ 1− 1− C

H(ηd̄)
(2.10)

where d̄ =
∑

d ωdd is the average check node degree.

This bound is the same as bound for regular codes with the row weight for regular codes

replaced by average row weight. From the same arguments as in section 2.4, the average row

weight must converge to infinity for any sequence of codes to be capacity achieving on any

MBIOS channel.

2.6 The Derivation of the Bounds on the Rate

The bounds on the rate in section 2.4 and section 2.5 are derived in a similar 2-step process.

We first give Gallager’s proof for BSC [Gal60], and then the generalization for MBIOS chan-

nels by Burshtein et al [BKLM02]. In the first part, the problem is reduced to finding an

upper bound on the entropy of the syndrome vector Sn(1−R). In the second part, the upper

bound on syndrome entropy is obtained.

2.6.1 Derivation of Gallager’s bound for BSCs

Assume that there are d 1’s in each row of H. The crossover probability of the BSC is denoted

by η.

The underlying idea is same as that used in proof of converse channel coding theorems:

Fano’s inequality. Fano’s inequality [Gal68] states

Pblog2(M − 1) + H(Pb) ≥
1

n
H(Xn|Yn) (2.11)

where Pb is the probability of symbol error. For binary case, M = 2, so the equation reduces

13



to

H(Pb) ≥
1

n
H(Xn|Yn) (2.12)

Thus, if 1
n
H(Xn|Yn) is strictly positive, then so is Pb, the probability of bit error. It follows

that for reliable communication, 1
n
H(Xn|Yn) → 0. To find upper bounds on the rate, we

find the threshold rate above which 1
n
H(Xn|Yn) > ε > 0.

For block error probability PB, the symbol alphabet size is 2n. Using (2.11)

RPB +
H(PB)

n
≥ H(Xn|Yn) (2.13)

If Pb 9 0, then PB 9 0, and hence the same upper bounds on rate apply to reliable

communication with respect to PB as well. (2.13) shows that the bound can not be improved

upon even if we apply Fano’s inequality on the whole block.

2.6.1.1 Reducing the problem to bounding the entropy of individual syndromes

We know that

1

n
I(Xn;Yn) =

1

n
H(Xn)− 1

n
H(Xn|Yn) =

1

n
H(Yn)− 1

n
H(Yn|Xn)

Thus,
1

n
H(Xn|Yn) =

1

n
H(Xn)− 1

n
H(Yn) +

1

n
H(Yn|Xn) (2.14)

For any code, Xn is the encoded data which is in 1-1 mapping with the information

symbols. The information symbols are uniformly distributed over the 2nR values. Thus, Xn

takes any value from the 2nR codewords with uniform probability distribution. Therefore

H(Xn) = nR (2.15)

Notice that

H(Yn|Xn) = H(Yn + Xn|Xn) = H(Zn|Xn) = H(Zn) = nH(η) (2.16)

where the last equality follows from the fact that errors are independent of each other, since

the channel is memoryless.

It now suffices to upper bound the entropy H(Yn) in (2.14).

14



Gallager’s clever observation was this: the information content of Yn is same as informa-

tion content of Y1
nR, which are the received bits at any nR linearly independent locations

in the code, and Sn(1−R), the syndrome vector1. Therefore,

H(Yn) = H(Y1
nR;Sn(1−R)) = H(Y1

nR) + H(Sn(1−R)|Y1
nR) (2.17)

≤ H(Y1
nR) + H(Sn(1−R))

where the last inequality follows from the fact that conditioning reduces entropy. Now

Y1
nR = X1

nR + Z1
nR, where X1

nR and Z1
nR are the vectors corresponding to characters at

independent locations in the transmitted codeword and the error vector respectively. Since

X1
nR is the vector corresponding to nR independent positions in the transmitted word, it

specifies a codeword uniquely, and hence the distribution of X1
nR is uniform over its possible

2nR values.

Since X1
nR has a uniform distribution over all its possible 2nR values, and Z1

nR is inde-

pendent of X1
nR, Y1

nR = X1
nR + Z1

nR also has a uniform distribution over all its possible

2nR values. Thus

H(Y1
nR) = nR (2.18)

Now it is sufficient to upper bound H(Sn(1−R)), the entropy of the syndrome vector. In

general, the syndromes are not independent of each other. From the chain rule, and from the

fact that conditioning reduces entropy, we get

H(Sn(1−R)) ≤
n(1−R)∑

i=1

H(Si) (2.19)

The problem now reduces to finding entropy of individual syndromes.

2.6.1.2 Finding entropy of individual syndromes

In the case of BSC, this part is simple. Since there are d 1’s in each row, probability that a

particular parity check is satisfied is the same as the probability that even number of errors

1Given Yn, both Y1
nR and Sn(1−R) can decidedly be obtained. Given Y1

nR and Sn(1−R), finding Yn is
same as finding values of Yn on locations other than those corresponding to Y1

n(1−R). The problem reduces
to solving a system of n(1−R) linear equations with n(1−R) variables, which has a unique solution. Note
that R is the actual rate of the code, and not the design rate.
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have occurred in the check set, which is∑
i even

(
d

i

)
ηi(1− η)d−i =

1 + (1− 2η)d

2
= ηd (2.20)

Thus,

H(Si) = H(ηd) (2.21)

Assume that R = 1 − H(η)−δ
H(ηd)

. Using (2.21), (2.19), (2.18), (2.17), (2.15) and putting ap-

propriate values in (2.14), using Fano’s inequality (2.12), we get a lower bound of δ on the

probability of error. Hence for reliable communication, we get the bound on the rate as

R ≤ 1− H(η)

H(ηd)
(2.22)

2.6.2 Derivation of Burshtein et al’s bound for general MBIOS
channels

Following very much in Gallager’s footsteps, Burshtein et al generalized the bounds on the

rate over BSC to arbitrary Memoryless Binary Input Output Symmetric (MBIOS) channels.

Consider an MBIOS channel as in section 2.5. We give the derivation of the bound in (2.8)

([BKLM02]). As in section 2.6.1 we use Fano’s inequality (2.12) and find a lower bound to

1
n
H(Xn|Yn). Since the channel is memoryless,

H(Yn|Xn) =
n∑

l=1

H(Yl|Y1, . . . , Yl−1,X
n) = nH(Y |X) (2.23)

Thus to lower bound H(Xn|Yn) in (2.12), it is again sufficient to upper bound H(Yn). For

this, define binary random variable ξl, l = 1, . . . , n as follows

P (ξl = 1|f(Yl) > f(−Yl)) = 1 (2.24)

P (ξl = 1|f(Yl) < f(−Yl)) = 0

P (ξl = 1|f(Yl) = f(−Yl)) = 0.5

That is, ξl is result of performing hard decision on Yl. Note that the case f(Yl) = f(−Yl) is

not merely a technical point. For example, BEC has f(Yl) = f(−Yl) at Yl = 0.
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Thus we get Pr(ξ = 0) = 1
2
. Now for any Yl and ξl,

H(Yl|ξl) = H(Yl)− I(Yl; ξl) = H(Yl)−H(ξl) + H(ξl|Yl) = H(Yl)− 1 + H(ξl|Yl) (2.25)

Also,

H(Yn) = H(ξn) + H(Yn|ξn)−H(ξn|Yn) = H(ξn) + H(Yn|ξn)− nH(Zl|Yl) (2.26)

Now

H(Yn|ξn) =
n∑

l=1

H(Yl|Y1, . . . , Yl−1, ξ
n) ≤ nH(Yl|Zl) (2.27)

since conditioning reduces entropy. Using equations (2.26),(2.27) and (2.25)

H(Yn) ≤ H(ξn) + nH(Y )− n (2.28)

Now it is sufficient to upper bound H(ξn). Once again,

H(ξn) ≤ nR + H(Sn(1−R)) ≤ nR + n(1−R)H(Sl) (2.29)

And using the derivation in section 2.6.1, we get the upper bound of (2.8).
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Chapter 3

Bounds on Rate for Finite State
Markov Channels

In this chapter we generalize the bounds on the rate derived in [Gal60] to the class of simple

Finite State Markov Channels under consideration. We also look at a possible generalization

to general symmetric FSMCs. As before, we first reduce the problem to finding or bounding

the entropy of individual syndromes. The derivation in this first part is similar to that

in [Gal60]. However, the derivation in the second part is considerably different from the

derivation in [Gal60].

3.1 Upper bounds on the rate: Reducing the problem

3.1.1 Simple FSMCs

Consider a linear code Cn of blocklength n and parity check matrix H. Using Fano’s inequality

(2.12), if 1
n
H(Xn|Yn) is strictly positive, then so is Pb, the probability of bit error. For ease

of exposition, we first derive the bound for regular codes.

Suppose that Cn is transmitted over an m-state simple FSMC. Suppose all rows of parity

check matrices of Cn have a constant weight d. We derive bounds on the rate for such a

sequence of codes for reliable communication.

As before,
1

n
H(Xn|Yn) =

1

n
H(Xn)− 1

n
H(Yn) +

1

n
H(Yn|Xn) (3.1)

Also,

H(Xn) = nR (3.2)
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As in memoryless case,

H(Yn|Xn) = H(Yn + Xn|Xn) = H(Zn|Xn) = H(Zn) (3.3)

where the last equality follows from the fact that for an FSMC, the errors are independent

of the input sequence.

Also, it can be inferred from [GV96, Lemma 4.2] that the sequence {H(Zi|Zi−1)}∞i=1 is

monotonically decreasing1. Therefore, 1
n
H(Zn) ≥ lim

i→∞
H(Zi|Zi−1). Thus,

1

n
H(Yn|Xn) ≥ lim

i→∞
H(Zi|Zi−1) (3.4)

We need the following Lemma in the sequel.

Lemma 3.1. The capacity of a simple FSMC is:

Cm = 1− lim
i→∞

H(Zi|Zi−1) (3.5)

Proof The derivation is similar to the derivation of channel capacity for GE channels in

[MBD89].

Cm = lim
n→∞

1

n
max
p(Xn)

I(Xn;Yn) = lim
n→∞

1

n
max
p(Xn)

(
H(Yn)−H(Yn|Xn)

)
= 1− lim

n→∞

1

n
H(Zn) (3.6)

The last equality follows because H(Yn) achieves its maximum value n when Xn is uniformly

distributed over the possible 2n values, and the distribution of H(Zn) does not depend on

distribution of Xn. Also, as proved in [GV96]

lim
n→∞

1

n

n∑
i=1

H(Zi|Zi−1) = lim
i→∞

H(Zi|Zi−1) (3.7)

Thus, from the chain rule and (3.6),

Cm = 1− lim
i→∞

H(Zi|Zi−1) (3.8)

Using (3.2), (3.4) and Lemma 3.1, we get

1

n
H(Xn|Yn) ≥ R− 1

n
H(Yn) + 1− Cm (3.9)

1H(Zi|Zi−1) = H(Zi+1|Z2, Z3 . . . , Zi) ≥ H(Zi+1|Zi)
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Since we want to lower bound 1
n
H(Xn|Yn), we now find an upper bound on 1

n
H(Yn). As in

Gallager’s proof, the information content of Yn is same as information content of Y1
nR and

Sn(1−R), the syndrome vector. Therefore,

H(Yn) = H(Y1
nR;Sn(1−R)) = H(Y1

nR) + H(Sn(1−R)|Y1
nR)

≤ H(Y1
nR) + H(Sn(1−R)) (3.10)

where the last inequality follows from the fact that conditioning reduces entropy. Now

Y1
nR = X1

nR + Z1
nR, where X1

nR and Z1
nR are the vectors corresponding to characters at

independent locations in the transmitted codeword and the error vector respectively. Again,

the distribution of X1
nR is uniform over its possible 2nR values and hence Y1

nR = X1
nR+Z1

nR

also has a uniform distribution over all its possible 2nR values. Thus

H(Y1
nR) = nR (3.11)

Now it is sufficient to upper bound H(Sn(1−R)), the entropy of the syndrome vector. In

general, the syndromes are not independent of each other. From the chain rule, and from the

fact that conditioning reduces entropy, we get

H(Sn(1−R)) ≤
n(1−R)∑

i=1

H(Si) (3.12)

The problem now reduces to bounding entropy of individual syndromes.

3.2 Upper bounds on the rate

In this section we give the bounds on the rate for different channels by finding bounds on the

entropy of the syndromes.

Consider a parity check equation, corresponding to a row of the parity check matrix

H. Let the places at which 1’s occur in the equation be denoted by n1, n2, . . . nd, and the

corresponding output random variables be denoted by Yn1 , Yn2 , . . . , Ynd
. Let S =

d∑
i=1

Yni
,

where addition is over GF (2). The entropy of a single syndrome is given by H(S).

Since the input codeword to the channel Xn satisfies the parity check equations,
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∑d
i=1 Xni

= 0. Hence

S =
d∑

i=1

Yni
=

d∑
i=1

(Yni
+ Xni

) =
d∑

i=1

Zni
(3.13)

That is, a particular parity check is satisfied if there are even number of errors in locations

corresponding to {Zni
}d

i=1.

Since the state space is Markov, determining Pr(S = 0) exactly is not possible without

knowing the exact positions of 1’s. Even if exact positions of 1’s are known, the procedure

to find Pr(S = 0) would be tedious in general. So we develop some methods to bound this

probability. We now proceed to derive bounds on the rate for different channels by finding

bounds on Pr(S = 0).

3.2.1 A simple upper bound for simple FSMCs

We first present a simple upper bound on the rate of LDPC codes that holds for all non-

inverting simple FSMCs. We need the following Lemma.

Lemma 3.2. For an m-state simple FSMC

Pr(S = 0) =
1

2
+

1

2

∑
r1,r2,...,rm

Πm
i=1(1− 2ηi)

riPr(r1, r2, . . . , rm−1) (3.14)

where Pr(r1, r2, . . . , rm) denotes the probability of making ri visits to state i in d steps, that
is,
∑m

i=1 ri = d.

Proof See Appendix A.

Since the channel is non-inverting in each state, 1 − 2ηi > 0 ∀i. Hence Pr(S = 0) in

Lemma 3.2 can be lower bounded by

Pr(S = 0) ≥ 1

2
+

1

2

∑
r1,r2,...,rm

(1− 2ηm)dPr(r1, r2, . . . , rm) =
1

2
+

(1− 2ηm)d

2
(3.15)

where, we assume without loss of generality that ηm > ηi ∀ i 6= m. Define pmd
∆
= 1

2
+ (1−2ηm)d

2
.

Thus H(S) ≤ H(pmd), and from (3.12), H(Sn(1−R)) ≤ n(1−R)H(pmd).

Suppose now that rate R = 1 − 1−Cm

H(pmd)
+ ε, for some ε > 0. Using (2.12), (3.9), (3.10),

(3.11) and (3.12), we get

H(Pb) >
1

n
H(Xn|Yn) ≥ εH(pmd) (3.16)
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That is, reliable communication is not possible at this rate for any ε > 0. Hence we get the

following bound for regular codes

R ≤ 1− 1− Cm

H(pmd)
(3.17)

Furthermore, (3.16) also gives us an error floor for rates exceeding this bound. For codes of

any length, for rates exceeding the bound in (3.17) by ε, the probability of bit error is lower

bounded by H−1(εH(pmd)), for H−1(εH(pmd)) < 0.5.

For irregular codes, the expression for upper bound on H(Sn(1−R)) changes to

H(Sn(1−R)) ≤ n(1−R)
∑

d

ωdH(pmd) (3.18)

Hence, the bound on the rate for irregular codes can similarly be found to be

R ≤ 1− 1− Cm∑
d ωdH(pmd)

(3.19)

Similar error floors (as in (3.16)) can be obtained for irregular codes. Since all the bounds

we give in this dissertation are of the same form, similar error floors can be derived for all of

them.

Arguments in [SU03] concluded, using Jensen’s inequality, that for memoryless channels,

the expression of upper bound on the rate gives the result that for a sequence of codes to

be capacity achieving, the density ∆(H) (see defn. 2.2) must converge to infinity. Since the

expression for upper bound is same here with appropriate change in the expression for the

capacity of a simple FSMC, we can conclude that even for simple FSMCs, for a sequence of

LDPC codes to be capacity achieving, the density must converge to infinity.

In the next subsections, we tighten these bounds for the case of GE channels, and then

for FSMCs.

3.2.2 Upper Bounds for non-inverting and non-oscillating GE chan-
nels

From Lemma 3.2, it can be seen that for non-inverting GE channels, Pr(S = 0) > 0.5, and

hence, the entropy H(S) increases with decrease in Pr(S = 0). Thus, to upper bound H(S),

we lower bound Pr(S = 0). To that end, we need the following Lemmas
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Lemma 3.3. For non-oscillating and non-inverting GE channels, Pr(S = 0) decreases with
increase in gap between any two 1’s, keeping the gap between other 1’s constant.

Proof See Appendix B.

Lemma 3.4. For an m-state simple FSMC, if we keep increasing the gap between all the 1’s,
in the limit, Pr(S = 0) converges to Pr(Smemless = 0), where Smemless is the random variable
representing result of a parity check equation for a memoryless channel with error probability
same as the average error probability of the FSMC in steady state.

Proof Define k as the minimum gap between any two 1’s in the row of H under consid-

eration. First, we prove that as k →∞,

Pr(sn1 = a1, sn2 = a2, . . . , snd
= ad) → Πd

i=1γai
(3.20)

Notice that

Pr(sn1 = a1, sn2 = a2, . . . , snd
= ad)

= Pr(sn1 = a1)Pr(sn2 = a2|sn1 = a1) . . . P r(snd
= ad|snd−1

= ad−1) (3.21)

As k increases, gap between each of ni and ni−1 increases, and Pr(sni
= ai|sni−1

= ai−1) → γai
.

This proves (3.20).

Now consider the following for bi binary

Pr(Zn1 = b1, Zn2 = b2, . . . , Znd
= bd)

=
∑

ai=1,2,...,m

Pr(Zn1 = b1, Zn2 = b2, . . . , Znd
= bd|sn1 = a1, sn2 = a2, . . . , snd

= ad)

× Pr(sn1 = a1, sn2 = a2, . . . , snd
= ad)

k→∞−→
∑

ai=1,2,...,m;i=1,2,...,d

Πd
i=1Pr(Zni

= bi|sni
= ai)× Pr(sni

= ai) (3.22)
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Now,

∑
ai=1,2,...,m;i=1,2,...,d

Πd
i=1Pr(Zni

= bi|sni
= ai)× Pr(sni

= ai)

=
∑

ai=1,2,...,m;i=1,2,...,d

Πd
i=1Pr(Zni

= bi|sni
= ai)γai

= Πd
i=1

m∑
j=1

Pr(Zni
= bi|sni

= j)γj = (1− q)tqd−t (3.23)

where q =
∑m

i=1 ηiγi, and t is the number of b′is which are 1.

Using (3.22) and (3.23),

Pr(Zn1 = b1, Zn2 = b2, . . . , Znd
= bd)

k→∞−→ (1− q)tqd−t (3.24)

Finally,

Pr(Zn1 + Zn2 + . . . + Znd
= 0)

=
∑

even number of bi’s are 1

Pr(Zn1 = b1, Zn2 = b2, . . . , Znd
= bd) →

1 + (1− 2q)d

2
(3.25)

From Lemma 3.3 and Lemma 3.4, H(S) ≤ H(Smemless) = H(1+(1−2q)d

2
), where q

∆
= γGηG +

γBηB is the average probability of error in steady state of the FSMC.

Thus, similar to the derivation of (3.17), we get the following bound

R ≤ 1− 1− CGE

H(pd)
(3.26)

where CGE is the capacity of a GE channel, and pd
∆
= 1+(1−2q)d

2

Similar to (3.18), the bound on the rate for reliable communication for irregular codes is

R ≤ 1− 1− CGE∑
d ωdH(pd)

(3.27)

3.2.3 Tightening the bound for GE channels

In this section, we tighten the upper bound on the entropy of a syndrome, which can be used

to tighten the bounds on the rate for GE channels.

Suppose in a row of a parity check matrix, the maximum gap between any two 1’s is v,
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that is, any two variables in that parity check equation are separated by a gap of no more than

v. By Lemma 3.3, the entropy of the parity check increases as gap between 1’s is increased.

Hence the entropy of the given parity check will be lesser than or equal to the entropy of a

parity check for which the gap between 1’s is uniformly v. Note that in the latter case, the

Markov chain relating Zni
’s is homogeneous, albeit the transition probabilities have changed.

It was proved by Pedler [Ped71] that for a homogeneous two state Markov chain, proba-

bility of visiting a particular state (say G) k times in d transitions is given by:

For 0 < k < d

Pr(NG = k) = (1− b)k(1− g)d−kF [−d + k,−k; 1; λ]

−γGl(1− b)k(1− g)d−k−1F [−d + k + 1,−k; 1; λ]

−γBl(1− b)k−1(1− g)d−kF [−d + k,−k + 1; 1; λ]

and

Pr(NG = 0) = (γGb + γB(1− g))(1− g)d−1

Pr(NG = d) = (γG(1− b) + γBg)(1− b)d−1

where NG is the random variable denoting number of times state G is visited, F is the

hypergeometric function, γG = g
b+g

and γB = b
b+g

are the steady state probabilities of G and

B respectively, λ = gb
(1−g)(1−b)

, and l = (1− g)(1− b)− gb.

Now, using (3.68) of Appendix A, the entropy of a parity check can be determined if

we know Pr(NG = k). For uniform gap v between 1’s, the underlying state space for Z ′
ni

s

is homogeneous Markov, and hence Pedler’s result is applicable. Using v-step transition

probabilities and (3.68), associated entropy can be calculated for different values of v. Fig

3.1 shows the variation of H(S) with v for typical values of d, ηG, ηB, g and b. As v increases,

we see that H(S) converges to the entropy in the independent case, as expected.

Hence if v is known for each parity check, a tighter bound on entropy H(S) can be

obtained, and thus the bounds derived earlier for GE channels can be tightened. However,

for fixed (λ, ρ), as we let n → ∞, only in some specific constructions of LDPC codes would

25



0 2 4 6 8 10 12 14
0.944

0.946

0.948

0.95

0.952

0.954

v

E
nt

ro
py

Figure 3.1: H(S) versus v for d = 10, ηG = 0.01, ηB = 0.1, g = 0.2, b = 0.3.

the maximum gap between 1′s remain constant. Hence, per se, the tightening of the bound

in this section is not really useful. We revisit this point in section 3.3, where we bring out

the utility of this result.

The tightening raises a natural question: can we conclude from this tightening that LDPC

codes constructed in a manner that gap between 1’s is bounded cannot achieve capacity?

We show in Appendix A (eqn. (3.71)) that the proposed tightening does not lead to this

conclusion.

3.2.4 An almost-sure bound for simple FSMCs

We first discuss the relevance of the concentration theorem for BP decoding of LDPC codes

to the bound we give in this section. Then we derive almost-sure bounds for reliable commu-

nication over simple FSMCs.

Concentration theorem and upper bound on the rate

The bounds we give here hold almost-surely for ML decoding of a sequence of randomly

constructed LDPC codes over such FSMCs. Since these bounds hold for ML decoding, they
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Figure 3.2: a) Factor graph for BP decoding of LDPC code over Markov channel b) Message
passing neighborhood with a check node as root for scheduling in [Eck04]

also hold for BP decoding of randomly constructed LDPC codes. In what follows, we first

elucidate why the concentration theorem for BP decoding of LDPC codes over FSMCs is

needed for establishing the utility of random construction.

Density evolution, as discussed in [RU01b], is used to analyze the behavior of probability

of error with number of iterations in BP decoding, assuming infinite block length. In the

analysis, the evolution of the average probability density of messages passed (averaged over

codes of given (λ, ρ), under tree assumption) is found.

The concentration theorem guarantees that for large lengths, almost all codes in ensemble

Cn(λ, ρ) have performance close to average performance under BP decoding. Provided that

the graph is tree like, the behavior can be predicted using density evolution. Thus if density

evolution of a degree distribution shows good performance, choosing a code randomly from

ensemble of codes of given degree distribution would be a good construction for large block-

lengths. Hence one can Analise the performance of random construction by density evolution,

provided that the concentration theorem holds. Herein lies the importance of proving the

concentration theorem.
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The concentration theorem has been proved for BP decoding of LDPC codes over Mem-

oryless channels [RU01b] and ISI channels [KMM03]. We prove it for the case of Markov

channels. We formally state the concentration theorem theorem below.

Theorem 3.5 (Concentration Theorem for Markov Channels). Let E[Z] denote the
expected number of incorrect messages in lth iteration of BP decoding, where the expectation
is over all the codes in Cn(c, d) and the noise. Then the probability that the actual fraction

of incorrect messages lies outside (E[Z]
nc

− ε, E[Z]
nc

+ ε) converges to 0 exponentially in n.

Proof See Appendix C.

We also need to prove that the neighborhood graph is a tree after a fixed l iterations with

a probability that converges to 1 as n →∞. This is a simple extension to the corresponding

proof for memoryless channels in [RU01b], and is proved in [Eck04].

3.2.4.1 Upper bound on the rate

We now derive an almost-sure upper bound on the rate of a sequence of LDPC codes for

reliable communication over a simple FSMC. For each length n, we have an ensemble of

codes Cn(λ, ρ) and a uniform probability distribution over Cn(λ, ρ). The probability space

of sequence of codes is the product space of probability spaces corresponding to each n. The

probability distribution over the product space is induced by uniform probability distribution

over Cn(λ, ρ). The bound is almost-sure in the sense that any sequence of codes {Cn} (with

Cn ∈ Cn(λ, ρ)) has to satisfy this bound with probability 1 (in the product space) if it

communicates reliably.

Consider a parity-check equation. By Lemma 3.4, as k increases,

Pr(S = 0) → Pr(Smemless = 0) =
1 + (1− 2q)d

2
(3.28)

where q =
∑

i ηiγi is the average probability of error in the steady state. Since binary

entropy function is a continuous function of probability, H(S) → H(Smemless) as k increases.

In particular, we can choose k large enough such that H(S) ≤ H(Smemless) + δ for any given

δ > 0.

Lemma 3.6. For any ε > 0, the fraction of codes which have at least ε fraction of rows in
which at least two 1’s are at a gap not exceeding k goes to 0 exponentially in n (for any fixed
k, and for n large enough).
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Proof We prove the Lemma for regular codes.

First we look at the number of codes in the collection Cn(c, d). The number of sockets

in the random construction in [RU01b] is n(1− R)d. Hence the number of codes is equal to

the number of permutations of set of n(1−R)d different elements. Thus the total number of

codes in Cn(c, d) is (n(1−R)d)!. Using Stirling’s approximation, i.e., n! ≈ nne−n
√

2πn, the

total number of codes can be approximated as

(n(1−R)d)! ≈ (n(1−R)d)n(1−R)de−n(1−R)d
√

2πn(1−R)d (3.29)

Now we find a bound on the number of codes which have at least an ε fraction of rows

with gap between at least two 1’s not exceeding k. Let τ k
ε denote the set of such codes, and

let Nk
ε = |τ k

ε | denote the number of such codes.

Choose ε fraction of rows, where each row corresponds to a check node in the corresponding

Tanner graph. This choice can be made in
(

n(1−R)
εn(1−R)

)
ways. These are the rows for which at

least two 1’s have gap not exceeding k. For each of these rows, the first d − 1 left sockets

can be chosen in at most (nd(1− R))d−1 ways. The last socket, which is at most a distance

k from one of the 1’s, can only be chosen in a constant (independent of n) number of ways,

say c1 (c1 ≤ (k − 1)c). Here we do not put any restriction for the choice of the first d − 1

sockets. Only in choice of the last socket is the constraint on gap used.

For the rest (1−ε) fraction of the rows, the number of ways in which variable node sockets

can be chosen is at most (nd(1−R))d. Thus,

Nk
ε <

(
n(1−R)

εn(1−R)

)
((nd(1−R))d−1 × (k − 1)c)n(1−R)ε((nd(1−R))d)n(1−R)(1−ε) (3.30)

Using Stirling’s approximation(
n(1−R)

εn(1−R)

)
≈ 1

(1− ε)n(1−R)(1−ε)εn(1−R)ε
√

2πnε(1− ε)(1−R)
(3.31)

Using (3.29), (3.30) and (3.31), we can see that the probability of choosing a code from τ k
ε

converges to zero as

(nd(1−R))−n(1−R)ε((k − 1)c)n(1−R)ε

(1− ε)n(1−R)(1−ε)εn(1−R)ε2πn(1−R)
√

ε(1− ε)d
= O

(
1

nen(εln(n)−c2)

)
(3.32)
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for some constant c2, and hence for n large enough, the decrease is exponential in n

The same proof works for irregular codes with bounded degrees, with the replacement of

maximum left and right degrees in place of c, d.

From this Lemma, it follows that for large enough n (given k), all 1’s are separated

by a gap greater than k for at least (1 − ε) fraction of rows with probability that goes to

1 exponentially in n. By our choice of k, it now follows that H(S) > H(Smemless) + δ

for greater than ε fraction of rows with probability that converges to 0 exponentially in n.

Since the probability decreases exponentially with n, an application of Borel-Cantelli Lemma

shows that bound holds eventually, almost-surely2. That is, with probability 1, the event

H(S) > H(Smemless) + δ for greater than ε fraction of rows will happen only finitely often.

From the above argument, we have an upper bound on the entropy of (1 − ε)n(1 − R)

syndromes. For the entropy of rest of εn(1−R) parity checks, we use the upper bound of 1,

and arrive at the following bound on H(Sn(1−R))

H(Sn(1−R)) ≤ n(1−R)(1− ε)(H(Smemless) + δ) + n(1−R)ε e.a.s. ∀ ε, δ > 0 (3.33)

⇒ 1

n
H(Sn(1−R)) ≤ (1−R)H(Smemless) + θ e.a.s. ∀ θ > 0 (3.34)

where H(Smemless) = H(1+(1−2q)d

2
), and e.a.s. denotes that the bound holds eventually, almost

surely. Now, similar to the derivation in 3.2.1, for any sequence of regular LDPC codes that

communicates reliably, the rate is bounded as follows

R ≤ 1− 1− Cm

H(pd)
+ ε e.a.s. ∀ε > 0 (3.35)

where pd = 1+(1−2q)d

2
.

Define R0
∆
= 1 − 1−Cm

H(pd)
. For given c, d, the design rate Rd = 1 − c

d
and R0 are fixed, and

hence if Rd > R0, the code rate R(≥ Rd) would always (and hence, infinitely often) exceed

R0 + ε for ε = Rd − R0. Thus the above bound would be violated. Hence the same bound

holds for ε = 0 also3 if we replace R by Rd. For the same reason, for fixed Rd and R0, the

2The term eventually, almost-surely implies that there is a set of infinite sequences of probability 1 such
that for each sequence of this set, the statement holds for all n > n0, where n0 may be dependent on the
sequence

3Consider a sequence of random variables {Xn}. Suppose Xn < K + ε a.s for all ε > 0. But this does
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term eventually in (3.35) is redundant. Thus, the bound for regular codes of given (c, d)

becomes

Rd ≤ 1− 1− Cm

H(pd)
a.s. (3.36)

Similarly for irregular codes of given (λ, ρ), the bound is

Rd ≤ 1− 1− Cm∑
d ωdH(pd)

a.s. (3.37)

There can exist sequences of codes of the given (λ, ρ) which defy the bound, but the set

of such sequences is of probability 0 in the product space. Note that we do not need the

channel to be non-inverting for the almost-sure bound to hold.

3.3 Lower bounds on parity-check density

The upper bounds in (3.17), (3.18), (3.26), (3.27), (3.36) and (3.37) are similar to expressions

of upper bound on the rate derived in [BKLM02], with the capacity of general MBIOS

channels replaced by Cm. In [SU03], lower bounds on parity check density of LDPC codes

were derived for MBIOS channels using the same upper bounds. The bounds on density

derived in [SU03] are of two types:

• Type I: For any linear code of given finite blocklength n and given probability of error

when transmitted over a channel, using the lower bound on 1
n
H(X|Y), a lower bound

on ∆(H) can be found (see [SU03, Thm 2.4]).

• Type II: For a sequence of linear codes {Cn} which communicate reliably to achieve

1− ε of the capacity of an MBIOS channel, asymptotic lower bound on density of their

parity check matrices can be found (see [SU03, Thm 2.1]).

Let ∆m denote the density of parity-check matrix corresponding to Cm. Similar to the deriva-

tion in [SU03], using the upper bound on the syndrome entropy derived in section 3.2.2, we

can get the following Type II bound on asymptotic density of any sequence of linear codes

not guarantee that Xn ≤ K a.s. For example, take Xn = 1 + 1
n with probability 1. Then Xn < 1 + ε a.s.

∀ ε > 0. But evidently, Xn � 1 a.s. Hence we use this alternative argument to arrive at the bound in (3.36)
and (3.37)
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that achieves reliable communication at rate (1− ε)CGE over GE channels

lim
m→∞

∆m >
K1 + K2ln

1
ε

1− ε
(3.38)

where lim
m→∞

denotes lim inf and

K1 =
(1− CGE) ln

(
1−CGE

2 ln2 CGE

)
2CGE ln

(
1

1−2q

) and K2 =
1− CGE

2CGE ln
(

1
1−2q

)
Using the expression for the upper bound on the syndrome entropy in section 3.2.2, we get

the following Type I bound on density of parity check matrix of any linear code given its

block length and performance over a GE channel

∆ ≥ 1− (1− ε)CGE

2(1− ε)CGE

.
ln
(

1
2ln2

. 1−CGE+εCGE

εCGE+H(Pb)

)
ln
(

1
1−2q

) (3.39)

For non-inverting simple FSMCs, the bounds in (3.38) and (3.39) hold with q replaced by

ηm and CGE replaced by Cm.

Tighter Type II bounds for all simple FSMCs hold almost-surely for the design density

∆d of a sequence of LDPC codes of given (λ, ρ). Similar to [SU03], we obtain the following

bound

∆d >
K1 + K2ln

1
ε

1− ε
a.s. (3.40)

We have only a probabilistic result for finite lengths (Type I bound). Based on the proba-

bilistic bounds on the syndrome entropy for random construction derived in section 3.2.4, we

can derive the following probabilistic bounds on ∆ which hold for LDPC codes of given (λ, ρ)

∆ ≥ 1− (1− ε)Cm

2(1− ε)Cm

.
ln
(

1
2ln2

. 1−Cm+εCm

εCm+H(Pe)+θ

)
ln
(

1
1−2q

) (3.41)

A lower bound on the probability with which this bound holds can be obtained from (3.32).

This probability is dependent on choice of θ and n, and converges to 1 exponentially in n.

Since these bounds are derived in the same manner as the bounds on [SU03], we omit the

derivations here. Similar bounds on the density can also be derived (using (2.13)) for a given

block probability of error as shown in [SU03].
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3.3.1 Tightening of lower bounds on density for GE channels using
results in section 3.2.3

For using the tight bound for GE channels of section 3.2.3, we first prove the following Lemma.

Lemma 3.7. For a non-inverting simple FSMC, Pr(S = 0) = Pr(
∑d

i=1 Zni
= 0) decreases

with increase in d.

Proof The proof is by induction on d. Suppose we add another 1 to the parity check

equation, which corresponds to adding another binary random variable Z to S. Now we have

to consider Pr(S + Z = 0).

First we note that

Pr(S + Z = 0) = Pr(S = 0; Z = 0) + Pr(S = 1; Z = 1) (3.42)

Similar to the derivation of (3.79) in Appendix B, we can see that

Pr(S = 0; Z = 0) = Pr(S = 0)− Pr(Z = 1) + Pr(S = 1; Z = 1) (3.43)

From (3.42) and (3.43), we get

Pr(S = 0)− Pr(S + Z = 0) = Pr(Z = 1)− 2Pr(S = 1; Z = 1)

= Pr(Z = 1)− 2Pr(Z = 1)Pr(S = 1|Z = 1) (3.44)

Since the channel is non-inverting, Pr(S = 1|Z = 1) < 0.5 (from Appendix A). Thus the

quantity in (3.44) is positive, and the Lemma follows.

We use this Lemma for the particular case of non-oscillating and non-inverting GE chan-

nels. Since Pr(S = 0) decreases with increasing d (by Lemma 3.7), for regular codes, using

the upper bound on syndrome entropy derived in 3.2.3, we can derive a tighter Type I lower

bound on ∆(H) for GE channels.

Because there is no closed form expression for P (S = 0) in 3.2.3, we could not prove the

convexity of H(S) as a function of d, and hence the lower bounds on ∆(H) do not extend

directly to irregular codes. However, in light of Lemma 3.7, it is simple to see that the bounds

continue to hold for maximum row weight, instead of average row weight.

Further, we can derive a necessary condition that an LDPC code of given row weights

and given maximum gaps in the rows has to satisfy for given performance over GE channels.
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Denote the probability of a parity check of d 1’s at gaps uniformly v by pv
d. Also, let ωv

d denote

the fraction of rows of weight d and maximum gap v. Then, using (2.12), (3.9), (3.10), (3.11)

and (3.12) we get

H(Pe) ≥ −(1−R)
∑

d

ωv
dH(pv

d) + 1− CGE (3.45)

And hence, the code has to satisfy∑
d

ωv
dH(pv

d) ≥
1− CGE −H(Pe)

1−R
(3.46)

3.4 Generalization to general symmetric FSMCs

For general symmetric FSMCs, we proceed in a manner similar to that of Burshtein et al

discussed in section 2.6.2. Let fi(·) be the corresponding output distribution for input X = 1

when the channel is in state i.

We first derive relevant expression for capacity of general symmetric FSMC

Lemma 3.8. The capacity of a symmetric FSMC is given by

Cm = lim
l→∞

max
p(Xl)

H(Yl|Yl−1)− lim
l→∞

H(Yl|Yl−1,Xl) (3.47)

Proof

Cm = max
p(Xn)

lim
n→∞

1

n
I(Xn;Yn) = max

p(Xn)
lim

n→∞

(
1

n
H(Yn)−H(Yn|Xn)

)
(3.48)

By channel symmetry, H(Yn|Xn) is independent of input distribution.4 The Lemma follows

by application of chain rule.

Let pc(X
n) be the capacity achieving distribution. Despite the channel symmetry in each

state, pc(X
n) may not be the independent uniform distribution. Indeed, finding this input

distribution for general FSMCs is an open problem.

Similar to derivation in section 2.6.1,

1

n
H(Xn|Yn) = R− 1

n
H(Yn) +

1

n
H(Yn|Xn) (3.49)

4Assuming X ∈ {1,−1}, H(Yn|Xn) = H(Yn ·Xn|Xn), where · is element-by-element product of the two
vectors. Now Yn ·Xn is independent of Xn.
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Again,
1

n
H(Yn|Xn) → lim

l→∞
H(Yl|Yn−1,Xn) (3.50)

Also, by channel symmetry, this quantity is independent of distribution of Xn. Hence

lim
l→∞

H(Yl|Yl−1,Xn) = lim
l→∞; p(Xl)=pc(Xl)

H(Yl|Yl−1)− Cm (3.51)

where Cm is the capacity of the FSMC under consideration. Now,

H(Yl|Yl−1) = H(Yl|ξn,Y
l−1) + H(ξl|Yl)−H(ξl|Yl) (3.52)

We desire to find an upper bound on H(Yn) similar to that in section 2.6.2. To that end,

we define a binary random variable ξ as follows

Pr
(
ξl = 1|

∑
i

πl
ifi(Yl) >

∑
i

πl
ifi(−Yl)

)
= 1 (3.53)

Pr
(
ξl = 1|

∑
i

πl
ifi(Yl) <

∑
i

πl
ifi(−Yl)

)
= 0

Pr
(
ξl = 1|

∑
i

πl
ifi(Yl) =

∑
i

πl
ifi(−Yl)

)
= 0.5

where πl
i = Pr(Sl = i|Y1, . . . , Yl−1). Now,

1

n
H(Yn) =

1

n
H(Yn|ξn)− 1

n
H(ξn|Yn) +

1

n
H(ξn) (3.54)

We tackle the first term in (3.54)

1

n
H(Yn|ξn) → lim

l→∞
H(Yl|ξl,Yl−1) = lim

l→∞
H(Yl|ξl,Y

l−1)

= lim
l→∞

(
H(Yl, ξl|Yl−1)−H(ξl|Yl−1)

)
= lim

l→∞

(
H(ξl|Yl) + H(Yl|Yl−1)−H(ξl|Yl−1)

)
(3.55)

Now consider the second term in (3.54)

1

n
H(ξn|Yn) → lim

l→∞
H(ξl|ξl−1,Yl) = lim

l→∞
H(ξl|Yl) (3.56)
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Using (3.54), (3.55) and (3.56)

1

n
H(Yn) → lim

l→∞

(
H(Yl|Yl−1)−H(ξl|Yl−1) +

1

l
H(ξl)

)
(3.57)

Hence

1

n
H(Xn|Yn) →R− lim

l→∞
H(Yl|Yl−1) + lim

l→∞
H(ξl|Yl−1) (3.58)

+ lim
l→∞

1

l
H(ξl) + lim

l→∞; p(Xl)=pc(Xl)
H(Yn|Yn−1)− C

Conjecture 3.9. The following holds for any symmetric FSMC

lim
l→∞; p(Xl)=pc(Xl)

H(Yl|Yl−1)− 1 ≥ lim
l→∞

H(Yl|Yl−1)− lim
l→∞

H(ξl|Yl−1) (3.59)

We prove the conjecture for the restricted case of MBIOS channels.

Proof for MBIOS channels:

For memoryless symmetric channels, H(Yn), and hence H(Yl|Yl−1) is maximized for uniform

input distribution. Thus, for MBIOS channels

lim
l→∞; p(Xl)=pc(Xl)

H(Yl|Yl−1)− 1 = [H(Yl)−H(ξl)]|p(X)=Unif{0,1} (3.60)

Therefore it suffices to show that the LHS term in (3.59) is maximized at uniform i.i.d. input

distribution.

Assume that input distribution is P (X = 0) = α, P (X = 1) = 1− α. We prove that the

expression H(Yl)−H(ξl) is concave in α. Note that both H(Yl) and H(ξl) are concave in α.

Yl ∼ fY (y) = αf(y) + (1− α)f(−y) (3.61)

and hence,

H(Y ) = −
∫ ∞

∞

(
αf(y) + (1− α)f(−y)

)
log
(
αf(y) + (1− α)f(−y)

)
dy (3.62)

Differentiating H(Y ) twice with respect to α

d2H(Y )

dα2
= −

∫ ∞

−∞

(f(y)− f(−y))2

αf(y) + (1− α)f(−y)
dy

= −
[∫

ξ=1

(f(y)− f(−y))2

αf(y) + (1− α)f(−y)
dy +

∫
ξ=0

(f(y)− f(−y))2

αf(y) + (1− α)f(−y)
dy

]
(3.63)
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Similarly, differentiating H(ξ) twice with respect to α

d2H(ξ)

dα2
= −


(∫

ξ=1
f(y)dy −

∫
ξ=1

f(−y)dy
)2

α
∫

ξ=1
+(1− α)

∫
ξ=1

f(−y)dy
+

(∫
ξ=0

f(y)dy −
∫

ξ=0
f(−y)dy

)2

α
∫

ξ=0
+(1− α)

∫
ξ=0

f(−y)dy


Consider the first terms in (3.63) and (3.64). Applying Cauchy-Schwartz inequality on

f(y)−f(−y)√
αf(y)+(1−α)f(−y)

and
√

αf(y) + (1− α)f(−y)

∫
ξ=1

(
f(y)− f(−y)√

αf(y) + (1− α)f(−y)

)2

dy ×
∫

ξ=1

(√
αf(y) + (1− α)f(−y)

)2

dy

≥
(∫

ξ=1

(f(y)− f(−y))dy

)2

(3.64)

Using Cauchy-Schwartz inequality for the second terms as well

d2(H(Yl)−H(ξl))

dα2
≤ 0 (3.65)

and hence H(Yl) − H(ξl) is concave in α. Since it is also symmetric in α, the maximum is

attained at α = 0.5

If conjecture 3.9 holds, then the expression of lower bound on 1
n
H(Xn|Yn) reduces to that

for simple FSMCs, and it is sufficient to bound H(ξn).

Once the expression reduces to that of simple FSMCs, similar almost-sure bounds on the

rate will hold. For 2-state channels, bounds which hold for all codes can be derived, as for

the GE channels. Again, similar lower bounds on parity check density can also be derived.

Even if the conjecture in 3.9 does not hold, similar bounds on rate can be derived. How-

ever, these bounds would exceed capacity for large enough density. For example, for regular

codes, the following bound holds

R ≤ 1−
liml→∞; p(Xn)=pc(Xn) H(Yn|Yn−1)− liml→∞ H(Yl|Yl−1) + liml→∞ H(ξl|Yl−1)− Cm

H(pmd)
a.s.

(3.66)

where pd is the average crossover probability of the channel.
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Appendix A: Probability of a parity
check equation being satisfied

We first prove Lemma 3.2 in a more general setting. Suppose we have some sequence {Xni
}i≥1

as input to a two state channel (which needn’t even be Markov) which behaves as a BSC

in each state. Let {Zni
}i≥1 be the error sequence, and we want to calculate Pr(S = 0) =

Pr(
∑d

i=1 Zni
= 0), where the addition is modulo two. Note that here we do not assume

Markov modeling of the state space. (In Appendix B, we have a non-homogeneous Markov

chain, and we use this result). We prove the following

Pr(
d∑

i=1

Zni
= 0) =

1

2
+

1

2

∑
r1,r2,...,rm

Πm
i=0(1− 2ηi)

riPr(r1, r2, . . . , rm) (3.67)

where Pr(r1, r2, . . . , rm) denotes the probability of making ri visits to state i in d steps, that

is,
∑

i ri = d.

For 2-state channels (in particular for GE channels), the above result reduces to

Pr(
d∑

i=1

Zni
= 0) =

1

2
+

1

2

d∑
k=0

(1− 2ηG)k(1− 2ηB)d−kPr(NG = k) (3.68)

where Pr(NG = k) is the probability of making k visits to the state G in the given d time

instants.

Remark 3.1. Note that in (3.68), the probability is greater than 0.5 as long as ηi < 0.5 ∀ i
(ensuring that the second term remains positive). This fact has been used frequently in the
paper.

Proof Of Lemma 3.2 The proof is by induction on m. For m = 1, the case reduces to

that for a BSC. As shown in [Gal60], the probability of even errors in d channel uses of a

BSC is given by 1+(1+2η)d

2
, where η is the crossover probability of the BSC. It is easy to verify

that the expression given in (3.67) reduces to this.
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We now assume that the result is true for m− 1 states, and prove the result for m state

systems.

Pr(
d∑

i=1

Zni
= 0) = Pr

(
even errors in locations corresponding to

d∑
i=1

Zni
= 0

)
= Pr

(
even errors in locations corresponding to first m− 1 states;

even errors in locations corresponding to mth state

)
+Pr

(
odd errors in locations corresponding to first m− 1 states;

odd errors in locations corresponding to mth state

)
(3.69)

We now investigate the first term in (3.69)

Pr

(
even errors in locations corresponding to first m− 1 states;

even errors in locations corresponding to mth state

)

=
d∑

rm=0

Pr

(
even errors in locations corresponding to first m− 1 states;

even errors in locations corresponding to mth state|rm

)
Pr(rm)

=
d∑

rm=0

Pr(even errors in locations corresponding to first m− 1 states|rm)

× Pr(even errors in locations corresponding to mth state|rm)Pr(rm)

=
d∑

rm=0

1

2

(
1 +

∑
r1,r2,...,rm−1

Πm−1
i=1 (1− 2ηi)

riPr(r1, r2, . . . , rm−1|rm)

)

× 1 + (1− 2ηm)rm

2
Pr(rm)

=
1

4

(
1 + (1− 2ηm)rm +

∑
r1,r2,...,rm

Πm−1
i=1 (1− 2ηi)

riPr(r1, . . . , rm)

+
∑

r1,...,rm

Πm
i=1(1− 2ηi)

riPr(r1, . . . , rm)

)
(3.70)

Doing similar analysis on second term of (3.69), and adding the result to (3.70), we arrive at
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(3.67) (the middle two terms cancel out).

Now we prove that for GE channels, as d →∞, Pr(S = 0) → 1
2
. Note that

1

2
≤ Pr(

d∑
i=1

Zni
= 0) =

1

2
+

1

2

d∑
k=0

(1− 2ηG)k(1− 2ηB)d−kPr(NG = k) (3.71)

≤ 1

2
+

1

2

d∑
k=0

(1− 2ηG)dPr(NG = k) =
1

2
+

1

2
(1− 2ηG)d d→∞−→ 1

2

This means that regardless of the gap between 1’s, as d →∞, the bounds on the rate in

3.2.3 approach capacity. Note that the same proof works for FSMCs as well.
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Appendix B: Increase in gap increases
syndrome entropy for non-inverting
and non-oscillating GE channels

First we prove that

Pr(
d∑

i=1

Zni
= 0|snd

= G) > Pr(
d∑

i=1

Zni
= 0|snd

= B) (3.72)

The proof is by induction on d. The result is trivially true for d = 1 (since 1− ηG > 1− ηB).

Now, we prove the result for d = k assuming that the result is true for d = k − 1. Let

t = nk − nk−1 denote the gap between the kth and (k − 1)th 1’s.

Define

bt
∆
=

b− b(1− g − b)t

g + b
(3.73)

gt
∆
=

g − g(1− g − b)t

g + b

Using t−step transition probability matrix for a two state Markov chain

P t =

 g+b(1−g−b)t

g+b
b−b(1−g−b)t

g+b

g−g(1−g−b)t

g+b
b+g(1−g−b)t

g+b

 =

 1− bt bt

gt 1− gt

 (3.74)

Where P is the single step transition probability matrix. Now, given snk
, Znk

is independent
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of Zni
(for i 6= k). Thus,

Pr(
k∑

i=1

Zni
= 0|snk

= G) = Pr(
k−1∑
i=1

Zni
= 0|snk

= G)Pr(Znk
= 0|snk

= G)

+ Pr(
k−1∑
i=1

Zni
= 1|snk

= G)Pr(Znk
= 1|snk

= G)

=

[
Pr(

k−1∑
i=1

Zni
= 0|snk−1

= G)(1− bt) + Pr(
k−1∑
i=1

Zni
= 0|snk−1

= B)bt

]
(1− ηG)

+

[
Pr(

k−1∑
i=1

Zni
= 1|snk−1

= G)(1− bt) + Pr(
k−1∑
i=1

Zni
= 1|snk−1

= B)bt

]
ηG (3.75)

Similarly, for conditioning on B we get:

Pr(
k∑

i=1

Zni = 0|snk
= B)

=
[
Pr(

k−1∑
i=1

Zni = 0|snk−1
= B)(1− gt) + Pr(

k−1∑
i=1

Zni = 0|snk−1
= G)gt

]
(1− ηB)

+
[
Pr(

k−1∑
i=1

Zni = 1|snk−1
= B)(1− gt) + Pr(

k−1∑
i=1

Zni = 1|snk−1
= G)gt

]
ηB (3.76)

Now observe the terms in first square brackets in (3.75) and (3.76), which are expressions of

probability of event
k−1∑
i=1

Zni
= 0 given snk

(G or B). Both the terms are of the form

f(a) = Pr(
k−1∑
i=1

Zni
= 0|snk−1

= G)a + Pr(
k−1∑
i=1

Zni
= 0|snk−1

= B)(1− a)

where a = 1− bt in (3.75) and a = gt in (3.76). Now,

f(a) = a
(
Pr(

k−1∑
i=1

Zni
= 0|snk−1

= G)− Pr(
k−1∑
i=1

Zni
= 0|snk−1

= B)
)

+(1− Pr(
k−1∑
i=1

Zni
= 0|snk−1

= B))

which is an increasing function of a, since by induction assumption

Pr(
k−1∑
i=1

Zni
= 0|snk−1

= G) > Pr(
k−1∑
i=1

Zni
= 0|snk−1

= B) (3.77)
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We want to conclude that term under consideration is greater in (3.75). From (3.73), we can

see that 1 − gt > bt for any non-oscillatory GE channel, and therefore, term a is greater in

(3.75) and hence the term in first square brackets (which is under consideration here) is also

greater in (3.75). Also it can be seen that in both (3.75) and (3.76), this term is greater than

0.5 (This follows since the channel is non-inverting, see Appendix A).

Now, the probability expressions in (3.75) and (3.76) can be written as h(x, y) = xy +

(1−x)(1−y), where, x takes the value of term in the first square brackets in each expression.

Now, h(x, y) = x(2y−1)−y+1, which is an increasing function of x if y > 0.5 and increasing

function of y if x > 0.5. In our case, both x > 0.5 and y > 0.5, thus h(x, y) is an increasing

function of both x and y. It can also be seen that both x and y are larger in (3.75) and hence

(3.72) follows.

Increase in the gap between 1’s increases entropy

Let S =
d∑

i=1

Zni
= S1 + S2, where S1 =

d1∑
i=1

Zni
and S2 =

d∑
i=d1+1

Zni
. We prove that if the gap

r
∆
= nd1+1 − nd1 increases, corresponding entropy H(S) also increases. To prove this, it is

sufficient to prove that Pr(S1+S2 = 0) decreases as r increases (since Pr(S1+S2 = 0) > 0.5).

Pr(S1 + S2 = 0) = Pr(S1 = 0; S2 = 0) + Pr(S1 = 1; S2 = 1) (3.78)

Note that

Pr(S1 = 1; S2 = 1) = Pr(S2 = 1)− Pr(S1 = 0; S2 = 1)

= Pr(S2 = 1)− Pr(S1 = 0) + Pr(S1 = 0; S2 = 0) (3.79)

Since the terms Pr(S2 = 1) and Pr(S1 = 0) are independent of r, to prove Pr(S = 0)

decreases as r increases, it is sufficient to prove (from (3.78) and (3.79)) that

Pr(S1 = 0; S2 = 0) decreases as r increases.

We now prove that Pr(S1 = 0|S2 = 0) decreases as r increases (which suffices, as
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Pr(S2 = 0) is independent of r).

Pr(S1 = 0|S2 = 0) = Pr(S1 = 0|snd1+1
= G)Pr(snd1+1

= G|S2 = 0)

+Pr(S1 = 0|snd1+1
= B)Pr(snd1+1

= B|S2 = 0)

=

[
Pr(S1 = 0|snd1

= G)Pr(snd1
= G|snd1+1

= G)

+Pr(S1 = 0|snd1
= B)Pr(snd1

= B|snd1+1
= G)

]
×Pr(snd1+1

= G|S2 = 0)

+

[
Pr(S1 = 0|snd1

= G)Pr(snd1
= G|snd1+1

= B)

+Pr(S1 = 0|snd1
= B)Pr(snd1

= B|snd1+1
= B)

]
×Pr(snd+1

= B|S2 = 0)

Thus,

Pr(S1 = 0|S2 = 0)

=

[
Pr(S1 = 0|snd1

= G)× g + b(1− g − b)r

g + b
+ Pr(S1 = 0|snd1

= B)× b− b(1− g − b)r

g + b

]
× Pr(snd1+1

= G|S2 = 0)

+

[
Pr(S1 = 0|snd1

= G)× g − g(1− g − b)r

g + b
+ Pr(S1 = 0|snd1

= B)× b + g(1− g − b)r

g + b

]
× Pr(snd1+1

= B|S2 = 0)

= C1 +
(1− g − b)r

g + b
×
[
Pr(S1 = 0|snd1

= G)− Pr(S1 = 0|snd1
= B)

]
×
[
bPr(snd1+1

= G|S2 = 0)− gPr(snd+1
= B|S2 = 0)

]

where C1 is a constant independent of r. It is easy to see that the two terms in product with

(1−g−b)r

g+b
are positive, and since channel is non-oscillatory, (1−g−b) > 0, so Pr(S1 = 0|S2 = 0)

decreases with increase in r. (To see that the second term in product with (1−g−b)r

g+b
is positive,
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notice that Pr(snd1+1
= G|S2 = 0) =

Pr(S2=0|snd1+1
=G)

Pr(S2=0)
× g

g+b
, and a similar expression holds

for Pr(snd1+1
= B|S2 = 0). Now use (3.72)). Hence Pr(S = 0) decreases with increase in r.

Since Pr(S = 0) > 0.5, the entropy H(S) increases as r increases.
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Appendix C: Concentration Theorem

for LDPC codes over Markov channels

In this section, we prove Theorem 1, the concentration theorem for BP decoding of LDPC

codes over Markov channels. For a given graph of decoding LDPC codes over Markov channel

(see Fig 3.2) there can be a number of possible message passing schedules. We prove the result

for the scheduling proposed by Eckford et al in [Eck04][EKP03]5. It is clear from the proof

that the theorem would hold, albeit with different constants, for other scheduling choices as

well.

The proof follows closely the proofs of concentration theorem given in [KMM03] (for ISI

channels) and [RU01b] (for memoryless channels). [Eck04] indicated this for future work.

In [KMM03], where concentration theorem is proved for ISI channels, the factor graph is

similar to the factor graph for Markov channels. For Markov channels, unlike for the ISI

channels, the noise is independent of the input. Thus the proof in [KMM03] emphasizes on

the problem of input dependent noise sequence. Here we emphasize upon the application of

Azuma’s inequality for proving the concentration theorem for Markov channels.

We choose a code randomly from Cn(c, d). Following [RU01b], we first construct a Doob

edge-and-noise revealing martingale process. In the first nc steps of the process, one-by-one,

the edges of the graph are revealed (in any order). In the last n steps, the received value

5The nodes are divided into set of factor nodes (parity checks and channel factors), and the set of variable
nodes (symbol variables and channel states). In a full iteration, Sum product Algorithm (SPA) is calculated
first at each factor node, and messages sent to appropriate variable nodes, and then SPA is calculated at each
variable node, and messages sent to factor nodes. For further details, see [Eck04]
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corresponding to each variable node is revealed. Let Z denote the number of messages in

error at the end of lth iteration. Denote a graph G with the received vector R as the pair

(G,R). Define N
∆
= n(c + 1). Define, for i = 1, 2, . . . , N

Zi(G, R)
∆
= E[Z(G′, R′)|(G′, R′) =i (G, R)] (3.80)

where (G′, R′) =i (G, R) denotes all graphs (G′, R′) which are the same upto the ith revealing.

Then Z ′
is form a Doob’s martingale process. Note that ZN = Z and Z0 = E[Z], where the

expectation is over all graphs in the ensemble Cn(c, d) and all values of R. Also note that

total number of messages passed in LDPC subgraph is nc.

To apply Azuma’s inequality (see appendix of [RU01b]), we first bound the number of

neighborhoods in which an edge (connecting a variable node and a parity check node) can

lie after some fixed l iterations, which is the same as the number of edges in a neighborhood

after l iterations. Consider the graph in Fig 3.2 b). It is easy to see that for d ≥ 2 the number

of edges in the graph under consideration is less than the number of edges for a bipartite

graph with variable node degree c + 1, and check node degree d. The channel factor node

results in a smaller increase in the number of edges in the graph than the increase if another

variable node is added. An upper bound for a (c, d) graph for this number of edges is found

in [RU01b], and is 2cldl. Hence the upper bound we get here is 2(c + 1)ldl.

As shown in [RU01b], it now follows that at most 8(c+1)ldl neighborhoods can be affected

by exchange of end-points of two edges for the first nc steps. Similarly, for the last n steps,

the change in channel output symbol can affect at most 2(c + 1)ldl neighborhoods. Thus, as

in [RU01b], we get the following

|Zi+1(G, R)− Zi(G, R)| ≤ αi ≤ 8(c + 1)ldl i = 0, 1, . . . , N − 1 (3.81)
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By an application of Azuma’s inequality,

Pr

(
|Z − E[Z]|

nc
> ε

)
= Pr (|ZN − Z0| > ncε) ≤ 2e

− n2c2ε2

2
∑N−1

i=0
α2

i = 2e
− nec2ε2

128(c+1)2(l−1)d2l (3.82)

where αi = 8(c+1)ldl. Thus this probability is bounded above exponentially in n (and hence

converges to 0 as n →∞), which proves the concentration theorem.

The above proof is for regular LDPC codes, but the same proof goes through for irregular

LDPC codes (with bounded maximum degrees) with maximum left and right degrees in place

of c and d. It is evident from the proof that the concentration theorem holds, albeit with

different constants, for other scheduling choices as well.
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Chapter 4

Bounds on Stopping Sets

In this chapter we elucidate the importance of stopping sets in decoding of LDPC codes. We

also introduce the concept of minimal stopping sets, explain their utility and give bounds on

their number.

4.1 Conclusions from distributions of stopping sets

4.1.1 Capacity achieving sequences

Distributions of stopping sets are used to find the probability of error for finite length LDPC

codes [DPT+02][OVZ05] over the binary erasure channel. Interestingly, in [OVZ05], using

the distributions of stopping sets, the authors conclude that block probability of error (PB)

does not converge to 0 for LDPC codes with λ′(0)ρ′(1) > 0. In fact, PB converges to 1 −√
1− λ′(0)ρ′(1)ε. However, in all the known capacity achieving sequences of LDPC codes

([Sho00]), λ′(0)ρ′(1) → 1
ε
. Also, if the flatness condition of [Sho00] holds, then for a capacity

achieving sequence of LDPC codes, λ′(0)ρ′(1) → 1
ε
, and hence PB converges to 1.

Thus for erasure channels, though we can construct sequences for which probability of bit

error (Pb) converges to 0, and rate converges to capacity [Sho00], no sequences are known for

which PB converges to 0, as the rate converges to capacity. Shannon [Sha48], in his noisy
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channel coding theorem, proved that we can construct capacity achieving sequences in which

PB converges to 0. Hence in Shannon sense, the goal of coding theory has not yet been

achieved for any channel under linear time decoding.

In many applications, for example file transfer, it is important that PB, and not just Pb,

converge to 0. A single bit error may cause the file to crash, even though this may correspond

to a low bit error probability.

The best known LDPC codes (in the sense of maximum rate for probability of error

converging to 0), hence are not suitable for certain applications where PB should converge to

0.

4.1.2 Utility of stopping set distributions for general channels

Stopping sets determine the performance of LDPC codes over erasure channels. Furthermore,

even in the performance over general (non-erasure) channels, stopping sets play a vital role.

For general channels, channel output values with poor observation reliability are analogous to

erasures, and hence stopping sets are the parts of the graphs where lack of reliable information

would lead to errors with a high probability. This concept was used to design LDPC codes

with low error floors in [TJVW03], where the authors devised an algorithm to reduce the

number of small stopping sets.

4.2 Minimal stopping sets

We define Minimal stopping sets as follows:

Definition 4.1 (Minimal Stopping Set). A stopping set S(6= φ) is said to be a minimal

stopping set if there does not exist any non-empty stopping set S1 $ S.

The following Lemma gives the importance of minimal stopping sets in decoding of LDPC

codes over BECs.
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Lemma 4.1. Decoding of an LDPC code over BEC is successful if and only if at least one

bit is received in every minimal stopping set.

Proof The proof is simple. Suppose the decoding is successful, then if some minimal

stopping set has not received any bit, then (using Lemma 2.1) the decoder will not be able

to find out the values in that stopping set, and we arrive at a contradiction.

Conversely, if the decoding is unsuccessful, it stops at a stopping set in which no bit has

been received. If the stopping set is not minimal, it contains at least one minimal stopping

set. But every minimal stopping set has received at least one bit. Hence we again arrive at

a contradiction.

Note that the above Lemma trivially holds for all stopping sets. The interesting part is

that the Lemma also holds for minimal stopping sets, which are a small subset of all the

stopping sets.

4.3 Bounds on the number of minimal stopping sets

Orlitsky et al [OVZ05] proved that for the smallest stopping set is linear in blocklength n if

λ2 = 0. They found a high probability lower bound α∗n (α∗ > 0) on the length of smallest

stopping set.

A non-minimal stopping set can be formed by union of two stopping sets, or by adding

to a stopping set a few variable nodes which do not form a stopping set in themselves, but

form a stopping set when added to the existing stopping set.

If unions of all the minimal stopping sets were disjoint, the total number of stopping sets

would be exponential in the number of minimal stopping sets. However, as the following

theorem shows, this is not true for codes with λ2 = 0, i.e. for codes which have smallest

stopping set of size linear in n.

Theorem 4.2. Let K(n) denote the number of minimal stopping sets for an LDPC code

Cn ∈ Cn(λ, ρ). Let α∗n be the size of the smallest non-empty minimal stopping set, and βn
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be the size of largest non-empty minimal stopping set. Then for n large enough

(
R− 1

n

)
ln

(
1

1− α∗

)
≤ 1

n
ln (K(n)) ≤ (1− δ)ln

(
1

1− β

)
(4.1)

That is, the number of minimal stopping sets is exponential in n . Since the total num-

ber of subsets of n size V is 2n (which is only exponential, and not superexponential in n),

the total number of stopping sets is only polynomial, and not exponential in the number of

minimal stopping sets.

Proof We first prove the left inequality. The idea used is this: since we can decode success-

fully after there is 1 bit in each minimal stopping set, we must be able to accommodate nR

bits for a rate R code without completion of decoding. That is, decoding should not stop for

less than nR bits. If it does, then less than nR bits suffice to specify the codeword, in which

case the rate is less than R, which is a contradiction.

Including repetitions, the number of bits K(n) minimal stopping sets cover is at least

K(n)× α∗n, since each minimal stopping set is of size at least α∗n.

Therefore, the average number of minimal stopping sets each bit lies in, say γ

γ ≥ K(n)× α∗n

n
= α∗K(n) (4.2)

Now choose one bit which lies in at least γ minimal stopping sets. Thus the number of

stopping sets left is at most K(n)− γ = K(n)(1−α∗). Finding the average again, and again

choosing a bit which has above average minimal stopping sets, and continuing, we get that

in r steps, the number of minimal stopping sets left is at most ≤ K(n)(1− α∗)r.

For r = nR− 1, at least 1 stopping set must remain. Hence

K(n)(1− α∗)nR−1 > 1

⇒
(

R− 1

n

)
ln

(
1

1− α∗

)
≤ 1

n
ln (K(n)) (4.3)
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which is the left inequality in 4.1.

Next we prove the right inequality in 4.1. The idea is used is the following: if δ is less

than the threshold of iterative decoding over the BEC, then for n large enough, any set of

n(1− δ) bit suffice with a high probability for successful decoding.

Choose any n(1 − δ) bits. If C ∈ Cn(λ, ρ), then all permutations of C also belong to

Cn(λ, ρ). Hence any choice of k bits from the
(

n
k

)
possible choices will leave the same number

of stopping sets summed over all the codes.

Since maximum size of any minimal stopping set is less than βn, average number of

stopping sets each bit lies in is no greater than kβ(nc)!, since (nc)! is the total number of

codes in Cn(λ, ρ). Note that this is the number of stopping sets over all codes in Cn(λ, ρ)

Similar to proof of left inequality, after r steps, at least (na)!K(n)(1 − β)r minimum

stopping sets are left. That is, at least (nc)!K(n)(1 − β)r bits are left undecoded. If the

average probability of block error is E[P n
B], an upper bound on the number of undecoded bits

is (nc)!E[P n
B] × n (assuming a worst case of all bits in error, in case of a block error) when

1− δ fraction of the bits are received.

Thus,

(nc)!K(n)(1− β)n(1−δ) < (nc)!E[P n
B]× n (4.4)

It is proved in [OVZ05, Theorem 16] that P n
B goes to 0 polynomially in n, if there are no

degree 2 nodes. Precisely,

E[P n
B] = Θ

(
1

nd
lm
2
e

)
(4.5)

where lm is the smallest variable node degree. Thus (4.4) becomes

K(n)(1− β)n(1−δ) <
nc1

nd
lm
2
e

< 1 (4.6)

Where c1 is some constant depending on the block error probability. The last inequality holds

for n large enough. Taking ln(·) on both side, we get the desired inequality in (4.1).

It is likely that the number of minimal stopping sets is closer to the lower bound, because
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we expect that among all the possible choices of nR bits, there would exist some choice for

which successful decoding requires only a few more bits. The upper bound is based on a high

probability analysis, and hence would be loose.

4.3.1 Significance of the number of minimal stopping sets

As shown in [TJVW03], to lower the error floor of LDPC codes, it is more efficient to reduce

the number of small stopping sets rather than the number of small cycles in the code.

Algorithm in [TJVW03] decreases the number of stopping sets of size smaller than a fixed

value, as shown in [RW04]. However, removing a stopping set of small size, which has another

non-empty stopping set as a proper subset, would not reduce the block probability of error.

A more efficient algorithm to reduce block error probability would only reduce the number of

minimal stopping sets of size lesser than a fixed value. If we could design algorithms which

reduce the number of minimal stopping sets, these bounds would give an estimate of their

complexity.
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Chapter 5

Conclusions

In this dissertation, we generalized the bounds on the rate of LDPC codes for reliable commu-

nication over BSC to FSMCs. We first derived a simple upper bound on the rate for reliable

communication over all non-inverting simple FSMCs. Using this bound, we proved that for

a sequence of LDPC codes to be capacity achieving over such a simple FSMC, the density

∆(H) must converge to infinity.

For non-inverting and non-oscillating GE channels, we obtained a tighter upper bound,

and showed that this can be further tightened using the knowledge of maximum gap between

1’s in the rows of H.

The bound on the syndrome entropy derived for GE channels was used to derive lower

bounds on the parity check density for given performance, which is a generalization of re-

sults of Sason and Urbanke [SU03]. The tighter upper bound, which uses the knowledge of

maximum gap between 1’s in the rows of H, leads to tighter lower bounds on the density of

regular codes. For irregular codes, this leads to a necessary condition on row weights that

has to be satisfied for any irregular code for given performance over a GE channel. These

bounds hold for any linear code.

For simple FSMCs, we also proved that the tight upper bound derived holds almost-

surely for any sequence of randomly constructed codes of fixed (λ, ρ). Thus the bound is

valid for BP decoding of randomly constructed LDPC codes, and to establish the utility of
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this construction method, we proved the concentration theorem for LDPC codes over Markov

channels.

We showed that the simple bound on the rate over simple FSMCs derived here can be

used to derive Type I and Type II lower bounds on ∆(H). Using the derivation of almost-

sure bound on the rate, the corresponding lower bound for finite length (Type I ) holds with

high probability, and lower bound for reliable communication on the design density (Type II )

holds almost-surely.

We next showed how to extend these bounds to general FSMCs.

Further, we explained the significance of stopping sets and underlined the fact that in

Shannon sense, we still do not have capacity achieving sequences for any non-trivial channel

with linear time decoding. We also defined and examined minimal stopping sets. We found

bounds on the number of minimal stopping sets for given minimum and maximum sizes of

minimal stopping set for λ2 = 0. The concept of minimal stopping sets can be utilized for

constructing LDPC codes which give better performance of block error probabilities. The

bounds on the number of minimal stopping sets would then yield the complexity of such

constructions.

5.1 Scope for future work

We showed how to generalize the bounds on the rate to general FSMCs. However, the

bounds we arrive at may not be the same as those for simple FSMCs. It would be interesting

to examine if these bounds are the same as those for simple FSMCs. Also, it would be

interesting to see if these bounds extend to other class of channels with memory, particularly

ISI channels.

Algorithms for improvement in performance of LDPC codes based on increasing the length

of minimal stopping sets would be more efficient than those based on increasing the length

of small stopping sets. Therefore the design of of such algorithms is a problem worthy of

investigation.
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