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LMI Approach to Robust Model Predictive Control!
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Abstract. This paper introduces a new approach to robust model
predictive control (MPC) based on conservative approximations to
semi-infinite optimization using linear matrix inequalities (LMIs).
The method applies to problems with convex quadratic costs, linear
and convex quadratic constraints, and linear predictive models with
bounded uncertainty. If the MPC optimization problem is feasible at
the initial control step (the first application of the MPC optimiza-
tion), it is shown that the MPC optimization problems will be fea-
sible at all future time steps and that the controlled system will be
closed-loop stable. The method is illustrated with a solenoid control
example.

Key Words. Robust model predictive control, min—-max optimiza-
tion, semi-infinite programming, linear matrix inequalities.

1. Introduction

This paper presents a new approach to robust model predictive con-
trol (MPC). In MPC, an optimal control problem is solved at each con-
trol step over a specified prediction horizon. The first step in the control
input solving the MPC optimization problem is applied to the system and
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then the process is repeated at subsequent control steps. MPC has enjoyed
many successful applications because it is an optimal control heuristics
that incorporates explicitly the operating constraints (Refs. 1-4). The the-
oretical issues to be addressed for MPC strategies are to demonstrate that:
(1) the MPC optimization problems are feasible at each control step; and
(i) the state is driven to a target set in finite time and remains in the tar-
get set indefinitely in the presence of bounded disturbances. For brevity,
we refer to the second property as stability.

Robust MPC refers to MPC strategies that use min—max optimiza-
tion to guarantee that the system operating constraints are satisfied for all
possible values of the unknown model parameters and disturbance inputs
(Refs. 5-8). An open-loop MPC optimization problem can be too conser-
vative. That is, it may be overlyrestrictive to impose the system constraints
for all values of the uncertain parameters for a single input sequence, since
this does not reflect the fact that future MPC optimization problems will
use the measured state at each control step. To obtain a less conserva-
tive solution, MPC optimization problems are formulated in terms of an
explicit parametrized feedback control law (Refs. 6, 7, 9, 10).

The robust MPC optimization problem is a semi-infinite optimization
problem, since the uncertain parameters vary over infinite sets. The major
challenge is to find an effective way to solve the semi-infinite min-max
optimization problems at each control step. One approach is to approxi-
mate the infinite set of values for the uncertainties by a finite set of values,
thereby replacing the infinite number of constraints with a finite number
of constraints (Ref. 11). This approach may be exact when the con-
straint sets are convex polyhedra and the dynamics is linear, since in this
case only the extreme points in the uncertain parameter sets need to be
considered (Ref. 6).

We propose an alternative approach. Rather than sampling the space
of uncertain parameters, we introduce linear matrix inequalities (LMIs)
as conservative approximations to the robust system constraints, following
the approach suggested in Ref. 12 for general robust optimization prob-
lems. The resulting convex optimization problems with LMI constraints
can be solved using existing numerical routines (Refs. 13, 14).

Section 2 formulates the optimization problem for the robust MPC.
Section 3 introduces a three-step method for solving the robust MPC
optimization problem and Section 4 presents the solution method using
convex optimizations with LMI constraints. Section 5 shows that all the
optimization are feasible and the proposed approach leads to closed-
loop stability. A solenoid control example in Section 6 illustrates the
approach.
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2. Robust MPC Optimization Formulation

For the predictive model in the MPC optimization, we use linear
time-invariant (LTI) state equations of the form

Xjy1=Axj+Bu;+Evj, ()

where x; € " and u; e W™ are the state and control respectively and v; €
R denotes the uncertainty in the system model’; A, B, E are matrices of
appropriate dimensions. We adopt the following time-varying affine state
feedback control law in the MPC optimizations:

uszjxj—{—u(}, j=1...,N—1, u0=u8, (2)

where N is the prediction horizon, F; e W j=1,2,...,N—1, and
u(} ef™, j=0,1,..., N —1, are parameters subject to optimization.

Let the sets of constraints on the states and disturbances be denoted
by X1, &>, ..., Xy and Vo, Vi, ..., Vy_1 respectively; let g(xj, xj41,uj,v;)
<0, where g:R"™ x R x R x R — %", denote the system operating
constraints on the state and control. We assume that the state constraints
and the disturbance constraints are ellipsoids, i.e.,

Xj+1=g(Q§+17Cj€+])v VJZ‘S(Q;)aC}) ) j=07la-~-aN_17

where
£, 0 ={renx—clfy =1

and ||-|lg is the weighted 2-norm of a vector.

For a prediction horizon N, the robust MPC optimization problem
at control step k, with the measured state x(k) and decision variables
F={F,F,....,Fy_1}, U={udul, ... .ul |}, V={vo,v1,...,vn_1}, is

SWe distinguish variables for real time from variables in the time horizon in MPC opti-
mization problems by using parentheses for the former [e.g. x(k)] and subscripts for the
latter (e.g. xx). Indices for the components of vectors are denoted by superscripts.
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formulated as follows:

N N-1
. 2 2
(P minmax 3 lxlifs + 3 llujlifa, 3)
’ j=1 j=0

subject to

Xjp1=Axj+Buj+Evj, j=0,1,..., N —1,with xo=x(k),
uj=ijj+u(},j=1,2,...,N—l, u0=u8,

v eV =E(Q%. %), j=0,1,....N—1,

for all robustness constraints v;€V;, j=0,1,...,N -1,
g(xj, Xj11,uj,0;) <0, (5
where

Xjp1=AX;+Buj+Evj, with Xg=x(k)
ﬁszj)?j—l—u(}, for j#0 and iig=u).

In Problem PI1, the weighting matrices in the objective function 1";? 41 €
R xx and F;? e W i —=0,1,...,N — 1, are symmetric and positive
definite.

We convert the min-max Problem PI into a minimization problem
by replacing the maximization part in (3) with the following semi-infinite
minimization:

min vy, (6)
%
subject to, for all v; erzé'(Ql]’-,c;),j:O, 1,...,N—1,

N N-1
D E IR A Y iR < (7)
j=1 bj=0 !

For simplicity in this paper, we consider the case without the con-
straints (5). The proposed approach can be extended to g convex quadratic
or linear in x,u, v.

3. Three-Step Procedure

The robust MPC optimization problem is hard to solve directly
because the constraints on the feedback gain matrices are nonconvex. We
propose the following three-step procedure to approximate Problem Pl
with a set of convex optimization problems.



Step 1.

Step 2.

Step 3.
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Decompose the robust MPC optimization problem into a
set of semi-infinite optimizations with one-step look-ahead
semi-infinite constraints.

Compute ellipsoidal approximations to the sets of reachable
states, based on the solution in Step 1 as constraints for
Step 3.

To reduce conservativeness, optimize the open-loop control
sequence in the affine feedback control law over the entire
control horizon.

In Step 1, the robust MPC optimization problem is decomposed into
the following N single-stage robust MPC optimization problems. For j =
0,1,..., N—1, solve the problem below.

(P2)

3 X u
min - Vi Yy
Fjoujvipnys
subject to, for allvjeé'(Qlf,c}f) and xjeé‘(Q"»,c;),

for j #0 and xo=x(k), Fo=0p,xn,,

Ny . 0 X 2
I(A+BF))x; +Buj + Ev; =y lgn <1, (8)
||(A+BFj)xj+Bu(j)~+Evj||12~;;+l <¥i )
1 Ejej + e < v (10)

The constraint (8) assures that x;; satisfies the state constraint given
by & (Q)j‘. INE cjf 41); the constraints (9) and (10) minimize the cost term in
the objective function for x;, and u; respectively. We denote the solution
in Step 1 by Fj and ﬂ(}, for j=0,1,...,N—1.

In Step 2, the following sequence of optimization problems is solved
to find ellipsoidal approximations of the sets of reachable states using the
control law from Step 1. For j=0,1,..., N —1, solve the problem below.

(P3)

rgin ~ det(Q’J‘.H)_l,

Q1641

subject to, for allv; eé’(Q”-,c;) and x; eS(Q’;,E;),
for j #£0 and xog=x(k), 130=0nu X s

I(A+ BFj)x;+ Bii) + Evj — <1, (1n

12

Cillg: =
J

for all x€&(Q%, 1, &4y,

e =€aligs, <1, (12)
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The constraint (11) guarantees that the ellipsoidal approximation con-
tains all possible reachable states starting from the set £ (0%, &) or the ini-
tial state xp under bounded disturbance inputs; the constraint (12) ensures
that all points in the ellipsoidal approximation satisfy the state constraints.

The feedback controls from Step 1 can be overlyconservative because
they do not coordinate the control over the entire prediction horizon. To
compute a less conservative solution, we formulate an optimization prob-
lem over the entire prediction horizon in Step 3. The optimization is per-
formed over the open -loop sequence of controls in the affine control law

U={u ,uo, oo } and the centers of the reachable sets of states C=
0° 41 N-1
{c].¢5,....¢ N} Precisely, we have the problem below.
(P4)  min vy,
Uu,C,y

subject to, for allv; € £(QY. c¢})and for allx; € £(Q%, ),
for j #0and xo=x(k),

s j+1 0 =X 2 .
||d>j- x_,~—|—Buj+Evj—cj+1||Q§+l51, j=12,...,N—1, (13)
llx; —c;an; <1, j=0,1,...,N, (14)
v i i1 2
S @0+ [81 Bl |+ Y[ 8, Eu]
j=1 1=0 1=0 o
J
N—1 j—1 2
+Z F; Oxo—{—Z[ k+1B”10]+ [ k+1Ev1] u?- <y,(15)
=0 1=0 [
) J
where the state transition matrix é{, [=0,1,...,j—1, is given by
j—1
& =T (A+BF)=(A+BF) (A+BF2)-(A+BR),
with Fo=0,, %, - (16)

The constraint (13) requires that the ellipsoids with new centers still
contain the sets of reachable states. The constraint (14) plays the same role
as the constraint (12) in Problem P3 for the reachable set approximation.
The constraint (15) is a restatement of the constraint (7).

The following proposition establishes the correctness of the three-step
procedure.

Proposition 3.1. If the constraints in the three-step procedure are fea-
sible, the three-step procedure provides a feasible solution to the robust
MPC optimization Problem P1.
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Proof. This is straightforward, because the constraint (15) is a refor-
mulation of (7) and because the constraints (14) for j=1,2,..., N imply
. O

4. Three-Step Procedure Using LMI

We apply the S-procedure (see Ref. 15, pp. 23) to obtain sufficient
LMI constraints to replace the semi-infinite constraints in the optimiza-
tions Problems P2-P4. The S-procedure for multiple quadratic forms says
that, for a given set of matrices Py, ..., P,, a sufficient condition for

IPiz<0,77Pz<0,...,2' Pz <0,=7z' P)z<0, for allz,
is that there exists nonnegative numbers 7, 72, ..., T, such that
n
I Pyz — Z 1zl Piz<0, for all z;
i=1

that is,

n
Py — Z 7; P; <0,
i=1
where P <0 means that P is negative semidefinite.

4.1. LMI Optimization for Single-Stage Robust MPC. Following the
S-procedure and the Schur complement computation, we have the follow-
ing LMI constraints for the semi-infinite constraint (8)—(10): for j =0,

[—oD! E (Axo+ Bu)—c})

ET —10Q8  120bct =<0, (17)
| (Axo+Bu)— )T 13(CHQy —1[(CHT QYes —1]—1

[ —(H! E (Axo+Bu8)

ET i 70 QOCO <0, (18)
(Ax0+BM0)T et oy~ [CHTOhes —1]- ¥y
-t ug ] 0 19
RO e )
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and for j=1,2,...,N—1,
_(QJ]€+1)*1 A+ BF E Bu(j)—c]+1
AT _ X )X X X
ArBep’ GO O 0K
0 Rt 59 95 ) <0, (20)
B =c” () 05 () e —[en e -
T
—z;[@j;) Qf;c;—l]—1
BT ' A+BF; E Bu
(A+BF)T  —1]" 0 Oy ey ”Q;”;
ET Onvxnx _ZJ'J.UQIJ)' JUQ; j
T T <0, (21)
O\T J.x Jv Jx T oY,
BT () 0 () o) i @pT g 1]
Jv T
] [(c;) Q;c;—l]
X
L —Y; .
(@~ F uf
T Jou Ax Ju X x
Fj , —1; QjT 1 Qjc; =<0. (22)
0 Jouf x x_JM NT xx 1| _.u
_(”j) t (Cj) Q; [(Cj) Qj¢; 1] Yj

We have the following optimizations with LMI constraints corresponding
to P2:

(P5@)  min - Yi 0

ugslg oY1 Yo

subject to (18), (19), (17), with xo=x(k),

and for j=1,2,...,N—1, solve the problem below.
(P5(b)) min ) yf+1 +yj', subject to (21), (22), (20).

x v Jx Jov Ju _x
Fj, ”/ t} t] t/ ’tj ’tj YiprYj

We denote the solutions for Problems P5(a) and P5(b) by

{i’l_)}N_l {f]’x}N—l {f],u}N_l
9 ] j:07 / j:11 / j:11
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4.2. Ellipsoidal Approximation for the Reachable States. Similarly, we
have the following LMIs corresponding to the constraints (12) and (11):

o . T9 }_ O o otz @
(@) o (@) e[ (B) )T T

x>
%o~

_ETQ)ICE ET( xAx+bx)
A4 hx T ~T Ax A 2"T X | 5X
_(Qlal—i—bl) E a; Qrar+2a; by +e
v oY —£Y Q¢ i|
0=0 0=0"0
-1 "X T <0, (24)
[_t('f ()" 0F 15 (" Qpet 1)

where
a)= (A+BFO) Xo-}-Bﬂg
and, for j=1,2,...,N—1,

(A+BF,.)T 0t (A+BF) (A+BF,.)T 01.E  (a+BF )T(Q;HBL:OM;H)

ET{Y, (A+BFj) ETQY, ET ET (03, B +b},

(03, +bj+l) (a+BF) (05,8 +bj+l)TE (B,;O)TQJHBﬁ0+2(B,;0)Tb/H

X X X )X 5X
1 Qj Onoxn, =17 05€;
Ony 705 —1jQuc; =<0.
_txex\T Ax  _ v n\T vex (2T Ax =x _ ) nWT Hv v _
15065 Q5 —tj(c)” Q5 <(Cj) Q;¢; 1)*‘6‘ <(Cj) Qjc; 1)

(25

The optimizations Problem P3 can be converted to max-det optimiza-
tions:

~ N1
(P6(a)) min log (det ((Q’;) >>
0% by.er.iv

subject to (24) and (23) with xo=x(k) and
for j=1,2,..., N—1, solve the problem below.
R —1
(P6(b))  min _ log <det ((Q)]“. ) ))
1 t)[ tl N

Q+1 (G

subject to (25) and (23).

Note that Q’“ and Ex for the ellipsoidal approximation & (Q ,5}‘ ) are
computed for ]_1 2,...,N by
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Ax Ax px T Ax -1 X ax ~x Ax -1 px
0;=03/|(85) (03) Bj-&| and &=—(0}) b}

4.3. LMI Optimization for Full-Horizon Robust MPC. By the same
process, we have the following sufficient LMI constraints for (13),

(01,1) A+BF; E (A+BF)) & +Bu) a1,
~\T ~
(a+BF)) 1105 Onxn,  Onp <0
T v v VU LY ?
E . Onyxny 1] QjT 1 Qjc; .
((A+BF1>E§+BM(}—5§H> (U t}-’(c?) QY 1 —t) <(c;) Qjc;.’—l)—l
(26)
for j=1,2,...,N—1, and
= .\l
(Qf) E Axo+ Bul — &
ET R 1 S =0.27)
L (Axo+Bug—c)" 15’ Qf  —15 ((c)” Qgeg —1) — 1
and a sufficient LMI constraint for (14),
[ —Hh et (] -
[ —7;0% Opxi <0, (28)
| =T O, T
with 7;>0 for j=1,2,...,N.
For the constraints (15), we apply the following decomposition:
N N-1
y=>_vi+> . (29)
=0 =0
E e ?
yiz S0+ Y [, Buf |+ 30 (B Eul| L =128, G0)
=0 =0 rx
J
. I ’
yiz | Fsdixo+ Y[ Fidly Bul |+ 30 [ B, Eul+af)
=0 =0 r«
J
j=12,...,N—1, (31)
u 0 2
Yo = Mo‘ (32)
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We have the following LMI constraints corresponding to (30)—(32):

r -1 .
() & 4
~T )
GJ @UI(T ) —@”2(T D) <0, j=1,2,...,N,
T T
L @) (@) @ -y
(33)
i -1 i G F o<l 0
—T FiG; Fial +ul
L . ,
(FjGj> _@U',l (Tj u) —@;}-,2 (Tj ”) <0,
T T
v 0 — v Jou NV Ju\ _ u
I (F]aj +uj> ( v, (Tj )) QY (Tj ) !
j=1,2,...,N—1, (34)
r uy—1 I 0
_(FO) F0x0+u0
- 0\’ <0, (35)
<F0x0+u0) —yé‘
where
= S T
GJI[G&JG{] Gj IJ:I N Glj—q>]+1E, 12071’“.7‘]'_1’
A =t
&’JZQ){’XO—FZ[@{“BM?]’ Tj] [tojx ’11 tjjixl,j]a i=L2,...,N,
1=0
Jou u Jou .
T] {10] tl] tj_l’j}s ]=1,2,...,N—1,
Q7 ,(), QY ,(), @} 5() are given by
lo,ng _tO,jQBCH
@}{1(7}'): , @7’2(7},): : ’
=105 —1j-1,;Q%_1¢i_
j—1
QU5(TH=Y t, [Ilc}{’HZQZ _ 1]_
k=0

The LMI optimization for the full-horizon robust MPC optimization
P4 is
(P7)  min ZV,+Z Vi
u,Cc,17,Y j=1
with xg=x(k),
subject to (26)-(28) and (33)-(35)
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{61,5§,--.,5N},

, C=
TZHTjJ”‘} { } A }j 1, {t; }] 07 {T/}, 1}

=k bl

5. Feasibility and Closed-Loop Stability

In our approach, feasibility and stability issues are addressed by prop-
agating the reachable state constraints forward at each control step and by
imposing a control invariant set as the terminal constraint.

Definition 5.1. Control-Invariant Set (see Ref. 16). Given a distur-
bance signal set ve )V, a set X7 CR" is control invariant if there exists
a pair of Fr and u% such that (A+BFI)X+BM%+EU e Xz, for all x e
XI, vel.

The controller uses the predictions of the reachable states at the pre-
vious control step to update the ellipsoidal state constraints

Q Qj-‘rlk 1,Ch _Cj-‘rlk 1> forj=1,2,...,N—1,
Oy =07.cy=c1, (36)

where £(Q7,cy) is an ellipsoidal control invariant set with control
parameters Fz and u%. The subscripts k — 1 label the values of the cor-
responding parameters or variables at time step k — 1. We assume that the
updating of the disturbance bounds satisfies

ViCSVif1h+1,i=0,1,...,N=2, and Vy_1 SV, (37)

where V is the bound on the disturbance corresponding to the control
invariant set £(Q7, c7). We require £(Q7, ¢7) to satisfy the following suffi-
cient LMI condition:

—(o)! A+ BFz E BuY —c%
(A+ BFI)T _t% Q% On,\-xnv tl' QICI
ET On, xn, —12QV 1L Qvc? <0,

Bug—cpT (T 0 ()T Q" —i7 ((ep! 0fcr —1)
—12 ()T Qv —1)—1
(38)



JOTA: VOL. 127, NO. 2, NOVEMBER 2005 359

Theorem 5.1. If the optimization problems P5a and P5b for j =
1,2,..., N —1 are feasible at the initial control step k=0, then the opti-
mization problems P5a, P5b, P6a, P6b, P7 are feasible at all control steps
k>0. Furthermore, the state of the system goes into the control invariant
set in N steps.

To prove Theorem 5.1, we using the following lemmas from Ref. 17.

Lemma 5.1. If the single-stage optimization problems P5a and P5b
for j=1,2,..., N —1 are feasible with Q% = Q"I and cj{, :c%, the optimi-
zation problems P6a and P6b for j=1,2,..., N —1 for ellipsoidal approx-
imations of the reachable states are feasible.

Lemma 5.2. If the optimization problems P6a and P6b for j =
1,2,...,N — 1 are feasible, the full-horizon optimization problem P7 is
feasible.

Lemma 5.3. Assume that there exist two nonnegative variables t,
and f, such that

—(on~! A+BF E By —ci
AT+FTBT _thO Onxxnv thOCO
ET Ont,xnx 1,0y Oy =<0, (39)

u" BT —cl  nef Qo el QU —ti(c] Qoco+1)
_tv(C{chv -D-1

where Q1 € R™>*"™ Qg € R (O, € W™ are symmetric
positive-definite matrices and c¢; € R, ¢y € R, ¢, e R, AeR>*"x Be
R e B> F e RNy € R, Then, for arbitrary symmetric

positive matrix [' € R *"+ | there exist three nonnegative numbers y, t7, 1]
such that
-~ A+BFE Bu
AT +FTBT _txJQO Onxxnv t}g’QOCO =<0
ET Onuxnx _tv]Qv t{)] Oycy -
uT BT txjcg Qo tvjcl{Q” —txj(cg Qoco+1) — tvj(chvcv—l) —y
(40)

Proof of Theorem 5.1. We prove this theorem by induction. At the ini-
tial control step k =0, the single-stage LMI optimization problems P5(a)
and P5(b) for j=1,2,..., N —1 are feasible.
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Suppose that at the control step k = K, the optimization problems
P5(a) and P5(b) for j=1,2,...,N — 1 are feasible. Denote the optimal
solutions by

. Y A o V-1

- Y . NI
L L1 PR L Y 5

From Lemmas 5.1 and 5.2, the optimization problems P6a, P6b for j =
1,2,...,N—1 and P7 are feasible. Denote the optimal solution for Prob-
lems P6a and P6b by

N N
=1

5X ~X
K= {C ',K} .
J j=

ok ={3; 4]

j=1’

and the optimal solution for Problem P7 by

P N-1 e [ N

K_{uf~0}j:1 ’ K_{cj}jzl’

=l e
i.K j=1’ Jj.K j=1 > 1%j,K j=1 > 1%j,.K j=0 s 1Y, j=1(

_ oV _, V-1

Tzl el )

From the LMI constraints (26) for j =1, we have

Lo\l -
-(054) A+BF g E Bil)  —& ¢
Zo\T L N
(A +BF1-K) —1 Qi O, xnv 1 x Q1 k1 x
N ) ~v ) v =<0.
E” O, xn, —1{ ¢ Q1 Q1 kClk -

= ~ T A = Ax ~v v v 2 = Ax =
(B"’?K_C;.K) e (@x)T01x ik (CI.K)TQI,K —I g ((CIK.K)TQT,KCT,K_l)
1 g ((C!])K) TQIIJ.KCIIJ,K - 1) -1

(41)
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Since x(K + 1) is inside the ellipsoid &£ (Q’f k' Cl there exists an

cl,K)’
ellipsoid centered at x(K + 1) that is contained in it. This implies that

|: Q)lc,K _ _QI,KCI,!( :|

_(EJIC,K)TQJIC,K (ET,K)TQLKE)IC,K_I

-| € —Ox(K+1)

_’[ —xT(K+DQ 2T (K+1DOx(K+1)—1 ]50 (42)

According to the uncertainty bound information updating process (37), we
have

v
0] O k€1
v T Hv v T Hv v
(Cl K) Ql K (Cl K) Ql,Kcl,K -1

—T, Qo =
0 |:( ) 9 (Co)gl Qpco — }_0' @

With the state constraint updating rule (36), we have

— (o)™ E Axo+ Bul)— ¢t
ET —§05 1,00 <0,
(Axo+Bu§—cf)" 5 ()" 05— ()" Qb 1)1

by combining (41)-(43), where
xo=x(K +1), t(']j:t_ﬂKté’.

The LMI constraints (26) for j =2,..., N — 1, combined with the
uncertainty bound information updating process (37) and the state con-
straint updating rule (36), imply the feasibility of (20) for j=1,..., N —2.
The LMI condition (38) guarantees the feasibility of the LMI constraint
(17) for j=N —1. Lemma 5.3 implies the feasibility of (18)—(22).

Therefore, all the optimization problems with LMI constraints are
feasible at all control steps k>0 and it follows from the results in Ref. 10
that the state of the system goes to the control invariant set in N steps. [

Algorithms for computing ellipsoidal control invariant sets for sys-
tems described by a polytopic set of linear models without disturbances
are given in Refs. 6, 18. Schemes to search control invariant sets for sys-
tems with bounded disturbances are proposed in Refs. 17, 19.
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6. Example

We consider the solenoid system in Figure 1 modeled by

x'k+1)7 [ 06148  0.0315 x!(k)
xZ(k+1) || —03155 —0.0162 || x2(k)

0.0385 0.0385
+ [0.0315}”("”[0.0315] v(®),
where x! and x2 are the position and the velocity of the plate, the mag-
netic force u is the control variable, and v is the external disturbance to
the system, which is bounded in the range [—1, 1]. The parameters of the
ellipsoidal state constraint are given as Q* =Ip, > and ¢* =0;,.

As the system is already stable, the objective is to apply a magnetic
force as little as possible to satisfy the state constraints. The weighting

(Position x!, Velocity x?)
—
1
Cail
Spring
Magnetic Force u

—
.

1
Solehoid
1

External Disturbance v
Damper

Fig. 1. Solenoid system example.

1 |Ellipsoidal State Constraint_._._. ..
LS : : Ry
0.5¢ s : : , e
K N L CONEEE(1) I
H AR ; .
~ i MY 4
= O Control Tnvartiant Set™ !
:‘" : i
HEY 4 K
. N ’
—0.5F i .\\’ ........................... x(3)....... d v'v_i..v.
xS
b T T S T : 4
-1 -0.5 0 0.5 1
xl

Fig. 2. Simulation results: System response.
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matrices in the cost function are I'* =I5,, and I'* =100. An ellipsoidal
control invariant set £(Q7, c7) is given by

[ 1229951 97.1845 o
Q7=| 971845 839281 |° “ZT=|o]|"

with the corresponding control parameters

Fr=[—5.5377—0.2842] and u%=0.

% 0 : SN : 1
The Ellipsaidal Approximation

—02} : ..PS‘Q\;.'. ‘ .P- OXI ]

-0.4} : { S— 3'"“, -

061 "The Reachablé Set ~~ |

85 06 04 02 o o2 04 06
X
(a) Reachable set approximation for j =1

",

o,

The Reachablé'Set s

42 -0.2 0 0.2 0.4
p

(b) Reachable set approximation for j =2

Fig. 3. Simulation results: Reachable sets computed at k = 0 by min-max MPC without
robustness constraint.
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The system response obtained from the three-step robust MPC control
procedure is shown in Figure 2, where the initial state of the system is
[1 0]7 and the prediction horizon is N =2. As predicted by Theorem 5.1,
the state of the system goes into the control invariant set within 2 steps.
In this example, the system converges to a much smaller invariant set than
the control invariant set. Figure 3 illustrates the need for the robustness
constraint: although the nominal values of the state satisfy the state con-
straints, there exists a disturbance sequence that can cause constraint vio-
lation if the roubustness constraints are not applied.

7. Discussion

This paper proposes a three-step procedure for the robust MPC optimiza-
tion problem for LTI systems using convex optimizations with LMI con-
straints. Existing numerical routines can be used to solve the optimization
problems, the sizes of which are polynomial in the number of state vari-
ables, the number of control variables, and the prediction horizon. Our
method does not require open-loop stability.

The complexity of the computations and the conservativeness of the
approximations are issues for further investigation. Both these issues need
to be addressed for LMI methods in general. Our experience with larger
examples (seven to ten state variables) shows that the approach can be
applied to systems with sampling times of a fewminutes using standard
PCs and existing LMI software packages without any customization to
optimize performance (Ref. 17). This is reasonable for some process con-
trol applications, but methods for reducing the sizes of the LMI routines
would broaden the appeal of the approach for online control.
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