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ABSTRACT

Electrostatic gap models for hierarchical MEMS circuit
design are studied and parameterized through a series of
finite element simulations and mathematical modeling. The
models take into account the fringing fields which contrib-
ute large capacitances in low-aspect-ratio surface-microma-
chined devices. Angular orientation of electrode sidewall is
taken into account to accommodate simulation of manufac-
turing variations. Results show that capacitances recon-
structed from these models deviate from the original data by
less than 5% on the average. Simulations on cantilever beam
actuators show comparable results between the MEMS hier-
archical circuit analysis and the electromechanical finite ele-
ment analysis. Experimentally, less than 7% error in the
pull-in voltages is obtained by considering the sidewall
angle.

Keywords: MEMS, parameterization, capacitance, comb fin-
ger, structured design.

INTRODUCTION

In order to design complex microelectromechanical sys-
tems having a large numbers of multi-domain components, a
hierarchically structured design approach has been reported
[1][2]. The approach adopts the notion of nodal simulation,
which is the same concept used for analog circuit simula-
tion. At the lowest level in the design hierarchy, MEMS
components are represented as interconnected combinations
of atomic behavioral models, and solved in a mixed-mode
simulator. The set of low-level elements includes beams,
plates, anchors, and gaps. Models for beams and plates with
geometric parameters are described in [1].

In this paper, we focus on the modeling of electrostatic
gaps (i.e., capacitances and forces) for design of MEMS
devices using the hierarchical design approach. Most elec-
trostatic microactuators are composed of a small set of gap
geometries. A capacitance macromodel on a fixed-geometry
accelerometer has been reported [3], in terms of in-plane
and out-of-plane spatial coordinates but without parameter-
ization of the geometry. Parameterized models of comb fin-
gers with rectangular cross-section have been derived using
a conformal mapping method by Johnson and Warne [4]. In
the low-level MEMS circuit schematic, electrostatic gap ele-
ments are interconnected with beam and plate elements to

allow representation of most MEMS devices. By generatin
a set of gap models having geometric parameters, th
MEMS circuit schematics can be simulated without reso
ing to intermediate modeling.

In cases where the aspect ratio of these devices is lo
fringing capacitances become significant and need to
characterized in order to better simulate the electromecha
cal behavior of the devices. To deal with a wide range
geometry in designs, the gap model is parameterized
terms of electrode dimensions and separation. The geome
is either assigned by designers directly in a schematic sim
lation, or extracted from the mask-level layout. Simila
effort on parameterized capacitances is performed for tim
delay estimation for VLSI interconnect [5], where an ana
lytic formula of interconnect capacitance is preferred ov
time-consuming numerical simulation.

GAP MODELING

Models of two electrodes as shown in Figure 1(a) an
1(b), and comb fingers in Figure 1(c) are characterized. F
ure 1(a) features two electrodes of the same width, while t
geometry in Figure 1(b) has a single, much wider electrod
Variations of gap separation (g), thickness (h), width (w) and
angular sidewall slope (θ) induced from the manufacturing
process are taken into account in the models. The geom
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Figure 1: The geometries studied for gap modeling. (a
Two electrodes of the same width. (b) One electrode muc
wider than the other. (c) Comb-finger array.
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tries studied do not include an underlying ground plane.
However, the modeling approach is extendable to such actu-
ators.

No exact analytical solutions have been derived to take
sloped sidewalls into account by the conventional conformal
mapping method. To make gap models accurate, numerical
data produced from finite element simulation [6] are ana-
lyzed by least-squares fits. The capacitance equation used in
fitting is:

(1)

which has a physical basis as the analytical equation derived
for a zero-thickness plate on top of an infinite ground plane
[7]. Capacitance depends on the ratios of electrode dimen-
sions and separations, whereC is capacitance per unit
length, and εo is the permittivity of air.

The coefficient functions Ki are functions of the cross-
sectional geometry. These functions are first obtained for

every pair by curve-fitting its correspondingC vector

with respect to theg/h ratio. Then a surface fit onw/h andθ
gives the final coefficient functions.

As an example, values of capacitance per unit length for
two electrodes of the same width are shown in Figure 2 for
w/h ∈[0.5, 5], g/h ∈[0.1, 3] andθ ∈ [1.32582,π/2] (in radi-
ans).

Each pair has a corresponding capacitance curve

drawn with respect tog/h in the mesh. Ki values for each are
obtained by curve-fitting the capacitance equation, as plot-
ted in Figure 3. Non-physical basis functions are chosen out

of the set (w/h)α, θβ, ln(w/h), ln(θ), e(w/h), eθ, and out of
products of these functions. The final coefficient functions
listed below are obtained through another surface fit.

(2)

(3)

(4)

Using the same procedure for the case where one elec-
trode is much wider than the other, the coefficient functions
are:

(5)

(6)

(7)

Gap models of comb fingers are constructed for finge
at the center and the edge. Finger capacitance gradu
increases as it moves away from the center. The coeffici
functions for comb fingers far away from the edge are:

(8)
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Figure 2: Capacitance per unit length as a function of
g/h andθ for two electrodes of the same width.

Figure 3: K’s values drawn overw/h andθ.
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(9)

(10)

And coefficient functions for comb fingers at the edge
are:

(11)

(12)

(13)

Values of capacitance per unit length are recalculated
from Eq. (1)-(13), and compared with the original data. For
the case of two electrodes with the same width, it has an
average deviation of 1.6% and a maximal deviation of 5.7%.
The case with a single wider electrode has an average devia-
tion of 1.4% and a maximal deviation of 4.9%. For comb
fingers, center capacitance has an average deviation of 2.4%
and a maximal deviation of 13.2%. The capacitance at the
edge has an average deviation of 2.3% and a maximal devia-
tion of 9.2%.

Electrostatic Forces
In the nodal simulation, the gap model is connected to

the nodes at the ends of two adjacent beam models. Values
of capacitance and electrostatic forces are calculated by the
separation, overlap, and beam dimensions. Force parallel to

the beams, calculated asF|| = , is applied directly to

the nodes. Distributed force per unit lengthq of magnitude

perpendicular to the beams is lumped at the nodes as

F1 and F2 by the principle of conservation of force and
moment, as shown in Figure 4. Thus,F1 = F2 = ql/2.

SIMULATION

The geometry and the schematic representation of
cantilever beam actuator is shown in Figure 5. A total o
twenty beam instances (ten for stator and ten for beam) a
ten gap instances are placed in the schematic for nodal sim
lation. Results of nodal simulation and finite element anal
sis [8] for pull-in voltage of the actuators with 2µm width,
2 µm gap, andθ = π/2 as function of beam length are plotted
in Figure 6. A maximal -1.7% deviation of pull-in voltage
from the finite element simulation is shown. Values of pul
in voltage in both simulations are inversely proportional th
beam length squared.

A plot of tip displacement with respect to the applie
voltage for a 100µm long beam actuator is shown in Figure
7. Good agreement is shown except near the edge of snap
For one data point, it takes nodal simulation 1.7 secon
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Figure 4: Decomposition of distributed electrostatic force
into pointed forces.
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Figure 5: Cantilever beam actuator. (a) Geometry from
the top view. (b) Represented as schematic of intercon
nected beams and gap models for nodal simulation.
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Figure 6: Nodal and finite element simulations of pull-in
voltage.
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(CPU time) on the average to complete, while finite element
analysis take 280 seconds.

EXPERIMENT

Pull-in voltages of beam actuators fabricated in the
MUMPs process were measured. Actual beam cross-section
and gap separation are taken into account in the nodal and
finite element simulations (h = 2 µm, w = 1.7µm,
g = 2.3µm, andθ = 1.496 radians). Experimental values are
significantly lower than the simulation results shown in Fig-
ure 6. Up to 25% error occurs if only nominal layout dimen-
sions are considered in the simulation. The results are listed
in Table 1.

The capacitances between the ground plane and the elec-
trodes are insensitive to the electrode separation. Therefore,
the contribution of the electrostatic force from the ground
plane can be neglected. Data shows that forθ = π/2, less
than 3% deviation in force is shown by comparing our
comb-finger model to Johnson’s model with a ground plane.

CONCLUSION

Parameterized gap models have been constructed w
angular orientation taken into account to minimize the sen
tivity to the manufacturing process. Less than average 5
error is shown by comparing with values from the origina
finite element simulation. By using gap models in the nod
simulation of cantilever beam actuators, results compara
to the electromechanical finite element analysis are obtain
easily with shorter simulation time. Manufacturing varia
tions are taken into account by varying appropriate sidew
parameters. Simulation results agree to within 7% of expe
mental data, demonstrating the ability of nodal analysis
predict behavior of distributed electrostatic systems.
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Table 1: Results of pull-in voltage from experiment,
nodal and finite element simulations of polysilicon
beams.

beam
length
(µm)

experiment
(volt)

nodal
simulation

(volt)

finite
element
(volt)

100 40.0 42.5 (+6.3%) 44.2 (+10.5%)

150 18.4 19.1 (+3.8%) 19.7 (+7.1%)

200 10.4 11.0 (+5.8%) 11.1 (+6.7%)

Figure 7: Comparison of tip displacement vs. applied
voltage for a 100µm-long beam actuator.
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