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Thus, for the case of families ofk-regular graphs,2
�

k Š 1 is
an asymptotic lower bound on the value of� 2(A) [9].

De“nition 2 (Ramanujan Graphs)A graph G = GN,k will
be called Ramanujan if

� A (G) � 2
�

k Š 1 (13)

Graphs with small� A (G) are called expander graphs, and
the Ramanujan graphs are one of the best explicit expanders
known. Hence, for non-bipartite Ramanujan graphs,� 2(A) �
2
�

k Š 1 and� N (A) � Š 2
�

k Š 1.
Then from eqn (11) we have for non-bipartite Ramanujan

graphs,� 2(L ) � k Š 2
�

k Š 1 and� N (L ) � k + 2
�

k Š 1.
Hence, for non-bipartite Ramanujan graphs

� 2 =
� 2(L )
� N (L )

�
k Š 2

�
k Š 1

k + 2
�

k Š 1
(14)

Theorem 1 and eqn. (12) show that, for general graphs,� A (G)
is in the limit lowerbounded by2

�
k Š 1, while for Ramanu-

jan graphs� A (G) is, for every “nite N , upper bounded by
2
�

k Š 1. This together with eqn. (14) hints that consensus
algorithms on Ramanujan graph topologies should have very
good convergence properties.

6. EXPLICIT CONSTRUCTION OF RAMANUJAN
GRAPHS

We now provide explicit constructions of Ramanujan graphs.
The explicit constructions presented next are based on the
construction of Cayley graphs. The following paragraph gives
a brief overview of the Cayley graph construction.

Cayley Graphs: The Cayley graph construction uses group
theory to constructk-regular graphs. LetX be a “nite group
with |X | = N , andS a k-element subset ofX , i.e., s � S
impliessŠ 1 � S. We now construct a graphG = G(X, S ) by
having the vertex set to be the elements ofX , with (u, v) as an
edge if and only ifvuŠ 1 � S. The graph constructed above
is k-regular on|X | vertices. The subsetS is often called the
set of generators of the Cayley graphG, over the groupX .

6.1. LPS: Explicit Constructions of Ramanujan Graphs

Explicit constructions of Ramanujan graphs for a “xedk and
varyingN , [5], have been described for the casesk Š 1 is a
prime, [9], [14], or a prime power, [15]. We describe a non-
bipartite Ramanujan graph construction by Lubotzky-Phillips-
Sarnak [9] and call them LPS-II graphs.

LPS-II Construction [9]: We start with two unequal primes
p andq congruent to1 mod 4, such that the Legendre sym-

bol
�

p
q

�
= 1 . We de“ne the setP1(Fq) = { 0, 1, ..., q Š

1, 	} (Projective Line overFq), which is basically the set of

Pajek

Fig. 1. LPS-II graph with number of verticesN = 42 and
degreek = 6 (Figure constructed using software Pajek.)

integers moduloq, with an additional •in“niteŽ element in-
serted in it. It follows that|P1(Fq)| = q+ 1 . Let i be an inte-
ger satisfyingi 2 
 Š 1 mod (q). We considerp + 1 matrices
in PSL(2,Z/qZ )(Projective Special Linear Group) given by,

	� =



a0 + ia1 a2 + ia3

Ša2 + ia3 a0 Š ia1

�
(15)

where� = ( a0, a1, a2, a3) is a solution of the equationa2
0 +

a2
1 + a2

2 + a2
3 = p such thata0 > 0 and odd, andaj even for

j = 1 , 2, 3 (there are exactlyp + 1 such solutions as given by
a formula of Jacobi [16].) Thesep+ 1 matrices constitute the
setS of generators. The LPS-II graphs are produced by the
action of the setS on P1(Fq), in a linear fractional way. The
Ramanujan graphs obtained in this way, are non-bipartitep+
1-regular graphs onq+1 vertices [9]. The LPS-II graphs thus
obtained, may few loops [17], which does not pose problems
because their removal does not affect the Laplacian matrix
and hence does not affect its spectrum. As an example of a
LPS-II Ramanujan graph, we takep = 5 andq = 41. (It can
be veri“ed thatp, q 
 1 mod (4) and the Legendre symbol,�

p
q

�
= 1 .) Thus, we have a non-bipartite Ramanujan graph,

which is 6-regular and has 42 vertices. Fig. 1 shows the graph,
thus obtained.

7. NUMERICAL RESULTS

This section shows how the Ramanujan graphs outperform
other topologies with respect to the convergence speed of the
distributed average consensus algorithm. Speci“cally, we “x
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