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Abstract

We establish Cramer-Rao Bounds for passive location
in a multipath environment with an array of multiple
sensors. The source signature is wideband station-
ary and the background noise is white. We derive
general expressions for the bounds and then compare
the performance gain contributed by the inter-path
delays over location techniques based on wavefront
curvature only (i.e., spatial processing across the ar-
ray of sensors).

1. Introduction

There is an increasing interest in incorporating de-
tailed medium descriptions in passive location mecha-
nisms. This improves the performance and eliminates
ambiguities arising in simpified propagation models,
such as isovelocity models.

Here, we study the performance (Cramer-Rao
Bound (CRB)) of passive systems, under the follow-
ing simplifying assumptions:

1. The ocean is a vertically inhomogeneous medium;
2. The source signal is a stationary wideband Gauss
signal of known spectral density function;

3. The observations correspond to a multisensor ar-
ray of known geometry and location;

4. Source and receiver have no relative horizontal
motion.

Assumption 1 implies the existence of multiple
paths for the energy propagating from a point source
to a point receiver, leading to the following general
expression for the signal received at a sensor:

z(t) :Zaps(t'Tp) 1
p=1

where 5(t) is the signal emitted by the source.

The information about the source location is en-
coded in the propagation parameters P, {a,}, and
{m}. Here, we focus on the 7,’s. In the CRB study,
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Figure 1: Configuration

we consider only situations where the number of prop-
agation paths P is constant in a neighborhood of the
source, and we asssume that the variation of the at-
tenuation along different sensors with the source po-
sition is negligible.

The paper is organized as follows: first, the basic
equations of the propagation model are described, in
section 2. In section 3, the expressions for the CRB
of the propagation parameters are presented, as-
suming perfect knowledge of the environmental pa-
rameters. Finally, in section 4. we plot the CRB
for configurations of pratical interest.

2. Propagation Model

We assume that the ocean is a horizontally homo-
geneous medium, with flat boundaries, and that the
sound velocity profile (SVP) is a bilinear function of
depth, as in Fig. 1. With this SVDP, the rays bent to-
wards the depth corresponding to the minimum of the
SVP, (duct axis). The rays are classified according
to their interference with the medium’s boundaries,
into purely refracted rays (SOFAR), surface (SR) or
bottom (BR) reflected rays, and surface/bottom re-
flected rays (SRBR).

We give in this section the basic equations of the
propagation model, assuming that both source and
receiver are above the duct axis. For the case of
source and receiver at the same depth, simpler equa-
tions are given in [4].

The equations are parametrized according to the
number K of complete bounces around the duct axis.
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We present the expressions for the delays and
their derivatives with respect to the location pa-
rameters (range and depth)

The delay from a point source located at {R,y.) to
a point receiver located at depth y,.. along a path
with launching angle 9, is,

T(9,) = ll:( )_ i;( ) - A }'( 'luct) (,)
+32  F{eur) 22 7 (cput) -

where!, 7(c) = 1n|(1 +v1- cz)/c| , and,

v =sign(d,) ¢ = sign(d,) (3)
and,
AK) 2 2“¥+1)(#——i),SOFAR.SR.SRBR
NEITA g, DIREGT RAYS
2K y=1,0=-1
2(K+1) 6= , SR. SRBR
Aq(K) 2 2(K+2) v=-1,6=1
0 SOFAR
2. DIRECT SR
alfo SOFAR. SR
As(K) = { 2(K +1), SRBR

(4)
In the previous equations, 8., f.uyet, faurs, Onote and
0, are the ray angles at the source (launching angle),
the duct, the surface, the bottom, and the receiver,
respectively. We denote the cosine of these angles
by ¢, ciuet, etc. These angles are related through
Snell’s law. The launching angle is determined from
the following equation:

R = ranf, - % tand, + Ayvmin tan e
+A Usurs taﬂeﬂu'/ — AS"’—‘Ltanﬁl.,,ef

(5)
The derivatives of the delays with respect to the
location parameters, are:

dr [ dr
IR T\ Do,

)1 ()

dr_ . dr AR / IR\ 4 91 [
MWre. MWy \ PYrec g 20, FWree |y
(6)
where,
Jar _
a6, T (11" C‘) 1/,,‘,( )
A~ Uy [
7( rlru,t) + R ks (csur[) ,:‘: (7)
~d37 Uhate
" Flcvote) B )smﬁs
IR _ v, i- sing, + goA sin + A sings
BN g..c: sind, g0 Lsin O fct 2 5in Vgt

_;&A sin ¢y
sin Onoce

(8)

!sign(x) denotes the signal function: sign(z) = 1,z > 0,
sign(z) = -1,z < 0.

and,

J:,),Y, y = 0‘;(0,-)6,-/’1), - Al ?(Cllm't)g()ctluvt/v.-
'_AZ ;(c.«ﬂ.r[)c.-urj/vx + ABg()/gl?(clu'N)
(9)
’-);L‘ =tan(f,) — 1./c.sinf, + A;go/ sinbiyeec,
Yree

+Az/sinfrre. — Asgo/ gy sin e,
(10)
rc\/ﬁ] -

[n the above equations, F{c) = —

y -

3. Cramer Rao Bound

[n this section, we present expressions for the CBB
of the vector of location parameters: x' = 'R.y]
The CRB is related to J(a), the Fisher Information
Matrix (FIM) of the vector a, by |7]

CRB(a) = J(a)™* (11)
[n the Gaussian stationary case under consideration,
the generic element of this matrix is given asymp-
totically (in the large sample limit) by {8,1]

[J (e}l ftr{"%:(‘“)s (w)™!
DSutulg ()1 } o (12)

o,

where S, (w) is the spectral density matrix (sdm) of
the vector of observations,

yi(t) = zk(t) +w(t), L., K (13)
which for the coherent case is
S, (w) = S, (w)h{w)h{w)? + Z{w). (14)

For simplicity, we consider here only the case of spa-
tially incoherent noise, i.e., L(w) = o?(w)Ik.

In (14), the complex vector h{w) has generic ele-
ment hiw)x = Zf;l ape“™r | where a,, is the at-
tenuation along path p, and 7, is the travel time
from source to sensor k£ along path p. To be able to
analyze the impact of both the temporal (multipath})
and spatial (geometric) structures of the incoming
wavefield, we decompose each individual travel time:

Tep = Tit + 6"Lpp + an,,- (15)

With this decomposition, h(w) = A(w!b(w) where

AW) =@ )
b(w)T = [aleJ““’M"x - .qpelwimry |

ie., A(w) is the usual steering matrix for the P
incoming wavefronts, dependent only on the inter-
sensor delays, and b(w) gives the phase relations
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between the P coherent replicas, and depends only
on the inter-path delays. Note that S,{w) is inde-
pendent of 7, and that the delays 6,,, are relative
to the reference path 1.

The location parameters @ do not appear explic-
itly in (14). Actually, o affects S,(w) through the
set of inter-delays 0,,, and §,. We group all the
inter-delays into a K P — 1 vector:

€T

[vec(©4)7T) (17)

l’ mp

where O = {8,]---18p] and 9,, groups all the inter-
sensor delays corresponding to the p-th path.
The FIM’s for « and @ are related by

36T
Jda

(5) 52

J(a) = (18)
where 36/ is the matrix of first order derivatives,
and J{(f) is the FIM for the inter-delays 4.

Using the chain rule once more, to express the
derivatives with respect to the inter-sensor delays in
terms of the elements of the complex vector h(w),
and after algebraic manipulations, the following ex-
pression for J(4) is obtained:

= £/ {KRe{2BTP 20

+K;Re { B h} Re {722

J(6 (19

and P, is the projection matrix in the orthogonal
complement of the vector h(w):

1
P, =1Ix - oh(w)h(w)H (20)
1 [ ()
and K; and K, are
K =27 "wlhw)?, K=47g- (21
where E = 0% + 5,(w)|!h(w;![>. The derivation of

(19) is lengthy and is given in [3].

We note that the above expression yields as a par-
ticular case the expression for the CRB for a single
sensor given in |3], and presents close relations with
the expression for the narrowband uncoherent case
given in (6.

When there is only a single path, h(w) = e/ by
where 1 is a one-form, and D(f) = diag(d.,,). It is
easy to show that dh(w)/d = jwe/“P®! which
implies, Re{Sh(w)# /36h(w)} = 0, leaving just the
first term in (19). Simple algebraic manipulations
give,

dh(w)H
af

dh(w) _ 2 i H o
1——36 =w ([K Ml 1) (22)

which is the expression in [5].

J(9

J(0)py =
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Comparison of (19) with the expression given in
i6], shows that in the case of mautiple incoherent
sources, the second term is not present, while the
remaining term has essentially the same meaning in
both cases. We can, therefore, attribute the second
term to the multipath (coherent) structure of the
observations. This additional contribution to the
CRB is affected 'by the factor K2, which, contrary
to Ky does not increase indefinitely with the signal
to noise ratio, i.e., the additional information in the
temporal structure of the data given by the second
term in (19) attains a limit.

According to (17) the FIM for the inter-delays is
partitioned as:

_ J(gmp) J(&,,,I, : 9*) 9
TO=1 g6, ) I (23)
Using the above equations,
hiw . .
!,,,( = jwA(w)diag(b(w)) (24)
ABie) o (bydiag(ay)| - Ibudiag(ar)

which, together with the general equation (19) yield
for the multipath sub-block of J(8),

& [w? { K Re {diag(b*)A¥ P, Adiag(b)}

+KoIlm {dlag b* AHAb}
Im {bTATA diag(b*)}} dw

mp =

(25)
and for the inter-sensor sub-blocks, corresponding
to the paths p and g,

& fw? {K,Re {b;diag(a;, )Pldlag(a,,)
+K>Im {b;, dlag(a ")JAb
Im {bTAleag(a Jb,}}dw
(26)
For the terms invoiving both types of parameters,

J(ﬁ,,”, 10, =
L o2 {KlRe {diag(b*)AH P diag(a,)b,}
+KzIm {diag(b" )AH Ab}
Im {bT AT diag(a .b: }} dw

«}

(27)
We note that for K = 1, i.e., for single sensor obser-
vations, the first term in (25) is zero, and we are left
with the single sensor CRB formula for the delay
estimates given in {2|.
The contributions to CRB () are:

CR'Bil( "'I' = 41\— fw {KlRe {¢m

AHPlAwmp
+ Kylm {5 A% Ab} Im {b# AX

Ayl Y} dw
(28)

for the multipath block, where we defined v, =

diag(b)88,,,/3a and for the inter-sensor block,

Ha)y = £ [w? {K,Re {pP,y.}
+ qum {¢”Ab} Im {b¥ Ay }} dw

mp

CRB™ (29)



where, ¥, £ E:;lb,,diag(a,,)aﬁl,/aa . Similar ex-
pressions are obtained for the cross-terms.

We see from the pevious expressions that the mul-
tipath contribution depends heavily on the Gram
matrix for the steering vectors: A = AAY We an-
alyze (25) in two extreme cases: A =~ K[, which
corresponds to orthogonal direction vectors, and the
case A ~ K117 when the incoming wavefronts are
undistinguishable for the array.

In the first case, A ~ K/, and noting that the
matrix product in the first term of J(6,,.,),

A#P A = KP,. (30)

it is easily checked that

N [ ,30% aaT \ 9¢
CRB,l:K_/,J () oy
w = %)Y e 7T alP) 8a
(31)

that is equivalent to having K independent arrays of
P sensors receiving a single wavefront with steering
vector b(w).
In the other extreme case, A ~ K117, we are lead
to:
anT
CRB,, = K [ %2 Im{b* T, b, }
{3}, b,bf } L=z dy

Ja

(32)

which corresponds to having K independent sen-
sors observing the P incoming wavefronts. In these
two extreme cases, we were lead to the existence of
a “virtual” array, whose size depends on the num-
ber of spatially resolved sources, observing a ficti-
tious wavefront with direction vector described by
the vector b(w). The geometry of this “virtual” ar-
ray is determined both by the multipath delays 6,,,
and by their derivatives.

Finally, this result shows the importance of
methods that exploit the double (temporal/spatial)
structure of the observations, when the arrivals are
correlated. Furthermore, the analogy now estab-
lished with the classic array processing brings into
this study the vast body of results of that area. This
will be explored elsewhere.

5. Plots

Figure 2 shows plots of the normalized CRBy (R}=
101log (NCRB(R)/ R?), for several values of the sig-
nal to noise ratio 10log(S,/o”) and signal band-
width. The solid line corresponds to the total CRB,
given by (19). The dashed line is the CRB consid-
ering only the spatial structure, i.e., given by (29).
We see that in this case, the contribution of the
inter-path delays to the CRB is fundamental to at-
tain a satisfactory performance. Similar plots are
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Figure 2: CRBy(R).

obtained for CRB(y,). Lack of space precludes full
discussion of the behavior of the CRB here, and
will be reported elsewhere.

In figure 2, the following channel parameters
were used:g, = —.035s7%, g; = .013s7}, v =
1480ms~!, duct depth = 914m, bottom depth =
5000m. The source is at depth y. = 10m. The
receiving array is a vertical linear uniform array of
4 sensors, with inter-sensor spacing of 10m and its
first sensor is located at (R = 3Km,y, = 100m).
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