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Abstract

In this paper we use a mathematicalapproad to
automaticallygenemte high performanceshort vector
codefor the discrete Fourier transform(DFT). We rep-
resentthe well-knownCooley-Tukey fast Fourier trans-
formin a mathematicahotationand formally derivea
“short vectorvariant”. Using this recuision we gen-
erate for a given DFT a large numberof different al-
gorithms, representedas formulas, and translatethem
into shortvectorcode Thenwe presenta vectorcode
speci ¢ dynamicprogrammingmethodthat seachesin
the spaceof differentimplementation$or the fasteston
the given architectue. We implementedhis approac
aspart of the SPIRAUibrary geneator. On Pentiumlll
and 4, our automaticallygeneated SSEand SSE2vec-
tor codecompaes favorably with the hand-tunedntel
vendorlibrary.

1. Intr oduction

Short Vector Extensions. The computationakim-
plicity of multimediaapplicationshasspavnedthe in-
ventionof shortvectorSIMD (singleinstruction, multi-
ple data) extensionswhich areincludedin mostrecent
instructionsetarchitectures.Theseextensionsprovide
datatypesndinstructionsto operatean parallelon short
vectorg(currentlyof length2 or 4) of oating pointnum-
bers.Tablel givesanovervien onthesesxtensionsEx-
amplesinclude SSE (4-way single precision)provided
by Pentiumlll/4 andAthlon XP, andSSE2(2-way dou-
ble precision)provided by Pentium4.

Short vector instructionsprovide a large potential
speed-ugfactorsof 2 or 4) for performance-criticadp-
plications,but poseadif cult challengeor softwarede-
velopersfor the following reasons:
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Automatic vectorizationof C code by compilersis
very limited for all but themostsimpleprogramsand
yieldsonly moderatespeed-upMost codecannotbe
vectorizedatall.

No commonprogrammingnterface(API) exists for
usingtheseinstructions.The programmeihaseither
to resortto assemblyprogrammingor to the useof
C languageextensions(called intrinsics or built-in
functiong provided by the vendor Theseintrinsics
are not standardizedneither acrosscompilers nor
acrossarchitectures.Both strat@ies requirea high
level of programmingxpertiseandyield codethatis
not portable.

The performanceof shortvectorinstructionsis very
sensitve to the dataaccessatternduring computa-
tion. Unalignedandnon-unitstrideaccessandete-
riorateperformance.

[ Vendor ] Name [ n-way [ Prec. [ Processor |
. Pentiumill
Intel SSE 4-way | single Pentiund
Intel SSE2 2-way | double Pentiund
. Itanium
Intel IPF 2-way | single [tanium 2
AMD 3DNow! 2-way | single K6
Enhanced . K7, AthlonXP
AMD 3DNow! | ZVWAY | single | yionmp
3DNow! . AthlonXP
AMD Professional| +""Wa&Y single AthlonMP
Motorola AltiVec 4-way | single | MPC74xxG4

Table 1. Short vector SIMD extensions.

DFT Vector Code Generation. In this paperwe ad-
dressthe problem of creatinghigh performanceshort
vector codefor the discreteFourier transform(DFT),
which is ubiquitously usedin signal processingand
acrossscienti ¢ disciplinesand hasin mary applica-
tions a virtually unlimited needfor performance.Our
approachis basedon SPIRAL [6], a library generator
for digital signal processing(DSP) transforms. SPI-
RAL generatesor a giventransformmary differental-



gorithms,representedsmathematicaformulas. These
formulasaretranslatednto programswhich aretimed
on the given platform. By intelligently searchingn the
spaceof theseformulasandtheirimplementationsSPI-
RAL automaticallynds analgorithmandits implemen-
tationthatis adaptedo thegivenarchitectureln [2] we
extendedSPIRAL to generatéSSEvector codefor the
DFT andothertransformsWe presented
ashortvectorAPI of C macroghatcanbeef ciently
implementeanall currentshortvectorarchitectures;
and
a setof basicformulabuilding blocksthatcanbe ef-
ciently implementedisingthe API.
In this papemwe presentheadditionaltoolsthatarenec-
essanyto generateeryfastDFT implementationscross
platformsandacrosssectorextensions.
We formally derive a shortvectorversionof the fa-
mousCooley-Tukey fastFouriertransform(FFT) for
acompl inputvectorin theinterleavedformat(real
and imaginary part alternately). The new variant
consistsexclusively of building blocksthat are ef -
ciently vectorizableon all currentshortvectorSIMD
architectures,e.,it canbeimplementedisingvector
memoryaccessyectorarithmetic,anda smallnum-
berof in-registerpermutations.
We presenttwo vector code speci ¢ dynamic pro-
grammingsearchmethods.
We includedthesemethodsinto SPIRAL to automati-
cally geneate shortvectorDFT codefor differentplat-
formsusingthe SSEandSSEZ2instructionset. Our gen-
eratedcodeis competitve with or fasterthanthe hand-
tunedintel vendorlibrary MKL 5.1.andyieldsaspeed-
up comparedo the bestavailable C code(from FFTW
2.1.3[3] or SPIRAL) of upto afactorof 3.3for SSE and
up to afactorof 1.8 for SSE2code. We alsoshawv that
the bestalgorithm found dependson the platform and
onthedataformat(i.e., scalay SSE2,andSSE),andthat
automaticcompilervectorizatioryields suboptimalper
formance.In summaryour approachprovidesportable
shortvectorcodeand portablehigh performance.
Related Work. Becauseof the problemssketched
above, thereareonly few researctefforts on shortvec-
tor DFT code.Referencg9] providesaDFT implemen-
tation using SSE,and is includedin our benchmarks.
FFTW 2.1.3[3] providesvery efcient C code,but no
shortvectorcode.ThebestcurrentlyavailableSSEcode
is provided by the vendorlibrary MKL 5.1. FFTW
GEL [5] providesshortvectorcode,but the vectoriza-
tion techniqueis restrictedto two-way shortvectorex-
tensionsFFTW-GEL for 3DNow! andSSE2s included
in our benchmarks.Finally, we want to note that the
“original” vectorcomputersiseda decader longerago
had a typical vector length of at least64, and a high
startupcostfor usingvectorinstructions[4]. As acon-

sequencethe algorithmsdesignedfor theseplatforms

are not suitablefor shortvectorimplementations.The

correspondindibrarieswereimplementedn assembly
andcanthusnot be usedfor benchmarkingagainstour

generateaode.

Organization. In Section2 we give an overvien
of SPIRAL and explain the mathematicalframework
that we use to representand manipulateDFT algo-
rithms. Section3 containsthe main advances:a recur
sionmethodfor the DFT suitablefor vectorizationand
methodsto searchthe spaceof algorithmsthat canbe
derivedfrom it. We benchmarlourgeneratedFT code
in Sectiord andconcludewith Section5.

2. Background: SPIRAL and the Mathe-
matics of Transforms

In this sectionwe provide the backgroundfor our ap-
proachto automaticgeneratiorandplatformadaptation
of shortvectorcodefor the discreteFourier transform
(DFT). First,we brie y introduceSPIRAL, acodegen-
eratorfor DSP transforms,which providesthe context
andthemethodologyfor ourapproachThenwe explain
theformalmathematicahotationthatwe usethroughout
the paperto represenandmanipulateDFT algorithms.

2.1.SPIRAL

SPIRAL is a generatoffor high performancecodefor
DSPtransformdik e the DFT, the discretecosinetrans-
forms (DCTs), and mary others[6]. SPIRAL usesa
mathematicahpproachthat translateghe implementa-
tion probleminto a searchin the spaceof structurally
differentalgorithmsandtheir possibleimplementations
to generatecodethat is adaptecdto the given comput-
ing platform. At the heartof SPIRALS approachs a
concisemathematicalanguagehatrepresentthemary
differentalgorithmsfor a transformasformulas. These
formulasareautomaticallygeneratecndautomatically
translatednto code,thusenablingautomatedearctfor
thebest.

The architectureof SPIRAL is shavn in Figure 1.
The userspeci esa transformshewantsto implement,
e.g.,aDFT of size1024. TheFormula Generator mod-
ule expandghetransforminto one(or several)formulas,
i.e., algorithms,representeih the SPIRAL proprietary
languageSPL (signal processindanguage). The For-
mula Translator (alsocalled SPL compiler)translates
theformulainto a C or Fortranprogram.Theruntimeof
thegenerategbrogramis fed backinto a Seaich Engine
thatcontrolsthegeneratiorof thenext formulaandpos-
sibleimplementatiorchoices suchasthedegreeof loop
unrolling. lteration of this processyields a platform-
adaptedimplementation. Searchmethodsin SPIRAL



include dynamic programmingand evolutionary algo-
rithms. By including the mathematicdn the system,
SPIRAL canoptimize,akinto ahumanexpertprogram-
mer, on the implementationlevel and the algorithmic
levelto nd thebestmatchto thegivenplatform. Further
informationon SPIRAL canbefoundin [6, 8, 7, 12, 10.
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Figure 1. The architecture of SPIRAL.

In [2] we made rst stepsin extending SPIRAL to
generatoshortvectorcode.In this paperwe shav how
to usethis methodologyto obtainvery fastDFT code.

2.2.Mathematical Framework

In this section we describe SPIRALs mathematical
framework, which is the foundationof our approach.
The key point is the representatiorof algorithmsas
mathematicalformulas SPIRAL generateghesefor-
mulas(as SPL programs)andtranslategheminto code
(seeSection2.1). To obtainfastshortvectorcode,this
approachs not sufcient. We will shav in Section3.2
how to formally manipulateDFT formulasusingmath-
ematicalidentitiesto obtainthe structurenecessaryor
the generatiorof high performancevectorcode.

DSP Transforms and Algorithms. A (linear) DSP
transformis a multiplication of the sampledsignalx 2
C" by atransformmatrixM of sizen n,x 7! M x.
In this paperwe are mainly concernedwith the DFT,
which, for sizen, is givenby the matrix

DFT, = [1§
Fastalgorithmsfor DSP transformcan be represented
asstructuredsparsdactorizationsf the transformma-
trix. The famousCooley-Tukey fastFourier transform

(FFT) is a recursionmethodthat computesa DFT
from smallerDFT ,,'sandDFT ,'s. It canbewrittenas

DFTmn= (DFTm 1) T (Um DFT,)LR" (1)

P—_
k;><n], l,=¢ M

(see[11]), wherewe denotewith I, then n identity
matrix, by T the complex twiddle diagonalmatrix,
andby L™ :im+j 7'jn+i; 0 j<mO0 i<

n the stride permutationmatrix; L, readsaninput at
striden andstoresit at stride 1. Particularly important
is the tensoror Kroneder productof matrices,andthe
directsum respe%t'rely de nedas

a1 B ::: ai:n B 3
A B=4 )
an;l B a.n;n B
with A = [ax 1o k= n,and
A
A B= B

The latterwill occurlater Thesede nitions show that
all factorsin (1) aresparseandthatthefactorization(1)

reduceghearithmeticcostof computinga DFT. We call

Equation(1) a breakdownrule or simply rule. Recur

sive applicationof rules until all occurringtransforms
arebasecaseyyields a formulawhich de nes a fastal-

gorithm. For example,aformulafor aDFT g canbede-
rived by applying(1) twice (correspondingo 8 = 4 2,

followedby 4= 2 2):

(DFT, 1,)T3(l, DFT)LY 1,

T8, DFTy)LS:

In this paperwe consideronly DFTs of 2-pawer size
n = 2% andonly rule (1) for formulageneration How-
ever, the presentedframevork covers all linear DSP
transforms[8]. The degree of freedomin choosinga
factorizationof the transformsizein eachstepleadsto
alarge numberof formulaswith aboutequalarithmetic
cost,but differentstructurewhich leadsto differentrun-
timeswhenimplemented. SPIRAL usessearchin the
spaceof formulasfor optimizationandplatformadapta-
tion.

Formulas and Programs. Formulasare a natural
representationf algorithmsfrom a mathematicapoint
of view, but alsohave anintuitive interpretatioraspro-
grams, and can thus be translatedinto code (by SPI-
RAL's SPL compiler[12]). For example, multiplying
atensorproductl, A orA |, toaninputvectorx
leadsto loop code(if desired),or, a permutationdeter
minesin which order the elementsof x are accessed.
This accesatternis one of the main problemswhen
generatingectorcode.We useformulamanipulationto
solwe this problem.

Formula Manipulation. A given formula can be
manipulatedisingmathematicaidentitiesto derive cor-
rectvariationswith differentstructurej.e., differentdata
o w. Importantexamplesfor formulamanipulationsn-
clude(thesubscripof A; B denoteghe matrix size)

Lm) =" ®3)



and
L™ (Am  Ba)LR" = (Am  Bn)'™
= (Bn Am);
whereMP = P IMP denotesconjugation Further
identitiescan be found in Table 2. We will usethese

identitiesin Section3 to derive a shortvectorvariantof
the Cooley-Tukey FFT (1).

(4)

Imn = Im In (5)
LR t= ©)
Lkmmn Lhmn = Lhmn Llr<nmn = Lkmrr?n (7
LA™ = (" Im)( LEM) ®)
Lkm™ = (e LML Im) ©)
L™ (Am  Ba)LE" = (Am  Bn)'™ = (Bn Am) (10)
(Isk Ams n)'—:&n: Ik (Lg® 1s)
2
Im LY (Ams n 1) LE" s (11)

Table 2. Formula manipulations.

Complex Arithmetic. Above we representedFT
algorithmsasformulasbuilt from matriceswith comple
entries. However, vectorinstructionsprovide only real
arithmeticof vectorswith their elementstoredcontigu-
ouslyin memory Thus,to mapformulasto vectorcode,
we haveto translatecomple formulasinto realones.As
dataformat we choosethe commonlyusedinterleaved
comple format(alternatelyrealandimaginarypart)and
expresst formally asa mappingof formulas.We usethe
factthatthecomplex multiplication(u + iv) (y+iz)is
equialentto therealmultiplication[¥ V] [¥]. Thus,
the comple matrix-vector multiplicationM x 2 C"
correspondso M x 2 R?", whereM arisesfrom M
by replacingevery entry u + iv by the corresponding
(2 2)-matrix above, andx is in interleaved complex
format. To evaluatethe () of aformulawe usethesetof

identitiesgivenin Table3. Forexample A B = A B.

3. Generating Fast Short Vector DFT Code

To generatevery fastshortvectorcodefor the DFT we
needto provide a setof toolsthatextendall 3 modules
of SPIRAL (seeFigurel). We orderthemconceptually
from low to high level:
A shortvectorAPlimplementedisC macroghatcan
beimplementednary shortvectorarchitectureThe
API wasdevelopedaspartof [2].
A setof formulabuilding blocksthatcanbe mapped
to efcient vectorcodeon all currentvector exten-
sionsusingthis APl andthatis sufcient to imple-
mentthe DFT.

A B=AB (12)
A real (13)

Ip)(im  L3") (14)
1)(m 13) (15)

Am In=RAm 1o 1) (16)

; D = diag(co;:::;¢n 1) 17)

Table 3. Identities for the bar operator ().

A shortvectorFFT rule, derivedfrom (1), thatis ex-
clusively built from thesebuilding blocks, andthus
canbe usedto generate large classof vectorizable
formulas (seeSection2.2) that constitutethe algo-
rithm searchspace.
A vector codespeci ¢ seach methodto nd a fast
implementation.

We explain thelatterthreebulletsin the following.

3.1.Formula Building Blocks

Our portableSIMD API is designedsuchthatthe only
architecturalparameteron the formula level is the the
vectorlength of the shortvector SIMD extension.In
this sectionwe present setof basicformulaconstructs,
parameterizetly , thatcanbeefciently implemented
usingthe API, andthuson every shortvectorarchitec-
ture. In otherwords,the structureof the building blocks
allows their implementationusing exclusively aligned
vectormemoryaccessyectorarithmetic,vectorpermu-
tations,andcertainregisterpermutations.

TensorProduct. The simplestconstructhatcanbe
naturallymappedo vectorcodeis ary tensomproductof
theform

A 1; A2R™ M (18)

The correspondingodeis obtainedby replacingevery
scalaroperationin a programfor the formula A by a

-way vector operation. A is subsequentlyalled vec-
tor terminal sincethe constructsolvesthevectorization
problemindependendf A. In particulaf DFT , |
canbe completelyvectorized,no matterhow DFT ,, is
furtherexpanded.

Permutations. All permutation®f theform

nP Q=(P |m3(|n Q); (19)
whereQ2 | ;L2;L2:L°
included. The permutationP |, operateson blocks
of lengthm 2 f ;2 ; 2g,i.e., j m, andcanthusbe

realizedusingvectorvariables.l, Q is implemented
by applyingQ to n blocksof m=vectorvariables.The

andP is arbitrary are



registerto-register permutationgequiredby the differ-
entQ's canbeimplementedn all SIMD architectures,
on someby specializednstructions. The actualimple-
mentationof Q is hiddenby the portableSIMD API.

Complex Diagonals. Thelastbasicconstrucicavers
compl diagonalmatricesD = diag(co;:::;C 1),
Ck = ax + ibx, which cannotdirectly be mappedef-
ciently onto shortvectorinstructions(note that D is
a direct sumof 2 2 matrices,which hasno obvi-
ousvectorstructure).We conjugate comple diagonals
(AP = P 'AP) to obtain

i
diag (bo;:::; b 1)

=0 =L? _ diag(ao;:::;a 1)
D=D diag(bg;:::;b 11) diag (ap;:::;a 1)
(20)

Theconstrucin (20) hasthesamestructureas(18) with
A 2 R? 2, only the the nonzeroentriesvary, andcan
thusbeimplementedusing -way vectorarithmetic.To
implementhecomple t\NiddIedia\gonaI'Tnmn in (1),we
divideit into subdiagonal®; of length andapply(20).
Formally,

mn

2 ™t
T(?n =T e ﬁio; jmn
i=0
(21)
In the remainderof this paper we will referto the
constructsle ned by (18), (19), (20), and(21) asvector

constructs
3.2.Short Vector FFT Rule

In this sectionwe derive a short vector variant of the
Cooley-Tukey FFT rule givenin (1) (in realarithmetic,
i.e., with () applied). The derived rule is exclusively
built from the constructresentedn Section3.1andis
thusparameterizetly thevectorlength , whichensures
completevectorizationon all currentshortvectorSIMD
architecturesisingour vectorAPI. Further therule ex-
pandsagivenDFT in onestepinto vectorterminalsthat
canbe further expandedusing the ordinary scalarrule
(1), which givesriseto alarge spaceof vectorizablégor-
mulas.We will shav in Section4 thatby searchinghis
spacewe cangeneraterery fastcode.

3.2.1 Derivation

Thestartingpointfor thederivationis (1) mappedo real
arithmetic,i.e.,

DFT mn = (DFT i
andwe assumehat

) Ta" (Im DFTR)LE" (22)

jm and jn:

The standardway of translating(1) into real codeus-
ing the compl interleaved format corresponddo a
straightforvard applicationof the identitiesin Table 3,

startingwith distributing () over the factorsin (22) to
get

DFTmn =(DF T 1p)(Im &2")
T (lm DFT)LR" 1)

This formulais not built exclusively from vector con-
structs(seeSection3.1). Formally, whenmappingit to
vectorinstructionghefollowing dif culties occur:

(23)

LM 1, doesnotmatch(19)for 6 2.

lm  L3"andl, L2"donotmatch(19)(n6 ).

DFT, Iy andl, DFT, do not match(18)
(they areno vectorterminals).

Th" doesnotmatch(21).

Thus, this formula cannotbe directly mappedto short
vector SIMD hardware without further manipulation.
Using the identitiesin Table2 and (17), it is possible
to modify (23) to obtain a betterstructure. However,
theproblemof L™ 1, remainsandforcessub-\ector
accessWe have tried differentvariantsof (23) andob-
tainedmoderatdo goodruntimeresultsin [1, 2].
Thekey to completeandef cient vectorizationabet-
ter overall structure and higherperformanceis to pur
suea differentderivation that startsby applyingthe bar
operatorin (22) differentlyto thederivationof (23). We
presenthederiationin detail.
We startby distributing the bar operatorin (22) over
only threefactors,usingidentity (12), andobtain
_ =mn mn
DFT mn fDFT{9 In; E&.} fl m D{FZT n) Lm}
(a) (b) (c)
(24)
To furthermanipulate(a), we canuseary of theidenti-
ties (14)—(16)in Table 3. It turnsout that (16) is best,
sinceit leadslaterto a cancellatiorof permutationsand
thusa simplerstructure We obtain

(DFTm In)= DFT, 1o |

NotethattheconstrucDFT ,, |n isavectorterminal,
i.e.,it matcheg18),andcanthusbefurtherexpandedy
thescalarrule (1).

Construct(b) in (24) is a complex diagonalmatrix
andis transformedy applyingtheidentities(6) and(17)

to get

2
| mn L5

2
oo o e b (25)
Construct(c) requiregshemostcomplicatedransforma-
tion amongthethreefactorsin (24). We rst manipulate
the complex formula, and then apply the bar operator
By factoringthe stride permutation(identities(5), (8)),
partially ipping thetensorproduct(identity (10)), and



—onn
n

L2 DFT, Iz | I'm

DFTmn = |m

Table 4. Short vector variant of the Cooley-Tukey FFT,

usingseveralotheridentitiesin Table3, we obtainaspe-
cial caseof (11),

Im (L"

1)

The permutationon the right side of DFT,, | per

mutesblockswhile the permutationon the left sideis

a productof a permutatioron blocksanda permutation
within blocks. In a secondstep,the bar operatoris ap-

pliedto obtainarealformula. Usingnow identitiesfrom

Table3 we obtainthe desiredstructure

(Im

(Im DFT,)LR"

1)

I L° (DFT, Lo |

DFT,)LM = Im L% Im L |

2
2

L’ DFT, | L L

| 2n

This equationnow consistsexclusively of vector con-
structs.Again, DFT , is avectorterminal,which canbe
furtherexpandedoy the scalarrule (1).

Now all factorsin (24) arebuilt exclusively from vec-
tor constructsBy multiplying the derivedfactors,some
permutationsntroducedas conjugationscancelout us-
ing identity (6). This cancellationsimpli es data o w,
andthusimproves performanceandis anotherreason
for the particularchoiceof transformationsbove. The

nal shortvectorrule (26) for the DFT is displayedin
Table4.

In summarywe obtain the main result of this pa-
per: an FFT variantthat consistsexclusively of vector
izable constructsand decomposesa given DFT p, , for

j m; n, into vectorterminalsDFT , |~ andDFT ,,
which both canbe further expandedusing scalarrules,
e.g.,by (1). Thus,all formulasderived this way canbe
efciently vectorized.We notethata formal transposi-
tion of (26) yieldsa differentfully vectorizablerule.

Next, we explain how the formulasgeneratedrom
(26) aremappednto vectorcode.

3.2.2 Implementation

For the code generationwe usethe SIMD version of
SPIRALSs SPL compilerdevelopedin [2]. All formu-
las generatedisingthe vector FFT rule (26) matchthe
generalconstructthis compiler can translateinto vec-
tor codeandthe generateadtodeusesexclusivelyvector
memoryaccessWebrie y describéhow theSIMD SPL
compilertranslateghe occurringconstructsFor further

L2I"I

L° DFT, | Lan

I [ 2n

jm;n.

information we refer the readerto [2]. The generated
codeis C codeusingthemacrosof our SIMD API.

\ector Terminals. Vector code for vector terminals
A | s generatedoy generatingscalarcodefor A
andreplacingevery scalaroperationby the correspond-
ing vectoroperation.

PermutationsAny permutatiorin a nal formulathat
is not part of a vectorterminal matchesequation(19).
TheshortvectorSPLcompilerfusesthesepermutations
with memoryaccesoperationgequiredby the subse-
guentcomputation. Finally, they areimplementedvia
variablerenamingandcallsto combinednemoryaccess
andreorderingnacroghatarepartof theportableSIMD
API. No additional(scalar)memoryaccesss causedy
this method. g

Twiddle Matrix. The constructT , is handledasa
pre-or post-processingcalingoperationrof memoryac-
cessoperations.

3.3.Vector Code Speci ¢ Search Methods

SPIRAL provides different searchmethodsto nd the
bestalgorithmfor a given computingplatform, includ-
ing dynamicprogramming(DP), STEER(anevolution-
ary algorithm)[10], a hill climbing searchandexhaus-
tive search. For scalarDFT implementationsit turns
out that in generalDP is a good choice sinceit ter

minatesfast (using only (1), DP times at the order of

O(n?) formulas, wheren is the transformsize) and
nds closeto the bestimplementationsoundamongall

searchmethodd8].

But in the caseof shortvector SIMD implementa-
tions,it turnsoutthatDPfailsto nd thebestalgorithms,
asthe optimal subproblembecomeshighly contet de-
pendent. We explain this in the following and present
two variationsof DP thatwe includedin SPIRAL search
engineto overcomethis problem.In Sectiornd we exper
imentally evaluatethe differentDP variants.

Standard DP. DP searchesor the bestimplementa-
tion for atransformrecursvely by applyingall possible
rulesbut expandingthe obtainedchild transformsusing
the previously found optimal formulas,and picking the
fastestamongthe obtainedformulas. Sincethe child
transformsare smallerthanthe original construct,this
procesgerminates.n the caseof a DFT ,n , usingonly
rule (1), DP recursvely generateshe bestimplementa-
tionsfor all DFT 5,k n.

Themethodworkswell for scalarcode but for vector



codethe methodis awed. Firstrule (26) is appliedon
thetoplevel, leadingto differentchild transformcon g-
urations.Calling DP recursvely would inevitably apply
this rule again, eventhoughthe childrenarevectorter
minals, i.e., shouldbe expandedusingrule (1). As a
result,thewrongbreakdaevn stratgiesarefound.

Vector DP. The rst obviouschangss to disablethe
vectorrule (26) for vectorterminals.This alreadyleads
to reasonablstructuredormulas.But thereis a second
problem: DP optimizesall vectorterminalslike DFT
asscalarconstructghusnottakinginto accounthecon-
text DFT ¢ | of DFT k. Thus,we make asecondnod-
i cation by expandingDFT g by scalarrulesbut always
measuringheruntimeof thevectorcodegeneratedrom
DFT, | . Fortheotherconstructcontaininga vector
terminalin (26), DFT, I» | ,alsoDFT, | is
measuredindependenof =

Stride Sensitve Vector DP. This variantis directly
matchedto rule (26). For a given DFT ,,, this search
variant rst createsall possiblepairs(ny;n;) withn =
nin,. Forary pair(ny;ny), it searchesor the bestim-
plementatiorof the vectorterminalsrequiredby equa-
tion (26) using Vector DP. But whensearchingor the
bestDFT ,, by acall to VectorDP avariantis usedthat
nally measure®FT,, In; | insteadofDFT p,
I , which makes the searchsensitve to the stride ™.
The bestDFT ,,, is found by a call to standardvector
DP. This exactly optimizesthe requiredvector termi-
nals,includingthestride. This DP variantrequiresmuch
moreruntimemeasurementsomparedo the othertwo
DP variantsandthussaving the resultsfor earliermea-
suredpairs(nq; ny) speedsipthesearctrrucially. Run-
ning the searchwithout this memorizationleadsto a
contet andstride sensitve version(“nohash”variant),
but the additionalsearchtime doesnot pay off.

Implementation Degreesof Freedom. In addition
to the formula space we considertwo implementation
degreesof freedomarisingfor a DFT formulagenerated
from (26). Both degreesof freedomare machinespe-
ci ¢, andnot formula or transformsize speci c. Thus
they canbechecledand x edatinstalltime.

ReplicatedConstants Any constanin the codegen-
eratedor avectorterminalbecomesvectorconstanof

timesthe samenumberin the nal code. Depending

on the machine geitherloadingthe constantwith vector
memoryaccesgthusstoring numbers)r loadingthe
scalarand using a vector Il (splat) operationmay be
better

Constantusion. Theotherdegreeof freedomis con-
nectedto the twiddle matrix in equation(26): the mul-
tiplications can be fusedwith either of the vectorter
minals,which changeghe locality of memoryaccesses
for loadingtheconstantandchangesvhetherexpensve
arithmeticg(complec scaling)is doneimmediatelyafter

loadingor prior to storingdataelements.

4. Experimental Results

In this sectionwe presentexperimentalresultsfor our
automaticallygeneratedgshortvector codefor the DFT
of sizen = 2. We benchmarkagpinstthe bestavail-
able DFT implementationsacrossdifferent architec-
tures,compareour differentsearchmethods,andshav
the structureof the bestalgorithmsfound.

To validateour approactwe chosehe SSEandSSE2
extensionson binary compatible yet architecturalvery
differentplatforms: (i) Intel Pentiumll with SDRAM
running at 1 GHz; (ii) Intel Pentiund with RDRAM
runningat 2.53 GHz; and (iii) AMD AthlonXP 2100+
with DDR-SDRAM runningat 1733MHz. Thesema-
chinesfeaturedifferent chip sets, systembusses,and
memorytechnologyandtheprocessorarebasedndif-
ferentcoresandhave differentcachearchitectures.

Thetheoreticakpeed-umchiezableby vectorization
(ignoring effects like smaller program size when us-
ing vectorinstructions)is a factor of four for SSEon
Pentiumlll andPentium4. For SSEon Athlon XP and
SSE2 on Pentiumd thelimit is afactorof two.

By nding differently structuredalgorithmson dif-
ferent machines,we achieze high performanceacross
architectureandacrossshortvectorextensionswhich
demonstratghe succesf our approachin providing
portableperformancéndependenstf thevectorlength
andotherarchitecturabetails.

We benchmarkd our generatedrector codeagginst
state-of-the-ar€ codeby FFTW 2.1.3[3] or generated
by SPIRAL, against compiler vectorizedC code gen-
eratedby SPIRAL, and acainstshortvector code pro-
vided by the Intel Math KernelLibrary MKL 5.1, Fur-
ther, weincludedFFTW-GEL, whichsupportsSSE2and
3DNow! [5], andthe DFT runtimeresultsfrom [9]. In
all caseave usetheIntel C++ Compiler6.0.

The MKL featuresseparateversionsoptimized for
Pentiumlll and 4. We note that the MKL usesin-
placecomputatiorandmemoryprefetchingnstructions,
which givesit anadvantageover our code,which com-
putesthe DFT out-of-placeandwithout prefetching.

FFTW-GEL is an extensionof FFTW that supports
2-way vector code, made possibleby a short vector
“codelet” generatorfor small DFT sizes. The vector
izationtechniquds restrictedto 2-way vectorsandgen-
eratesstraight-lineassemblycode.

All resultsare given in “pseudo op/s” computed
as 5nlog,(n)=(runtimein s) for a DFT of size n.
5n log,(n) is anupperboundfor the arithmeticcostof
FFT algorithms, thus the numbersare slightly higher

Ihttp://developerintel.com/softvare/products/mkl



thanreal op/s, but therelationis presered. SPIRAL
generatedcalarcodewasfoundusinga DP searchSPI-
RAL generatedectorcode(usingour extensionslusing
the bestresult of the two differentvector DPsin Sec-
tion 3.3. In both caseswve includedthe global limit for
unrolling (the sizeof subblocksto be unrolled)into the
search.

We now presentanddiscusgheresultsin detail.

Pentium 4. Onthis maching(2.53GHz) we achieved
thebestperformancgercycleandthehighesispeed-ups
comparedo scalarSPIRAL generated¢ode(or FFTW).
Using SSE (seeFigure 2(a)), we achieved up to 6.25
pseudds op/s andaspeed-umf upto 3.1. UsingSSE2
(seeFigure2(b)), we achieved up to 3.3 pseuddG op/s
anda speed-upmf up to 1.83. The performanceof our
codeis bestwithin L1 cacheandonly slightly decreases
outsideL1. For SSE2we alsoincludedan exhaustve
searchfor small DFT sizes,which yielded signi cant
improvementonly for n = 64. Analysisof our gener
atedprogramsshaws that the bestfound codefeatures
very smallloop bodies(asopposedo mediumandlarge
unrolledblocksthattypically leadto high performance)
andvery regular codestructure.This is dueto the Pen-
tium4'snew featurespamely(i) its new corewith avery
long pipeline, (ii) its new instructioncachethat caches
instructionsafter they are decoded(trace cache),and
(iii) its small, but very fastdatacaches.Our generated
SSEcodeoutperformshe MKL for sizesn < 2° andis
aboutequalforn  2°. Ourgenerated®SE2codecom-
paresfavorablyto the MKL acrossall consideredizes.
For SSE2 FFTW-GEL achievesaboutthe sameperfor
manceasour code.However, it cannotbe usedfor SSE
as FFTW-GEL s vectorizationis restrictedto two-way
shortvectorextensions.We includethe resultsreported
in [9] obtainedon a similar machinewhich wasrunning
at 1.4 GHz. As we could not get the sourcecode,we
scaledhereportedesultsupto thefrequeny of ourtest
machingof coursetheseperformancemumbersareonly
a very roughbut instructive estimate).SeeFigure 2(a)
and(b) for details.

Pentium Ill. We achiezed up to 1.7 pseudoG op/s
anda speed-umf upto 3.1 onal GHz machinewith a
Copperminecore(seeFigure2(c)). Thebestimplemen-
tationsfeaturednoderatesizedloop bodies.Onthisma-
chine,our codedeliversthe highestspeed-up$or larger
sizes. The Intel MKL offers lower performancecom-
paredto our codes(whencomparingto the Pentium),
whichre ectsIntel'sadditionattuningeffort for the Pen-
tium4. Thenew shortvectorFFT rule presentedn this
paperremovesthe performancealegradationon the Pen-
tium|Il for largersizesin [2] andspedup ourimplemen-
tation signi cantly. It now runsat a high performance
level acrossall testedproblemsizes.SeeFigure2(c) for
details.

Athlon XP. We achiezed up to 2.8 pseudoG op/s
and speed-up®f up to 1.7 on an 1733 MHz machine
(seeFigure 2(d)). The bestimplementationdeatured
large loop bodies.On this machine the performanceof
our codedecreaseat the L1 boundary wherethe Intel
MKL cankeepthe performancdevel. Analysisshaws,
however, that the performancelevel achieved by our
codesfor 2" ! is the sameasthe Intel MKL achieves
for 2". Thisis in partdueto the in-placecomputation
by the Intel MKL which resultsin smallermemoryre-
guirements.Although the 3DNow! professionakxten-
sion(binarycompatibleto 3DNow! andSSE)featuresi-
way SIMD, the maximumobtainablespeed-ups a fac-
tor of two, asthe Athlon XP's two oating-point units
thenbothoperateastwo-way SIMD units.

FFTW-GEL achievesupto 35% higherperformance
as our approach;it gains the adwvantagefrom the fol-
lowing facts: (i) FFTW-GEL generategassemblycode.
(i) FFTW-GEL directly utilizes the two-way native
3DNow! (i) FFTW-GEL featuresan AMD speci c
assemblebaclend. On the otherhand, our generated
codefacesthe following disadwantages:(i) We utilize
3DNow! professionab compatibilityto SSE.AMD sup-
ports SSE instructionsfor compatibility reasonshow-
ever, is not speci ¢ aboutthe performanceof its SSE
implementation(ii) AMD doesnotsupplyits own com-
piler (extension).We have to resortto the Intel compiler
on the AMD machinewhich producesfair but not op-
timal code,however, is still amongthe bestcompilers
with SSE supportavailable for the Athlon XP. Barring
thesdlifferenceswe speculatéhat,for 2-wayvectoriza-
tion, both approachesreequallysuccessfu(asin Fig-
ure2(b)). Comparingthe performancef our codewith
theIntel MKL on the Athlon XP shavs thatwe achieve
high performancewithin the boundarie®f AMD' s SSE
implementationHowever, usingAMD 3DNow!, higher
performanceanbe obtainedasshovn by FFTW-GEL.

Compiler Vectorization. Automatic compilervec-
torizationin tandemwith SPIRAL codegeneratiorpro-
videsafair evaluationof thelimits of thistechnique By
runninga DP search SPIRAL can nd algorithmsthat
are beststructuredfor compilervectorization. Further
the code generatedoy SPIRAL is of simple structure
(e.g.,containsno pointersor variableloop limits). Even
thoughthe compiler canimprove on SPIRALs scalar
code theperformancés farfrom optimal(see'SPIRAL
vect” in Figure2(a)—(d)). As anaside,dueto its struc-
ture, FFTW cannotbe compilervectorized.

Evaluation of the Seacch Methods. One of the
mainobsenationswasthatDP workswell on somema-
chineswhile on othersit misseghebestimplementation
considerablythusrequiringthemodi ed versionsntro-
ducedin Section3.3. Speci cally, on the Pentiumlll
andAthlon XP, StandardP nds implementationsery
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closeto the bestfound. But onthe Pentium4 thevector
awareDPsarerequiredto getthebestperformanceFig-
ure 2(f) shaws this behaior, by displayingthe slow-
down factorof the bestcodefound by differentsearch
methodscomparedo the best: StandardDP misseghe
bestresultby up to 25%. Furtheyforn 27, exhaus-
tive searchleadsto the bestresult. Forn > 27 Vector
DP nds codeof similar performanceas Stride Sensi-
tive VectorDP. Thus,theadditionalsearchime required
by the Stride Sensitve Vector DP variantsdoesnot pay
off. A combinationof exhaustve search(wherepossi-
ble)andVectorDP (for largersizes)is themosteconom-
ical searchmethodto obtainfastshortvectorcode.
Crosstiming A naturalquestionthat arisesis how
the bestalgorithmsfound for one architectureperform
on the other platforms. As an example, we shav in
Figure 2(e) the slow-down factor of the best found
DFT formulas for PentiumlIl/SSE, AthlonXP/SSE,
Pentiumd/scalay Pentiund/SSE2,and Pentium4/SSE,
whenimplementedusing SSEon Pentiund (usingthe
bestcompileroptimization).As expectedthe Pentiund
SSEversionperformsbestandis the baseline Both the
scalarandthe SSE2formula performvery bad. But in-
terestinglyalsotheformulasfor SSEon Pentiumlll and
on Athlon XP areup to 60% slower thanthe Pentium4
SSEversion. We obtaineda similar behaior on the
othermachinesThis experimentclearlyshovstheneed

for platform-adaptatioto obtainoptimal performance.

BestFound Algorithms. Ourapproachdelivershigh
performanceon all testedsystems.The structureof the
bestimplementationshowever, dependseaily onthe
target machine. As an example, Table 5(f) shaws for a
DFT of size21?, thestructureof thebestfoundformulas,
displayedastreesrepresentinghe breakdavn stratgy
(theexpansionof smallernodesis sometimeomitted).

Generallyspeaking,two completelydifferenttypes
of algorithmswere found: 1. Algorithms with rather
balancedrees;and?2. Algorithmswith unbalancedrees
tendingto beright-expandedThe rst typeoccurswhen
theworking set ts into theL1 cacheandfor codesgen-
eratedusing compiler vectorization. The secondtype
occursfor out-of-cachesizes; the actual structurede-
pendson whetherscalaror vector codeis generated.
For all ruletrees,parametersaand structuraldetails on
deepeilevels dependon the actualtarget machine,and
arebrie y discussedhext.

Scalar Code Right-expandedtreeswith machine-
dependensizesof the left leaves are found to be the
mostef cient formulaswhenusingonly the scalarFPU
for out-of-cachesizes.Thesetreesprovide the bestdata
locality. For in-cachesizes,balancedtreesare found.
For example,In Table5, dueto the larger cachegcom-
paredto Pentium4) of the Pentiumll and Athlon XP,
still balancedreesarefound.



Pentium4 Pentium4 Pentiumlll Athlon XP
(single) (double) (single) (single)
10 10 10 10
/N /\ N N
generated 2 8 2 8 4 6 4 6
scalarcode /\ /\ /N /N ANYAN
2 6 2 5 2 2 2 4 2 2 3 3
generated 10 10 10 10
scalarcode 4/ \6 2/ \8 6/ \4 4/ \6
compiler /N /N /N /N /N /N /N
vectorized 2 4 2 5 2 42 2 2 24 2
0 10
generated s/ \2 9/ \1 /10\ /10\
vectorcode /\ /\ 5 5 5 5
singleimplies SSE 107 107 /N /\ /N /\
doubleimplies SSE2 2/\5 2/\5 2 32 3 2 32 3

Table 5. The best found DFT algorithms for n = 2, represented as breakdo wn trees.

Compiler\ectorizedScalar Code Vectorizingcom-
pilers tend to favor large loops with mary iterations.
Thus,thebestfoundtreesfeatureatop-level splitthatre-
cursesnto aboutequallylargesub-problemsln Table5,
onthePentiumd for doubleprecisionthe codewasnot
vectorizedandthusa right-expandedreeis found.

Short Vector SIMD Code Due to structuraldiffer-
encedn the standardCooley-Tukey rule (optimizingfor
locality) andthe ShortVector Cooley-Tukey rules(try-
ing to keeplocality while supportingvector memory
access)jn the rst recursionstepthe right child prob-
lemis smallcomparedo theleft child problemandthe
left child problemis subsequentlyight-expanded.This
leadsto gooddatalocality for vectormemoryaccessin
Table5, dueto thelargercachesizes,onthe Pentiumli|
andAthlon XP again balancedreesarefound.

5. Conclusion

We formally derived a novel variant of the Coolgy-
Tukey FFT that canbe usedto implementa comple
DFT using exclusively short vector instructions. We
includedthe FFT variant as breakdavn rule into SPI-
RAL and automatically generatedhigh performance
DFT shortvectorimplementationsacrossdifferent ar
chitecturesincluding Pentiumlil/4 and Athlon XP. We
achivedspeed-upsomparedo thebestavailablescalar
codethatareclose(70-80%) to thevectorlength , and
matchedor exceededhe performancef the bestavail-
able DFT vendorlibrary. We shaved that highestper
formancecodeis platform-speci c,which con rms the
needfor platform-adaptatiorand thus codegeneration
technologies.

We concludeby thankingProf. Uberhube(Technical
University of Vienna)and Prof. Jo® Moura (Carngie
Mellon University)for initiating andsupportingthe au-
thorscollaboration.
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