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Abstract. This paper introduces a formal framework for automaticgkyerating per-
formance optimized implementations of the discrete Fouransform (DFT) for dis-
tributed memory computers. The framework is implementguhaisof the program gener-
ation and optimization systemP&RAL. DFT algorithms are represented as mathematical
formulas in $IRAL's internal language SPL. Using a tagging mechanism andutarm
rewriting, we extend SIRAL to automatically generate parallelized formulas. Usirgy th
same mechanism, we enable the generation of rescaling OJefithins, which redis-
tribute the data in intermediate steps to fewer processamsdiice communication over-
head. It is a novel feature of these methods that the rdulisin steps are merged with
the communication steps of the algorithm to avoid additi@eanmunication overhead.
Among the possible alternative algorithm®8AL's search mechanism now determines
the fastest for a given platform, effectively generatinggatdd code without human inter-
vention. Experiments with DFT MPI programs generated ByR&L show performance
gains of up to 30% due to rescaling. Further, our generategrams compare favorably
with FFTw-MPI 2.1.5.

1 Introduction

For many important numerical problems, current compileesrent able to produce code that
is competitive with hand-tuned code in ef ciency. To ovem® this shortcoming, a number
of research efforts have developed novel methods aimingitatvatic program generation,
optimization, and platform adaptation [17]. Examplesumig ArLAS for basic linear algebra
subroutines (BLAS), FTw for the discrete Fourier transform (DFT), an@I8AL for more
general linear transforms. These and other approachessadtiire problem of automatically
tuning to single processor platforms. Speci cally, onelgedo tune code to a given memory
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hierarchy. However, with few exceptions, parallelizatisrstill done by hand. The improve-
ment of this situation for the DFT on distributed memory catgps is the subject of this paper.

Contributions of this Paper. SPIRAL is a program generation and optimization system for
linear transforms including the DFT and many others [1#lRA\L supports a wide range of
platforms including vector architectures [7, 10] and sdanemory platforms [9]. In this paper
we extend BIRAL to generate MPI programs for the DFT. To do this, we identifyniting
rules that enable the automatic parallelization of FFT&gias mathematical formulas. This
replaces expensive compiler analysis by simple patternimrag. In addition, we provide rules
that rescale the computation to a different number of CPUmduhe computation. By inte-
grating these rules inFBRAL's rewriting system, BIRAL's automatic search mechanism can
nd the fastest among alternatives and generate DFT MPI tioales adapted to a given com-
puting platform. We show that the generated programs befn@n rescaling for many sizes
and that they compare favorably te Fw-MPI1 2.1.5. Besides performance improvement, the
generation of rescaling DFT programs provides greaterbiity to the user in that it de-
couples initial data distribution and processor use. Tlesibility is usually not provided in
libraries.

Related Work. The work described in the following addresses the commobleno of ob-
taining fast code for distributed memory platforms by auatically tuning to the platform's
characteristics. The approaches range from classicaliitemgchniques to high level formula
manipulation and program generation. The respective egin domains range from gen-
eral linear algebra and linear transforms to more appbtoaspeci ¢ problems like quantum
chemistry computations.

A compiler framework for generating MPI code for arbitrgriled for-loop nests by per-
forming various loop transformations to gairherentcoarse-grained parallelism is presented
in [14]. [18] describes the generation of collective comication MPI code by automatically
searching for the best algorithm on a given system. Anotimgriical approach for generating
ef cient all-to-all communication routines for Ethernatisched clusters is used by [6].

ScALAPACK [3] is a portable library of high performance linear algehwatines for dis-
tributed memory systems following the message passing mBdét upon LAPACK, it is
highly scalable on various architectures using differaocpssor numbers.C3LAPACK re-
quires the user to de ne the processor con guration and stritiute the matrix data herself.

[2] presents a parallel program generator for a class of coatipnal problems in quantum
chemistry. The input is described by tensor contractiorsiamrmanipulated using algebraic
transformations to reduce the operation count. Data faritity and memory usage optimiza-
tion are performed for a speci ed number of processors orvargtarget system by using a
dynamic programming search.

FFTw [11, 12] is a self-adapting DFT library supporting one- aighler-dimensional real
and complex input data of arbitrary size. TypicallyTiw is faster than most other publicly
available FFT libraries and also compares well to vendaaties. MPI support, i.e., MPI-
FFTw, is available in FTw 2.1.5 but not in the more recent version 3.1 [L3 TR requires
the data to be provided in slab decomposition. It then eséisthe optimal number of proces-
sors to use for a given computation. If this number is difféfeom the number of CPUs the
user's program runs on,FHFw requires the user to redistribute prior and after callimg\v.

If other data layouts are required, users often resort tiv tven custom implementations to
increase performance [5, 15]. Experiments [1] show thastsuttial portions of the runtime are



spent on communication between processors. A program g@meframework as presented
in this paper is a step towards improving this situation at thenables customization without
programming effort.

[16] describes the extension of a sequential self-adapticgage for the Walsh-Hadamard
transform (WHT) to support MPI code. Different WHT matrixctarizations provided in Kro-
necker notation exhibit different data distributions anchenunication patterns. Searching the
space of WHT formulas leads to the best performing facttidman a given platform. In spirit,
the approach taken in [16] is similar to the framework depetbin this paper.

Synopsis. Section 2 introduces the DFT and the mathematical founddtio representing

its fast algorithms. Then we explain th@8AL system, which is the platform for our work.
In Section 3, we develop the formal framework to generate BPT implementation; an

application of this approach to a novel method of rescalifi@ Rlgorithms is illustrated in

Section 4. We implemented the framework as extensionroR&. and show benchmarks of
automatically generated and optimized DFT code in Sectidmb results show that rescaling
provides performance gains and that our generated MPI gnagjicompare favorably with
FFTW.

2 Background: Discrete Fourier Transform and SPIRAL

Discrete Fourier transform. The discrete Fourier transform (DFT) is the matrix vectot-mu
tiplicationx 7! y = DFT , x, wherex;y 2 C" are the input and output, respectively, and
DFT , isthen n matrix de ned by

. p__
DFT,=['Kjk>=0;:::;n 1 1,=¢€ M

The famous Cooley-Tukey fast Fourier transform (FFT) camg@essed as a factorization of
DFT , into a product of structured sparse matrices [21], namehn = km,

DFTym ! (DFTk In)To(lk DFT )Ly (1)

We call (1) abreakdown rulesince it formally represents a divide and conquer algorithinis
is emphasized by writing instead of=.

In (1) we used the following notation. Thme n identity matrix is denoted with,; L} is
the stride permutation matrix de ned by its underlying petation

Lg:jm+i7ik+j 0 i<m; 0 j<k:

It is equivalent to transposing an  k matrix stored in row-major order in memory.
Most importantly, theensoror Kronecker producof matrices is de ned by

A B =[a:B];, forA=[acl

Finally, T: is a diagonal matrix, called twiddle matrix, whose exactrf@an be found in [21].
Recursive computation of the DFT using (1) and other FFT4ise thah does not de-
compose) enables the computation of the DFD{m log(n)) operations. Note that there is a



SPL construct code
t[0:1:n-1] = B(x[0:1:n-1]);

y = (AnBn)x y[0:1:n-1] = A(t[0:1:n-1]);

= (I An) for (i=0;i<m;i++)
y=Um n)X yli *mLli *n+n-1] = AX[i  *n:li *n+n-1));
y=(A )X for (i=0;i<m;i++)

yli:nii+m-1] = A(x[i:n:i+m-1]);
for (i=0;i<k;i++)
y= Lk x for (j=0;j<m;j++)
yli+k  *jl=x[m *i+];

Table 1. Compiling SPL into code is done by recursively using the abcorrespondencesg. denotes
the input andy the output vector. We use Matlab-like notatiofib:s:e] denotes the subvector gf
starting atb, ending ak, and extracted at stride

large degree of freedom in recursing, since at each stepadéaetorizations oh may be pos-
sible. These recursions have roughly the same operatiamg bot different memory access
patterns, which leads to different runtimes when implereént

SPIRAL. SPIRAL [19,20]is a program generation and optimization systeniifiear trans-
forms such as the DFT and many others. Its internal strugigieown in Figure 1.

The user formally speci es a transform she DSP transform (user specified)
wants to have implemented, e.gDFET 256" ‘
First, SPIRAL recursively applies breakdown
rules such as (1) to generate one out of many  Arm —_— Nl

) . Level Formula Optimization

possibleformulas represented in the language saoriom as formu
SPL (signal processing language), which was in SPL language 2
informally intrqduced above. Namely, SPL ex- Implementation 'R §
presses algorithms as sparse structured matrix (srLcompien & CodeOpmzaion §
factorizations using products, tensor products, ‘,m;;:g:;"mn &
and basic matrix such as the identity and per- . ..o Gomplilation f
mutations. Next, BIRAL optimizes the structure Level Perormance Evaluaton =

of the formula using a formula rewriting system
(see [4] for anintroduction to rewriting systems).
The rewriting effectively performs optimizations
for the memory hierarchy [8], for vector instruc-
tions [10], or for shared memory platforms [9].
The idea is to perform these optimizations at a high levebstraction (namely on formulas),

since they are unpractical at the C code level.

The obtained optimized SPL formula is then translated inbm@e using a special purpose
compiler. This is possible since formulas have a clear jpmegation as code. A few simple
examples are shown in Table 1. The obtained code is furthenmed and then compiled and
its runtime measured.

The runtime is fed into a search engine, which drives, in abfaek loop, the formula
generation process and the selection of implementatidarmpsuch as the degree of unrolling.

optimized/adapted implementation

Figure 1. SPIRAL's architecture.



In doing so, $IRAL effectively searches for the formula, or algorithm, thatyéastest on the
given computing platform. Search strategies include dyogmgramming and evolutionary
search. Upon termination, the nal program is output to teeru

The goal of this paper is to present rst steps in extendirgr8L to generate ef cient
programs for distributed memory platforms. Similar to tleetor code generation and shared
memory parallel code generation, we achieve this throughitatdy designed extension of
SPIRAL'S rewriting system and the SPL compiler. This is explainethie next sections.

3 Translating Formulas into MPI Programs

In Section 2 we explained/RAL and its theoretical underpinning: the formula language,SPL
which enables algorithm generation and optimization atgh lhével of abstraction. Our goal
is to enable BIRAL to generate ef cient MPI implementations. To this end, wevnietroduce
formula constructs that are translated into message pppsagrams by an extension of the
SPL compiler, called MPI-SPL compiler. The MPI-SPL compiteone major contribution of
this paper.

Data distribution. We introduce the tag “pép)” to express that a formula will be imple-
mented orp processors. We assume that all distributed data vectotsd@rk distributed, i.e.,
each processors' memory holds one equal sized contiguauskatf the data vector. For in-
stance, if a formuldg, representing the computatign= AgXx, operates on vectors of 6 data
elements which are distributed across 2 processors, we writ

0 yO 1 0 Xo 1
YZA _ Xz
@ {Aﬁf% @
ys par(2) ><s

The tag “paf2)” implies that the computation of = Agx is distributed across 2 processors.
The elementxg, X1, X2 andyo, Y1, y» are stored in the memory of processor 0, while the
elementxs, X4, X5 andys, Y4, Y5 are stored in the memory of processor 1. We add a horizontal
line between vector elements that reside in the local membdjfferent processors.

In addition, we introduce tags that express data redigtabuThe tag “pafg  p)” ex
presses that the input vectoiis distributed ovep processors and the output vecyois dis-
tributed overg processors. This implies that the tagged formula does atrédalition fromp
to g processors during its computation. For instance, we demdbemulaAg operating on
vectors of 6 data elements with the inputlistributed across 2 processors and the ougput
distributed across 3 processors by

O Yo 1 0 Xo 1
Y1 X1
X
QLK =y @A @
y5 pai3 2) ig

The tag “pat3  2)” implies that the computation of = AgX is started on 2 processors and
nished on 3 processors, redistributing during computatibhe elementsg, X1, X2, andyg,

y1 are stored in the memory of processor 0, the elemeftg,, x5, andy,, y3 are stored in
the memory of processor 1, and the elemeniy/s are stored in the memory of processor 2.



Finally, we introduce the tag “p@ q  p),” which expresses that a formula's input
and output are distributed acropsprocessors but the formula internally redistributegjto
processors. For instance,

y= g x wth 8 = 1B

pa(p q p) pafp q p) pa(p q)pa(q p)

has the inpuk and the outpuy distributed ovelp processors, but the output Bf (i.e., the
input of A) is distributed acrosg processors.

Parallel computation. The form2ula construct

Am n
|p Am nzg g, Am n2Cmn
Am n
is a block-diagonal matrix gf blocks ofA™ ". The tagged formula
y= 1, A™ " x 3)
| 2Z—{z—1}
pai(p)

expresses p-way embarrassingly parallel computation. EACh " operates on an indepen-
dent part ok andy. The vector 2 CP" andy 2 CP™ are distributed acros,sprocessors into
p local vectorsx? 2 C" andy?2 C™ with x = x§ xp 1 andy = yg Y 1
denotes the stackmg of column vectors. pprocessors execute the formé& " in parallel
computingy?= AM "x0. Since it is the same formula in each case, (3) is easily impteed
as single program multiple data (SPMD) MPI program.

Similarly, formulas consisting of diagonal matrices,

y= |{Q} x; D 2 C™ ™ diagonaj 4)
par(p)
can be trivially mapped to MPI programs.
All-to-all communication. Permutations express data reordering. In a distributedeadd
space this reordering translates into explicit commuiocaf the source and target location
are in the local memory of different processors. Permutatiof the formP™" |, where
pmP 2 C™P M jsapermutation matrix, reorderp chunks ofn consecutive elements where

m chunks reside in each processor's memory. This means thatmpmessages of length
are to be sent and received per processor. Thus,

Y= (P g ©)
par(p)

encodes an all-to-all communicationmprocessors with message sizand the communica-
tion pattern described by . For instance, when implementing

2, 30 o 1

1 X1
1 % X2

_ 4 — 1 X3 .

y= L5 Il x = 1 G
| 2{z—} . £ o
pa'(2) 1 X6
1 X7




processor 0 sends the mess4gg; x3) to processor 1 and processor 1 sends the message
(X4; Xs5) to processor 0.

In our example not all chunks of length become messages. For instanc®, x;) and
(Xe; X7) stay in the memory of their respective processor. We captigsdy decomposing (5)
into alocal partthat copies data within the local memory of each processtiagtobal part
that must be implemented using message passing. FormeljeeomposE in (5) into a sum
of two matrices,

P=F+C,

and thus

P™ In=(F I)+(C Iy,):

Each “1” entry inP ends up either ifr or C, hence the sum does not incur actual operations.

F contains all “1” entries oP within the block diagonal with blocks of sizm m. It
describes the addressing of all data chunks that stay whkitocal memory of each processor.
F I, will be implemented as data copying by the respective psmres

C contains all remaining, i.e., off-blockdiagonal “1” emsi It describes the addressing of
all data messages that have to be transmitted between twegzarsC |, will be imple-
mented using one send/receive pair per message.

To make the message addressing explicit, we further fatias
C=SCc%G with C%

whereC% is a permutation matrix. This factorization is explainecméssume, thaP ™
requireskp messagesk( m). ThenC® 2 CkP kP js a permutation matrix describing the
message addressir‘@-,?j = 1 implies that messagg@ mod k) sent by processdi=kc is
messagéi modk) received by processti=kc. G is a rectangular block-diagonal matrix jof
blocks of size&k m. G assigngk of them data chunks within each processor's local memory
to one of thek messages to be sent by this procesSas. a rectangular block-diagonal matrix
of p blocks of sizem k. It stores thek messages received by each processor at their nal
location within the local memory of each processor.

Analysis ofS, C° andG enables highly optimized implementations like using MPIco
lective communication functions or implementigg= P |, x inplace (vectox andy
share the same memory location). For instanc€&iis symmetric and5=G" (transpose),
thenC |, can be implemented inplace using send-receive-replacatiqes. The required
analysis is implemented using the techniques describe8l.iDptails of the analysis are be-
yond the scope of this paper.

As illustrative example we parallelize$ for 3 processors. We factdr3 into the local
matrix F and the communication matric€s C° andG:

= L2 x= Fx + SC%Gx:
s

par(3)



The explicit form is shown next and represents the commtinitaddressing pattern:

0O 1 0 1 2 30 1 2 30 1
Yy X 1 X 1
1
1
1
= 1 = 1
1
1
1
2 2
0 F
Ig
pai3 ; mpi)
2
2 32 3
L 1 1 1
1 1 1
* ' 1 ' 1
1 1 ° 1 2
1 1 1 1
| {ZO H {z }
C G
| }

{z
S

The matrixF encodes thatg (in processor 0's memory¥, (in processor 1's memory), and
Xg (in processor 2's memory) do not require communication arednaoved fromx to y by
their respective processors. The matBxspeci es which elements of the vectarbecome
which message. In our example the data packetxarex, (sent by processor 0ks, X5
(sent by processor 1), and;, X7 (sent by processor 2C%is a6 6 permutation matrix
encoding the send/receive addressing of the data paclatsngtance, the entrytg;l =1

of C0= [Ci?j li; describes that message 1 sent by processps)ig message O received by
processor 2. The matr& describes the nallocation of the received data packetsirisance,
message 0 received by processok?) (ill be stored at locatiolys. Figure 2 shows the MPI
corresponding implementation.

Data redistribution. Formula (2) requires different data distributions foandy. To cap-
ture this, we generalize the idea of all-to-all communmafrom the previous section to data
redistributions. Permutations

P™ I, with p;gqjm; P™ permutation matri2 C™ ™ (6)
reordem chunks of data of size. Thus,

y (7)

= P™ I, X
| —{z—}
pa(q p)
redistributes data fromto q processors using message siznd with the message addressing

encoded inP. We apply again the approach of the last section and decanipasto local



int proc[]l] = {{1,2}, {0,2}, {0,1}}, // communication patt ern
msglll = {{0,0}, {0,1}, {1,1}},
SGll = {{1.2} {35} {67}
FO = {0,1,2};

/I parallel function, call by 3 MPI processes simultaneousl y
void L_9 3(double *ylLocal, double *xLocal, int mpirank) {

/I output: yLocal[3], input xLocal[3]; part of x[9] and y[9]

MPI_Request send[2], recv[2]; int i;

yLocal[F[mpirank]] = xLocal[F[mpiranK]]; // y = Fx +...

for(i = 0; i < 2; i++){ 1 + SC'Gx
/I nonblocking send
MPI_lsend(xLocal + SG[mpiranK]][i], /I source ofs
1, MPI_DOUBLE,
proc[mpirank][i], /I receiving proc
i /I msg id

MPI_COMM_WORLD, send + 1i);
/I nonblocking receive
MPI_Irecv(yLocal + SG[mpirank][i], /I target ofs
1, MPI_DOUBLE,
proc[mpirank][i], /I sending proc
msg[mpirankK][i], /I msg id to get
MPI_COMM_WORLD, recv + i);
}
MPI_Waitall(1, recv, MPI_STATUSSES_IGNORE);

Figure 2. MPI program implementing = L3$x on 3 processors.

operations and communication to generated MPI code:

P=F+C:
As an example of a redistribution from 2 to 3 processors dmrsi
0o 1 2 30 1
Xo 1 Xo
Xz ! X1
- 6 - _ 1 .
=g o= BRe RS
iz TN 1 Xa
par3 2) X5 1 X5

Processor 0 sends the messagédo processor 1xy andx, stay in the memory of processor
0. Processor 1 sends the messagandxs to processor 2 and receivies from processor O.
X4 Stays in in the memory of processor 1.

Parallelization through formula rewriting. Above we introduced formula constructs that
can be implemented as parallel computation or as commiumic&roducts of these formulas

can be implemented as a sequence of parallel communicatébon@nmunication steps. This

gives rise to the following de nition.

De nition 1 (Parallelized formula). Formulas of the forn{3), (4), (5), (7), and products of
these formulas are called parallelized. Parallelized fakas can be implemented using MPI.
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However, not all formulas are parallelized. For instanbe, right-hand side of (1) is not
a parallelized formula. Thus, we introduce a set of rewgitinles to use SIRAL's rewriting
system to transform formulas into parallelized formuldsisTule set is summarized in Table 2
and is one of the contributions of this paper. The rule se¢sghed for the generation of DFT
MPI code. Using this rule set,/SRAL can automatically parallelize formulas for the DFT at a
high level of abstraction.

As a small example of the workings of the rewriting systemsider

y= ﬁ'l{ An;x: (8)

(8) is not parallelized fom 6 p. Assumingpjm, the application of rule (13) transforms (8)
into
y= | (Im=p An).X
R 7

par(p)

which matches (3) and is thus parallelized in the sense ofnibien 1. A more elaborate
example showing the parallelization ofFT ., and rescaling it fronp to q processors is
given in the next section.

' @@ ® ngfyt e g Ay 13)
pai(p) par(p) par(p) pai(p) par(p)
! . dp (10) m nyd : g n m nmn
lﬁi) par(;!{éi ) fA—{Zl—?I ) fl ?Z L } -
ﬁ‘ﬁ | ‘% {‘; (11) pai(p Q) pa(p @) par(q)
' |{ } | } m n) ! mn m mn
pap g p) pa(p @) pa(q p) fA—{ZI—gI |_ (I?z A ; |_-{2-} (15)

l?ﬁ I l{é} |{§} (12) pai(q  p) pai(q) pald p)

par(q p) par(q) pa(q p)

mopp e Rt (LY 16
|-{‘2} p m=p p m{17p p ( p m=p )} ( )
pai(p) par(p)

o (e L™ LR, 0 (L e 17
l_{E} | q ( p: q{? m=p )}| p {Zmn p 2}| p ( ?7 m=p )} ( )
paq p) par(q) paq p) pai(p)

mnop L™= e 1y (lpeg LT e 18
fey ey gmeyle U g Loy 4o
pa(p  a) pai(p) pa(p ) pai(q)

Table 2. Parallelization and rescaling rewriting rules.
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4 Rescaling FFTs Using SPIRAL

The framework developed in Section 3 allows us to exploetraffs between communication
and computation. Assume a subroutine computing a DFp mrocessors in parallel. Depend-
ing on the cost of communication and the speed of processmrgyuting ong < p processors
may speed up the computation. However, the initial and retbddistribution orp processors
is xed by the subroutine’s interface. In this situation therformance gain by computing on
only g processors can easily be lost in the necessary data rbdigiri fromp to g processors
before the computation ampto p processors after the computation.

Rescaling. Using the parallelization rules in Table 1 we can systeralifiderive formulas
that internally use less processors than at the beginnidgatithe end of the computation.
Further, the necessary redistribution is performed asgiahie communication that has to be
done anyway. Thus, these formulas are candidates to spebéd whole computation without
changing the subroutine interface. We call this appraasbaling

Speci cally, we perform downscaling (to fewer processaeg)ether with the rst occurring
communication step, while upscaling is performed with & tommunication step. Hence,
all encapsulated communication steps pro t of the reduadraunication effort.

After choosing a number of processors to rescale to, thestélito decide whichy of thep
processors to use for calculation. On machines with nofetmicommunication structure (for
instance clusters of symmetric multiprocessors) this aaarbimportant choice that strongly
in uences the achieved performance.

In SPIRAL, the formula rewriting is performed automaticallypi®AL's search will nd a
formula, and thus a rescaling strategy that performs fastethe given platform.

Example: Rescaled DFT. We show the rewriting process that parallelizé3FT p, , for p j

m; n, across processors and rescales itdg p processors for the intermediate computation
steps. In BIRAL, this derivation is done automatically. We tB§T , for p processors and
expand it using rules (1) and (10)-(12):

Plemy t 2p My fn @770 |y

par(p) pa(p q) pai(q) pai(q) par(q p)

This introduces rescaling tpprocessors. Next we apply rules (9), (14), and (16)—(18pto f
mally parallelize:

Lo m=p et e 1y (lgeg LT o). D (1 DFT )
lP {Zm—p}l p {Zmnp}|q pq{7p mp}lq no{ m
par(p) pzar(p a) par(q) par(q)
lg L9 18 lonsg2. lqg (LR Tmzg). T™ 1q (Imeq. DFTp)
[ A Y I i o it Y 2 P )

par(q) par(q) par(q) par(q) pai(q)
2
| 1z L AN Y {z }
par(q) par(q p) par(p)

19)
Inspection shows that the nal expression is parallelizethe sense of De nition 1.

Analysis. The communication and computation cost of (19) depends erctivice of the
scaling factork = p=qg Table 3 summarizes the effect of scaling on packet size,beam
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computation datavolume packet size #packets
O(k) 0(1) 0O(k?) 0(1=k?)

Table 3. Effect of rescaling b = p=gon computation and communication.

of packets, computation cost, and total data to be transthis function ok. In essence,
scaling down keeps the overall amount of data to be transdnfitactically constant while
increasing the message size and the computation cost. Bhelagce ofq depends on the
relation between the speed of the processor, the commioridatency, and the bandwidth.

5 Experimental Results

In this section we evaluate our approach. We rst show thetaéng speeds up smaller DFTSs.
Then we show that our generated DFT programs compare fdyowith FFTW.

Benchmark setup. All experiments were done with complex-to-complex doupteeision
2-power FFTs. The platform is a cluster of AMD Opteron 250 C#ial nodes running at
2.4 GHz, connected by a Mellanox In niBand high speed neknwith a theoretical peak of
10 Gb/s and 4 s latency. All codes were compiled using thelGC compiler 3.4.4 with the
option-0O3 and linked with the mvapich 0.9.5 MPI library. Performanageds given in pseudo
M op/s computed an log n=t, wheren is the DFT size and the runtime in microseconds.
This measure is proportional to inverse runtime and henesgpves runtime relationships.
Further, it gives an indication of the absolute oating-pigberformance [12].

Experiment 1: Rescaling. Figures 3(i)—(iii ) show the performance impact of rescaling for
the problem sizeg'?, 21°, and2'®. We start withp = 16 processors and letFSRAL gen-
erate downscaling programs fqr= 1, 2, 4, 8, and 16 processors (16 processors implies no
downscaling). We compare the performance of the origindlthe downscaled programs to
FFTW-MPI running on 16 processors. Figure@ Band(ii ) show a performance peakat 8
processors. Thus, for the siz2¥ and2® we gain from downscaling. Figure (@i ) shows
thatp = 16 processors are required for the best performance at pradisa®'®. For this size,
the increased workload per processor overcompensateaith@éwgcommunication speed.

On the benchmark platform, rescaling speeds up only forlsmsizes. On machines with
slower, higher-latency networks we saw performance gaiegarescaling for larger problem
sizes.

Experiment 2: Comparison to FFTW. Figure 4(ii ) shows the speed-up oP&RAL generated
FFT programs run on 16 CPWsthoutdownscaling, anavith optimal downscaling (8 CPUs
for small sizes), compared ta=Fw-MP1 2.1.5 using 16 CPUs. For sizes ug2id, downscaling
provides signi cant performance gains. For these sizesRSL generated programs are up to
80% faster than FTw-MPI. For larger sizes, BRAL's performance is comparable taFw-
MPI.

Figure 4(i) shows the same experiment, but for 8 CPUs. The optimal dadingdfound
in this case is to 4 CPUs for small size®.8AL generated MPI programs are between 1.5 and
2.5 times faster thanfrw-MPI, showing higher relative speed for problems smallani®.
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Figure 3. Effect of downscaling fromp = 16. The plots show, for three DFT sizes the best per-
formance obtained for different scaling factérs= p=g p = 16 and thex-axis is labeled withg. The
dashed line is the performance achieved by W. Higher is better.
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Figure 4. Relative performance.Performance of 8IRAL generated MPI FFT programs without down-
scaling (dashed), and optimally rescaled (solid), redativF-Tw-MP1 2.1.5. Higher is better.

6 Conclusion

We presented a formal framework for generating ef cient MRjorithms by rewriting formu-
las representing FFT algorithms. We applied the framewmiknplement the idea of exible
rescaling and thus enable adaptation to a platform's ckeniatics. By including the frame-
work into SPIRAL's infrastructure, the entire implementation and adaptapirocess is au-
tomated. It is worth pointing out that we used very similapiegaches before to the related
problems of vectorization and shared memory parallebratin fact, all these optimizations
are performed using the same infrastructure mrRAL. Since our approach is formula based,
it is domain-speci ¢ but can be generalized to other lineansforms.

Ongoing work aims to enablePBRAL to optimize the runtime of the DFT including possi-
ble data redistributions. This way, the user can specifyltsred data layout before and after
the computation to interface with his application. As bo#ttaddistribution and transform are
represented on a mathematical level they can be optimizeitjadhus reducing the overhead.
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