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Abstract

In this paper we use a mathematicalapproach to
automaticallygenerate high performanceshort vector
codefor thediscreteFourier transform(DFT). We rep-
resentthe well-knownCooley-Tukey fast Fourier trans-
form in a mathematicalnotationand formally derivea
“short vector variant”. Using this recursion we gen-
erate for a given DFT a large numberof different al-
gorithms,representedas formulas,and translatethem
into short vectorcode. Thenwe presenta vectorcode
speci�c dynamicprogrammingmethodthat searchesin
thespaceof different implementationsfor thefasteston
the givenarchitecture. We implementedthis approach
aspart of theSPIRALlibrary generator. OnPentiumIII
and4, our automaticallygeneratedSSEandSSE2vec-
tor codecomparesfavorably with the hand-tunedIntel
vendorlibrary.

1. Intr oduction

Short Vector Extensions. The computationalsim-
plicity of multimediaapplicationshasspawnedthe in-
ventionof shortvectorSIMD (singleinstruction,multi-
ple data)extensions, which areincludedin mostrecent
instructionsetarchitectures.Theseextensionsprovide
datatypesandinstructionsto operatein parallelonshort
vectors(currentlyof length2 or 4) of �oating pointnum-
bers.Table1 givesanoverview ontheseextensions.Ex-
amplesincludeSSE(4-way singleprecision)provided
by PentiumIII/4 andAthlon XP, andSSE2(2-way dou-
bleprecision)providedby Pentium4.

Short vector instructionsprovide a large potential
speed-up(factorsof 2 or 4) for performance-criticalap-
plications,but poseadif�cult challengefor softwarede-
velopersfor thefollowing reasons:

� This work wassupportedby the SpecialResearchProgramSFB
F011“AURORA” of theAustrianScienceFundFWF andby DARPA
throughresearchgrantDABT63-98-1-0004administeredby theArmy
Directorateof Contracting.

� Automatic vectorizationof C codeby compilersis
very limited for all but themostsimpleprogramsand
yieldsonly moderatespeed-up.Most codecannotbe
vectorizedatall.

� No commonprogramminginterface(API) exists for
usingtheseinstructions.Theprogrammerhaseither
to resortto assemblyprogrammingor to the useof
C languageextensions(called intrinsics or built-in
functions) provided by the vendor. Theseintrinsics
are not standardized,neither acrosscompilersnor
acrossarchitectures.Both strategies requirea high
level of programmingexpertiseandyield codethatis
notportable.

� Theperformanceof shortvectorinstructionsis very
sensitive to the dataaccesspatternduring computa-
tion. Unalignedandnon-unitstrideaccesscandete-
riorateperformance.

Vendor Name n-way Prec. Processor

PentiumIII
Intel SSE 4-way single Pentium4
Intel SSE2 2-way double Pentium4

Itanium
Intel IPF 2-way single Itanium2
AMD 3DNow! 2-way single K6

Enhanced K7, AthlonXP
AMD 3DNow! 2-way single AthlonMP

3DNow! AthlonXP
AMD Professional 4-way single AthlonMP

Motorola AltiVec 4-way single MPC74xxG4

Table 1. Shor t vector SIMD extensions.

DFT Vector CodeGeneration. In this paperwe ad-
dressthe problemof creatinghigh performanceshort
vector code for the discreteFourier transform(DFT),
which is ubiquitously used in signal processingand
acrossscienti�c disciplinesand has in many applica-
tions a virtually unlimited needfor performance.Our
approachis basedon SPIRAL [6], a library generator
for digital signal processing(DSP) transforms. SPI-
RAL generatesfor a giventransformmany differental-
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gorithms,representedasmathematicalformulas.These
formulasaretranslatedinto programs,which aretimed
on thegivenplatform. By intelligently searchingin the
spaceof theseformulasandtheir implementations,SPI-
RAL automatically�nds analgorithmandits implemen-
tationthatis adaptedto thegivenarchitecture.In [2] we
extendedSPIRAL to generateSSEvectorcodefor the
DFT andothertransforms.Wepresented
� ashortvectorAPI of C macrosthatcanbeef�ciently

implementedonall currentshortvectorarchitectures;
and

� a setof basicformulabuilding blocksthatcanbeef-
�ciently implementedusingtheAPI.

In thispaperwepresenttheadditionaltoolsthatarenec-
essaryto generateveryfastDFT implementationsacross
platformsandacrossvectorextensions.
� We formally derive a short vectorversionof the fa-

mousCooley-Tukey fastFouriertransform(FFT) for
acomplex inputvectorin theinterleavedformat(real
and imaginary part alternately). The new variant
consistsexclusively of building blocksthat areef�-
cientlyvectorizableonall currentshortvectorSIMD
architectures,i.e., it canbeimplementedusingvector
memoryaccess,vectorarithmetic,anda smallnum-
berof in-registerpermutations.

� We presenttwo vector codespeci�c dynamicpro-
grammingsearchmethods.

We includedthesemethodsinto SPIRAL to automati-
cally generateshortvectorDFT codefor differentplat-
formsusingtheSSEandSSE2instructionset.Ourgen-
eratedcodeis competitive with or fasterthanthehand-
tunedIntel vendorlibrary MKL 5.1.andyieldsaspeed-
up comparedto thebestavailableC code(from FFTW
2.1.3[3] orSPIRAL)of uptoafactorof 3.3for SSE,and
up to a factorof 1.8 for SSE2code.We alsoshow that
the bestalgorithm found dependson the platform and
onthedataformat(i.e.,scalar, SSE2,andSSE),andthat
automaticcompilervectorizationyieldssuboptimalper-
formance.In summary, our approachprovidesportable
shortvectorcodeandportablehighperformance.

Related Work. Becauseof the problemssketched
above, thereareonly few researchefforts on shortvec-
tor DFT code.Reference[9] providesaDFT implemen-
tation using SSE,and is included in our benchmarks.
FFTW 2.1.3[3] providesvery ef�cient C code,but no
shortvectorcode.ThebestcurrentlyavailableSSEcode
is provided by the vendor library MKL 5.1. FFTW-
GEL [5] providesshortvectorcode,but the vectoriza-
tion techniqueis restrictedto two-way shortvectorex-
tensions.FFTW-GEL for 3DNow! andSSE2is included
in our benchmarks.Finally, we want to note that the
“original” vectorcomputersusedadecadeor longerago
had a typical vector length of at least64, and a high
startupcostfor usingvectorinstructions[4]. As a con-

sequence,the algorithmsdesignedfor theseplatforms
arenot suitablefor shortvector implementations.The
correspondinglibrarieswere implementedin assembly
andcanthusnot beusedfor benchmarkingagainstour
generatedcode.

Organization. In Section2 we give an overview
of SPIRAL and explain the mathematicalframework
that we use to representand manipulateDFT algo-
rithms. Section3 containsthe main advances:a recur-
sionmethodfor theDFT suitablefor vectorization,and
methodsto searchthe spaceof algorithmsthat canbe
derivedfrom it. WebenchmarkourgeneratedDFT code
in Section4 andconcludewith Section5.

2. Background: SPIRAL and the Mathe-
maticsof Transforms

In this sectionwe provide the backgroundfor our ap-
proachto automaticgenerationandplatformadaptation
of short vectorcodefor the discreteFourier transform
(DFT). First,we brie�y introduceSPIRAL,a codegen-
eratorfor DSPtransforms,which provides the context
andthemethodologyfor ourapproach.Thenweexplain
theformalmathematicalnotationthatweusethroughout
thepaperto representandmanipulateDFT algorithms.

2.1.SPIRAL

SPIRAL is a generatorfor high performancecodefor
DSPtransformslike theDFT, thediscretecosinetrans-
forms (DCTs), and many others[6]. SPIRAL usesa
mathematicalapproachthat translatesthe implementa-
tion probleminto a searchin the spaceof structurally
differentalgorithmsandtheir possibleimplementations
to generatecodethat is adaptedto the given comput-
ing platform. At the heartof SPIRAL's approachis a
concisemathematicallanguagethatrepresentsthemany
differentalgorithmsfor a transformasformulas.These
formulasareautomaticallygeneratedandautomatically
translatedinto code,thusenablingautomatedsearchfor
thebest.

The architectureof SPIRAL is shown in Figure 1.
Theuserspeci�esa transformshewantsto implement,
e.g.,aDFT of size1024.TheFormula Generatormod-
uleexpandsthetransforminto one(or several)formulas,
i.e., algorithms,representedin theSPIRAL proprietary
languageSPL (signalprocessinglanguage).The For-
mula Translator (alsocalledSPL compiler)translates
theformulainto aC or Fortranprogram.Theruntimeof
thegeneratedprogramis fedbackinto aSearch Engine
thatcontrolsthegenerationof thenext formulaandpos-
sibleimplementationchoices,suchasthedegreeof loop
unrolling. Iteration of this processyields a platform-
adaptedimplementation. Searchmethodsin SPIRAL
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include dynamicprogrammingand evolutionary algo-
rithms. By including the mathematicsin the system,
SPIRALcanoptimize,akin to ahumanexpertprogram-
mer, on the implementationlevel and the algorithmic
level to �nd thebestmatchto thegivenplatform.Further
informationonSPIRALcanbefoundin [6, 8, 7, 12, 10].

-
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Figure 1. The architecture of SPIRAL.

In [2] we made�rst stepsin extendingSPIRAL to
generatorshortvectorcode.In this paperwe show how
to usethismethodologyto obtainvery fastDFT code.

2.2.Mathematical Framework

In this section we describeSPIRAL's mathematical
framework, which is the foundationof our approach.
The key point is the representationof algorithms as
mathematicalformulas. SPIRAL generatesthesefor-
mulas(asSPLprograms)andtranslatestheminto code
(seeSection2.1). To obtainfastshortvectorcode,this
approachis not suf�cient. We will show in Section3.2
how to formally manipulateDFT formulasusingmath-
ematicalidentitiesto obtainthe structurenecessaryfor
thegenerationof highperformancevectorcode.

DSP Transforms and Algorithms. A (linear) DSP
transformis a multiplicationof thesampledsignalx 2
Cn by a transformmatrixM of sizen � n, x 7! M � x.
In this paperwe are mainly concernedwith the DFT,
which, for sizen, is givenby thematrix

DFT n = [! k `
n j� k; ` < n]; ! n = e2�

p
� 1=n :

Fast algorithmsfor DSP transformcan be represented
asstructuredsparsefactorizationsof the transformma-
trix. The famousCooley-Tukey fastFourier transform
(FFT) is a recursionmethodthat computesa DFT mn

from smallerDFT m 'sandDFT n 's. It canbewrittenas

DFT mn = (DFT m 
 In ) Tmn
n (I m 
 DFT n ) Lmn

m (1)

(see[11]), wherewe denotewith In then � n identity
matrix, by Tmn

n the complex twiddle diagonalmatrix,
andby Lmn

n : im + j 7! j n + i; 0 � j < m; 0 � i <
n thestridepermutationmatrix; Lmn

n readsan input at
striden andstoresit at stride1. Particularly important
is the tensoror Kronecker productof matrices,andthe
directsum, respectively de�ned as

A 
 B =

2

4
a1;1 � B : : : a1;n � B

...
...

...
an; 1 � B : : : an;n � B

3

5 (2)

with A = [ak ;` ]0� k ;` � n , and

A � B =
�

A
B

�
:

The latter will occur later. Thesede�nitions show that
all factorsin (1) aresparse,andthatthefactorization(1)
reducesthearithmeticcostof computingaDFT. Wecall
Equation(1) a breakdownrule or simply rule. Recur-
sive applicationof rules until all occurringtransforms
arebasecasesyieldsa formulawhich de�nes a fastal-
gorithm.For example,a formulafor aDFT 8 canbede-
rivedby applying(1) twice (correspondingto 8 = 4 � 2,
followedby 4 = 2 � 2):

� �
(DFT 2 
 I2) T4

2 (I 2 
 DFT 2) L4
2

�

 I2

�

T8
2(I 4 
 DFT 2) L8

4 :

In this paperwe consideronly DFTs of 2-power size
n = 2k andonly rule (1) for formulageneration.How-
ever, the presentedframework covers all linear DSP
transforms[8]. The degreeof freedomin choosinga
factorizationof the transformsizein eachstepleadsto
a largenumberof formulaswith aboutequalarithmetic
cost,but differentstructure,whichleadsto differentrun-
times when implemented.SPIRAL usessearchin the
spaceof formulasfor optimizationandplatformadapta-
tion.

Formulas and Programs. Formulasare a natural
representationof algorithmsfrom a mathematicalpoint
of view, but alsohave anintuitive interpretationaspro-
grams,and can thus be translatedinto code (by SPI-
RAL's SPL compiler [12]). For example,multiplying
a tensorproductIn 
 A or A 
 In to an input vectorx
leadsto loop code(if desired),or, a permutationdeter-
minesin which order the elementsof x are accessed.
This accesspatternis oneof the main problemswhen
generatingvectorcode.Weuseformulamanipulationto
solve thisproblem.

Formula Manipulation. A given formula can be
manipulatedusingmathematicalidentitiesto derivecor-
rectvariationswith differentstructure,i.e.,differentdata
�o w. Importantexamplesfor formulamanipulationsin-
clude(thesubscriptof A; B denotesthematrix size)

(L mn
m ) � 1 = Lmn

n (3)
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and

Lmn
n (Am 
 Bn ) Lmn

m = (Am 
 Bn )L mn
m

= (Bn 
 Am );
(4)

whereM P = P � 1M P denotesconjugation. Further
identitiescan be found in Table 2. We will usethese
identitiesin Section3 to derive a shortvectorvariantof
theCooley-Tukey FFT(1).

Imn = Im 
 In (5)

(L mn
m ) � 1 = Lmn

n (6)

Lk mn
m Lk mn

n = Lk mn
n Lk mn

m = Lk mn
mn (7)

Lk mn
n = (L k n

n 
 Im )(I k 
 Lmn
n ) (8)

Lk mn
k m = (I k 
 Lmn

m )(L k n
k 
 Im ) (9)

Lmn
n (A m 
 B n ) Lmn

m = (A m 
 B n )L mn
m = (B n 
 A m ) (10)

(I sk 
 A ms � n ) Lsk n
sk =

�
Ik 
 (L ms

s 
 Is )
�

Im 
 Ls2

s

�
(A ms � n 
 Is )

� �
Lk n

k 
 Is

�
(11)

Table 2. Form ula manipulations.

Complex Arithmetic. Above we representedDFT
algorithmsasformulasbuilt from matriceswith complex
entries.However, vectorinstructionsprovide only real
arithmeticof vectorswith theirelementsstoredcontigu-
ouslyin memory. Thus,to mapformulasto vectorcode,
wehaveto translatecomplex formulasinto realones.As
dataformat we choosethe commonlyusedinterleaved
complex format(alternatelyrealandimaginarypart)and
expressit formally asamappingof formulas.Weusethe
factthatthecomplex multiplication(u + iv ) � (y + iz ) is
equivalentto therealmultiplication[ u � v

v u ] � [ y
z ]. Thus,

the complex matrix-vectormultiplication M � x 2 Cn

correspondsto M � ~x 2 R2n , whereM arisesfrom M
by replacingevery entry u + iv by the corresponding
(2 � 2)-matrix above, and ~x is in interleaved complex
format.To evaluatethe(�) of aformulaweusethesetof
identitiesgivenin Table3. For example,A � B = A � B .

3. GeneratingFastShort Vector DFT Code

To generatevery fastshortvectorcodefor theDFT we
needto provide a setof tools thatextendall 3 modules
of SPIRAL (seeFigure1). We orderthemconceptually
from low to high level:
� A shortvectorAPI implementedasC macrosthatcan

beimplementedonany shortvectorarchitecture.The
API wasdevelopedaspartof [2].

� A setof formulabuilding blocksthatcanbemapped
to ef�cient vector codeon all currentvector exten-
sionsusing this API and that is suf�cient to imple-
menttheDFT.

A � B = A � B (12)

A = A 
 I2 ; A real (13)

A m 
 In = (A m 
 In )( I m 
 L 2n
2 ) (14)

A m 
 I � = (A m 
 I � )( I m 
 L 2 �
2 ) (15)

A m 
 In = (A m 
 I n
�


 I � )

�
I mn

�

 L 2 �

2

�

(16)

D
0

= D

�
I n

�

 L 2 �

�

�

; D = diag(c0 ; : : : ; cn � 1 ) (17)

Table 3. Identities for the bar operator ( �) .

� A shortvectorFFT rule, derivedfrom (1), thatis ex-
clusively built from thesebuilding blocks,and thus
canbeusedto generatea largeclassof vectorizable
formulas(seeSection2.2) that constitutethe algo-
rithm searchspace.

� A vector codespeci�c search methodto �nd a fast
implementation.

Weexplain thelatterthreebulletsin thefollowing.

3.1.Formula Building Blocks

Our portableSIMD API is designedsuchthat the only
architecturalparameteron the formula level is the the
vectorlength� of theshortvectorSIMD extension.In
thissectionwepresentasetof basicformulaconstructs,
parameterizedby � , thatcanbeef�ciently implemented
usingthe API, andthuson every shortvectorarchitec-
ture. In otherwords,thestructureof thebuilding blocks
allows their implementationusing exclusively aligned
vectormemoryaccess,vectorarithmetic,vectorpermu-
tations,andcertainregisterpermutations.

TensorProduct. Thesimplestconstructthatcanbe
naturallymappedto vectorcodeis any tensorproductof
theform

A 
 I � ; A 2 Rm � n : (18)

The correspondingcodeis obtainedby replacingevery
scalaroperationin a programfor the formula A by a
� -way vectoroperation. A is subsequentlycalledvec-
tor terminal, sincetheconstructsolvesthevectorization
problemindependentof A. In particular, DFT n 
 I �

canbe completelyvectorized,no matterhow DFT n is
furtherexpanded.

Permutations. All permutationsof theform

P 
 Q = (P 
 Im )(I n 
 Q); (19)

whereQ 2
n

I � ; L2�
2 ; L2�

� ; L � 2

�

o
andP is arbitrary, are

included. The permutationP 
 Im operateson blocks
of lengthm 2 f � ; 2� ; � 2g, i.e., � j m, andcanthusbe
realizedusingvectorvariables. In 
 Q is implemented
by applyingQ to n blocksof m=� vectorvariables.The
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register-to-registerpermutationsrequiredby the differ-
entQ's canbeimplementedon all SIMD architectures,
on someby specializedinstructions.Theactualimple-
mentationof Q is hiddenby theportableSIMD API.

Complex Diagonals.Thelastbasicconstructcovers
complex diagonalmatricesD = diag(c0; : : : ; c� � 1),
ck = ak + ibk , which cannotdirectly be mappedef-
�ciently onto short vector instructions(note that D is
a direct sum of 2 � 2 matrices,which has no obvi-
ousvectorstructure).We conjugatecomplex diagonals
(AP = P � 1AP ) to obtain

D
0
= D

L 2 �
� =

h
diag (a0 ; : : : ; a � � 1 ) � diag (b0 ; : : : ; b� � 1 )
diag (b0 ; : : : ; b� � 1 ) diag (a0 ; : : : ; a � � 1 )

i

(20)
Theconstructin (20)hasthesamestructureas(18)with
A 2 R2� 2, only the the nonzeroentriesvary, andcan
thusbeimplementedusing� -way vectorarithmetic.To
implementthecomplex twiddlediagonalT

mn
n in (1),we

divideit intosubdiagonalsD i of length� andapply(20).
Formally,

T
0mn

n = T
mn
n

�
I mn

�

 L 2 �

�

�

=

mn
� � 1M

i =0

D
0
i ; � j mn

(21)
In the remainderof this paper, we will refer to the

constructsde�ned by (18),(19),(20), and(21)asvector
constructs.

3.2.Short Vector FFT Rule

In this sectionwe derive a short vector variant of the
Cooley-Tukey FFT rule given in (1) (in realarithmetic,
i.e., with (�) applied). The derived rule is exclusively
built from theconstructspresentedin Section3.1andis
thusparameterizedby thevectorlength� , whichensures
completevectorizationonall currentshortvectorSIMD
architecturesusingour vectorAPI. Further, therule ex-
pandsagivenDFT in onestepinto vectorterminalsthat
canbe further expandedusing the ordinaryscalarrule
(1), whichgivesriseto a largespaceof vectorizablefor-
mulas.We will show in Section4 thatby searchingthis
spacewecangeneratevery fastcode.

3.2.1 Derivation

Thestartingpointfor thederivationis (1) mappedto real
arithmetic,i.e.,

DFT mn = (DFT m 
 In ) Tmn
n (I m 
 DFT n )L mn

m (22)

andweassumethat

� j m and � j n:

The standardway of translating(1) into real codeus-
ing the complex interleaved format correspondsto a
straightforward applicationof the identitiesin Table3,

startingwith distributing (�) over the factorsin (22) to
get

DFT mn =( DFT m 
 In )(I m 
 L 2n
2 )

T
mn
n (I m 
 DFT n )(L mn

m 
 I2)
(23)

This formula is not built exclusively from vector con-
structs(seeSection3.1). Formally, whenmappingit to
vectorinstructionsthefollowing dif�culties occur:

� Lmn
m 
 I2 doesnotmatch(19) for � 6= 2.

� Im 
 L2n
2 andIm 
 L2n

n donotmatch(19)(n 6= � ).

� DFT m 
 In and Im 
 DFT n do not match (18)
(they arenovectorterminals).

� T
mn
n doesnotmatch(21).

Thus, this formula cannotbe directly mappedto short
vector SIMD hardware without further manipulation.
Using the identitiesin Table 2 and (17), it is possible
to modify (23) to obtain a betterstructure. However,
theproblemof Lmn

n 
 I2 remainsandforcessub-vector
access.We have tried differentvariantsof (23) andob-
tainedmoderateto goodruntimeresultsin [1, 2].

Thekey to completeandef�cient vectorization,abet-
ter overall structure,andhigherperformance,is to pur-
suea differentderivationthatstartsby applyingthebar
operatorin (22)differentlyto thederivationof (23). We
presentthederivationin detail.

We startby distributing thebaroperatorin (22) over
only threefactors,usingidentity (12),andobtain

DFT mn = (DFT m 
 In )
| {z }

(a)

T
mn
n| {z }

(b)

(I m 
 DFT n ) Lmn
m| {z }

(c)

(24)
To furthermanipulate(a), we canuseany of theidenti-
ties (14)–(16)in Table3. It turnsout that (16) is best,
sinceit leadslaterto a cancellationof permutationsand
thusasimplerstructure.Weobtain

(DFT m 
 In ) =
�
DFT m 
 I n

�

 I �

� �
I mn

�

 L 2 �

2

�

:

NotethattheconstructDFT m 
 I n
�

is avectorterminal,
i.e., it matches(18),andcanthusbefurtherexpandedby
thescalarrule (1).

Construct(b) in (24) is a complex diagonalmatrix
andis transformedbyapplyingtheidentities(6)and(17)
to get

T
mn
n = T

0mn

n

�
I mn

�

 L 2 �

2

�

: (25)

Construct(c) requiresthemostcomplicatedtransforma-
tion amongthethreefactorsin (24). We�rst manipulate
the complex formula, and thenapply the bar operator.
By factoringthestridepermutation(identities(5), (8)),
partially �ipping the tensorproduct(identity (10)), and
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DFT mn =
�
I mn

�

 L2�

�

��
DFT m 
 I n

�

 I �

�
T

0mn

n

�
I m

�



�
L2n

� 
 I �
� �

I 2n
�


 L � 2

�

� �
DFT n 
 I �

� ��
L

mn
�

m
�


 L2�
2

�
(26)

Table 4. Shor t vector variant of the Coole y­Tukey FFT, � j m; n .

usingseveralotheridentitiesin Table3, weobtainaspe-
cial caseof (11),

(I m 
 DFT n ) Lmn
m =

�
I m

�

 (Ln

� 
 I � )
�

I n
�


 L � 2

�

�
(DFT n 
 I � )

� �
L

mn
�

m
�


 I �

�
:

The permutationon the right side of DFT n 
 I � per-
mutesblockswhile the permutationson the left sideis
a productof a permutationon blocksanda permutation
within blocks. In a secondstep,thebaroperatoris ap-
pliedto obtainarealformula.Usingnow identitiesfrom
Table3 weobtainthedesiredstructure

(Im 
 DFT n ) Lmn
m =

�
I mn

�

 L2�

�

��
I m

�



�
L2n

� 
 I �
�

�
I 2n

�

 L � 2

�

� �
DFT n 
 I �

� � �
L

mn
�

m
�


 L2�
2

�

This equationnow consistsexclusively of vector con-
structs.Again,DFT n is avectorterminal,whichcanbe
furtherexpandedby thescalarrule (1).

Now all factorsin (24)arebuilt exclusively from vec-
tor constructs.By multiplying thederivedfactors,some
permutationsintroducedasconjugationscancelout us-
ing identity (6). This cancellationsimpli�es data�o w,
and thus improvesperformance,and is anotherreason
for theparticularchoiceof transformationsabove. The
�nal shortvectorrule (26) for the DFT is displayedin
Table4.

In summarywe obtain the main result of this pa-
per: an FFT variantthat consistsexclusively of vector-
izableconstructsanddecomposesa givenDFT mn , for
� j m; n, into vectorterminalsDFT m 
 I n

�
andDFT n ,

which both canbe further expandedusingscalarrules,
e.g.,by (1). Thus,all formulasderived this way canbe
ef�ciently vectorized.We notethat a formal transposi-
tion of (26)yieldsadifferentfully vectorizablerule.

Next, we explain how the formulasgeneratedfrom
(26)aremappedinto vectorcode.

3.2.2 Implementation

For the codegenerationwe use the SIMD versionof
SPIRAL's SPL compilerdevelopedin [2]. All formu-
las generatedusingthe vectorFFT rule (26) matchthe
generalconstructthis compiler can translateinto vec-
tor codeandthegeneratedcodeusesexclusivelyvector
memoryaccess.Webrie�y describehow theSIMD SPL
compilertranslatestheoccurringconstructs.For further

informationwe refer the readerto [2]. The generated
codeis C codeusingthemacrosof ourSIMD API.

Vector Terminals.Vector code for vector terminals
A 
 I � is generatedby generatingscalarcode for A
andreplacingevery scalaroperationby thecorrespond-
ing vectoroperation.

Permutations.Any permutationin a�nal formulathat
is not part of a vector terminalmatchesequation(19).
TheshortvectorSPLcompilerfusesthesepermutations
with memoryaccessoperationsrequiredby the subse-
quentcomputation. Finally, they are implementedvia
variablerenamingandcallsto combinedmemoryaccess
andreorderingmacrosthatarepartof theportableSIMD
API. No additional(scalar)memoryaccessis causedby
thismethod.

TwiddleMatrix. TheconstructT
0mn

n is handledasa
pre-or post-processingscalingoperationof memoryac-
cessoperations.

3.3.Vector CodeSpeci�c Search Methods

SPIRAL provides different searchmethodsto �nd the
bestalgorithmfor a given computingplatform, includ-
ing dynamicprogramming(DP),STEER(anevolution-
ary algorithm)[10], a hill climbing search,andexhaus-
tive search. For scalarDFT implementations,it turns
out that in generalDP is a good choice since it ter-
minatesfast (using only (1), DP times at the order of
O(n2) formulas, where n is the transformsize) and
�nds closeto thebestimplementationsfoundamongall
searchmethods[8].

But in the caseof short vector SIMD implementa-
tions,it turnsoutthatDPfailsto �nd thebestalgorithms,
asthe optimal subproblembecomeshighly context de-
pendent.We explain this in the following andpresent
two variationsof DPthatweincludedin SPIRALsearch
engineto overcomethisproblem.In Section4 weexper-
imentallyevaluatethedifferentDPvariants.

Standard DP. DP searchesfor thebestimplementa-
tion for a transformrecursively by applyingall possible
rulesbut expandingtheobtainedchild transformsusing
thepreviously foundoptimal formulas,andpicking the
fastestamongthe obtainedformulas. Since the child
transformsaresmallerthan the original construct,this
processterminates.In thecaseof a DFT 2n , usingonly
rule (1), DP recursively generatesthebestimplementa-
tionsfor all DFT 2k , k � n.

Themethodworkswell for scalarcode,but for vector
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codethemethodis �a wed. First rule (26) is appliedon
thetop level, leadingto differentchild transformcon�g-
urations.CallingDP recursively would inevitably apply
this rule again, even thoughthechildrenarevectorter-
minals, i.e., shouldbe expandedusing rule (1). As a
result,thewrongbreakdown strategiesarefound.

Vector DP. The�rst obviouschangeis to disablethe
vectorrule (26) for vectorterminals.This alreadyleads
to reasonablestructuredformulas.But thereis a second
problem:DP optimizesall vectorterminalslike DFT k

asscalarconstructsthusnot takinginto accountthecon-
text DFT k 
 I � of DFT k . Thus,wemakeasecondmod-
i�cation by expandingDFT k by scalarrulesbut always
measuringtheruntimeof thevectorcodegeneratedfrom
DFT k 
 I � . For theotherconstructcontaininga vector
terminalin (26), DFT m 
 I n

�

 I � , alsoDFT m 
 I � is

measured,independentof n
� .

Stride Sensitive Vector DP. This variant is directly
matchedto rule (26). For a given DFT n , this search
variant�rst createsall possiblepairs(n1; n2) with n =
n1n2. For any pair (n1; n2), it searchesfor thebestim-
plementationof the vector terminalsrequiredby equa-
tion (26) usingVectorDP. But whensearchingfor the
bestDFT n 2 by acall to VectorDPavariantis usedthat
�nally measuresDFT n 2 
 I n 1

�

 I � insteadof DFT n 2 


I � , which makes the searchsensitive to the stride n 1
� .

The bestDFT n 1 is found by a call to standardVector
DP. This exactly optimizesthe requiredvector termi-
nals,includingthestride.ThisDPvariantrequiresmuch
moreruntimemeasurementscomparedto theothertwo
DP variantsandthussaving the resultsfor earliermea-
suredpairs(n1; n2) speedsupthesearchcrucially. Run-
ning the searchwithout this memorizationleadsto a
context andstridesensitive version(“nohash”variant),
but theadditionalsearchtimedoesnotpayoff.

Implementation Degreesof Freedom. In addition
to the formula space,we considertwo implementation
degreesof freedomarisingfor aDFT formulagenerated
from (26). Both degreesof freedomaremachinespe-
ci�c, andnot formula or transformsizespeci�c. Thus
they canbecheckedand�x edat install time.

ReplicatedConstants.Any constantin thecodegen-
eratedfor avectorterminalbecomesavectorconstantof
� timesthe samenumberin the �nal code. Depending
on themachine,eitherloadingtheconstantwith vector
memoryaccess(thusstoring� numbers)or loadingthe
scalarand using a vector �ll (splat) operationmay be
better.

ConstantFusion.Theotherdegreeof freedomiscon-
nectedto the twiddle matrix in equation(26): themul-
tiplications can be fusedwith either of the vector ter-
minals,which changesthe locality of memoryaccesses
for loadingtheconstantsandchangeswhetherexpensive
arithmetics(complex scaling)is doneimmediatelyafter

loadingor prior to storingdataelements.

4. Experimental Results

In this sectionwe presentexperimentalresultsfor our
automaticallygeneratedshortvectorcodefor the DFT
of sizen = 2k . We benchmarkagainst the bestavail-
able DFT implementationsacrossdifferent architec-
tures,compareour differentsearchmethods,andshow
thestructureof thebestalgorithmsfound.

To validateourapproachwechosetheSSEandSSE2
extensionson binary compatible,yet architecturalvery
differentplatforms: (i) Intel PentiumIII with SDRAM
running at 1 GHz; (ii) Intel Pentium4 with RDRAM
runningat 2.53GHz; and(iii) AMD AthlonXP 2100+
with DDR-SDRAM runningat 1733MHz. Thesema-
chinesfeaturedifferent chip sets,systembusses,and
memorytechnology, andtheprocessorsarebasedondif-
ferentcoresandhave differentcachearchitectures.

Thetheoreticalspeed-upachievableby vectorization
(ignoring effects like smaller programsize when us-
ing vector instructions)is a factor of four for SSEon
PentiumIII andPentium4. For SSEon AthlonXP and
SSE2 onPentium4 thelimit is a factorof two.

By �nding differently structuredalgorithmson dif-
ferent machines,we achieve high performanceacross
architecturesandacrossshortvectorextensions,which
demonstratethe successof our approachin providing
portableperformanceindependentof thevectorlength�
andotherarchitecturaldetails.

We benchmarked our generatedvectorcodeagainst
state-of-the-artC codeby FFTW 2.1.3[3] or generated
by SPIRAL, against compiler vectorizedC codegen-
eratedby SPIRAL, andagainst short vector codepro-
videdby theIntel Math KernelLibrary MKL 5.11. Fur-
ther, weincludedFFTW-GEL,whichsupportsSSE2and
3DNow! [5], andthe DFT runtimeresultsfrom [9]. In
all casesweusetheIntel C++ Compiler6.0.

The MKL featuresseparateversionsoptimized for
PentiumIII and 4. We note that the MKL usesin-
placecomputationandmemoryprefetchinginstructions,
which givesit anadvantageover our code,which com-
putestheDFT out-of-placeandwithoutprefetching.

FFTW-GEL is an extensionof FFTW that supports
2-way vector code, made possibleby a short vector
“codelet” generatorfor small DFT sizes. The vector-
izationtechniqueis restrictedto 2-wayvectorsandgen-
eratesstraight-lineassemblycode.

All resultsare given in “pseudo�op/s” computed
as 5n log2(n)=(runtimein s) for a DFT of size n.
5n log2(n) is anupperboundfor thearithmeticcostof
FFT algorithms,thus the numbersare slightly higher

1http://developer.intel.com/software/products/mkl
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thanreal �op/s, but the relationis preserved. SPIRAL
generatedscalarcodewasfoundusingaDPsearch,SPI-
RAL generatedvectorcode(usingourextensions)using
the bestresult of the two different vectorDPs in Sec-
tion 3.3. In bothcaseswe includedtheglobal limit for
unrolling (thesizeof subblocksto beunrolled)into the
search.

Wenow presentanddiscusstheresultsin detail.
Pentium 4. Onthismachine(2.53GHz)weachieved

thebestperformancepercycleandthehighestspeed-ups
comparedto scalarSPIRALgeneratedcode(or FFTW).
Using SSE(seeFigure 2(a)), we achieved up to 6.25
pseudoG�op/s andaspeed-upof upto 3.1.UsingSSE2
(seeFigure2(b)),we achievedup to 3.3pseudoG�op/s
anda speed-upof up to 1.83. The performanceof our
codeis bestwithin L1 cacheandonly slightly decreases
outsideL1. For SSE2we also includedan exhaustive
searchfor small DFT sizes,which yielded signi�cant
improvementonly for n = 64. Analysisof our gener-
atedprogramsshows that the bestfound codefeatures
verysmallloopbodies(asopposedto mediumandlarge
unrolledblocksthattypically leadto high performance)
andvery regularcodestructure.This is dueto thePen-
tium4'snew features,namely(i) itsnew corewith avery
long pipeline,(ii) its new instructioncachethat caches
instructionsafter they are decoded(tracecache),and
(iii) its small, but very fastdatacaches.Our generated
SSEcodeoutperformstheMKL for sizesn < 29 andis
aboutequalfor n � 29. OurgeneratedSSE2codecom-
paresfavorablyto theMKL acrossall consideredsizes.
For SSE2,FFTW-GEL achievesaboutthesameperfor-
manceasour code.However, it cannotbeusedfor SSE
as FFTW-GEL's vectorizationis restrictedto two-way
shortvectorextensions.We includetheresultsreported
in [9] obtainedona similarmachinewhichwasrunning
at 1.4 GHz. As we could not get the sourcecode,we
scaledthereportedresultsupto thefrequency of ourtest
machine(of course,theseperformancenumbersareonly
a very roughbut instructive estimate).SeeFigure2(a)
and(b) for details.

Pentium III. We achieved up to 1.7 pseudoG�op/s
anda speed-upof up to 3.1on a 1 GHz machinewith a
Copperminecore(seeFigure2(c)). Thebestimplemen-
tationsfeaturedmoderatesizedloopbodies.Onthisma-
chine,ourcodedeliversthehighestspeed-upsfor larger
sizes. The Intel MKL offers lower performancecom-
paredto our codes(whencomparingto thePentium4),
whichre�ectsIntel'sadditionaltuningeffort for thePen-
tium4. Thenew shortvectorFFT rule presentedin this
paperremovestheperformancedegradationon thePen-
tiumIII for largersizesin [2] andspedupourimplemen-
tation signi�cantly. It now runsat a high performance
level acrossall testedproblemsizes.SeeFigure2(c) for
details.

Athlon XP. We achieved up to 2.8 pseudoG�op/s
and speed-upsof up to 1.7 on an 1733 MHz machine
(seeFigure 2(d)). The best implementationsfeatured
largeloop bodies.On this machine,theperformanceof
our codedecreasesat theL1 boundary, wherethe Intel
MKL cankeeptheperformancelevel. Analysisshows,
however, that the performancelevel achieved by our
codesfor 2n � 1 is the sameasthe Intel MKL achieves
for 2n . This is in part dueto the in-placecomputation
by the Intel MKL which resultsin smallermemoryre-
quirements.Although the 3DNow! professionalexten-
sion(binarycompatibleto 3DNow! andSSE)features4-
way SIMD, themaximumobtainablespeed-upis a fac-
tor of two, as the AthlonXP's two �oating-point units
thenbothoperateastwo-waySIMD units.

FFTW-GEL achievesup to 35% higherperformance
as our approach;it gains the advantagefrom the fol-
lowing facts: (i) FFTW-GEL generatesassemblycode.
(ii) FFTW-GEL directly utilizes the two-way native
3DNow! (iii) FFTW-GEL featuresan AMD speci�c
assemblerbackend. On the otherhand,our generated
codefacesthe following disadvantages:(i) We utilize
3DNow! professional'scompatibilityto SSE.AMD sup-
portsSSEinstructionsfor compatibility reasons,how-
ever, is not speci�c aboutthe performanceof its SSE
implementation.(ii) AMD doesnotsupplyits own com-
piler (extension).Wehave to resortto theIntel compiler
on the AMD machinewhich producesfair but not op-
timal code,however, is still amongthe bestcompilers
with SSEsupportavailable for the AthlonXP. Barring
thesedifferences,wespeculatethat,for 2-wayvectoriza-
tion, bothapproachesareequallysuccessful(asin Fig-
ure2(b)). Comparingtheperformanceof our codewith
theIntel MKL on theAthlonXP shows thatwe achieve
high performancewithin theboundariesof AMD' s SSE
implementation.However, usingAMD 3DNow!, higher
performancecanbeobtainedasshown by FFTW-GEL.

Compiler Vectorization. Automaticcompilervec-
torizationin tandemwith SPIRAL codegenerationpro-
videsafair evaluationof thelimits of this technique.By
runninga DP search,SPIRAL can�nd algorithmsthat
arebeststructuredfor compilervectorization.Further,
the codegeneratedby SPIRAL is of simple structure
(e.g.,containsnopointersor variableloop limits). Even
thoughthe compiler can improve on SPIRAL's scalar
code,theperformanceis farfrom optimal(see“SPIRAL
vect” in Figure2(a)–(d)). As anaside,dueto its struc-
ture,FFTWcannotbecompilervectorized.

Evaluation of the Search Methods. One of the
mainobservationswasthatDPworkswell onsomema-
chineswhile onothersit missesthebestimplementation
considerably, thusrequiringthemodi�ed versionsintro-
ducedin Section3.3. Speci�cally, on the PentiumIII
andAthlonXP, StandardDP�nds implementationsvery
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Figure 2. Results for DFT of size 2k , k = 4; : : : ; 13. (a)–(d) Performance in pseudo G�op/s
= 5 k 2k =(10 9 � runtime in s) . Higher is better . SSE is single and SSE2 is doub le precision.
(e) Cross timing of the best algorithms found for diff erent architectures, all measured on the
Pentium 4, implemented using SSE. (f) Comparison of the best algorithms found by diff erent
search methods. For (e) and (f) the slo wdo wn factor compared to the best is sho wn.

closeto thebestfound.But on thePentium4 thevector-
awareDPsarerequiredto getthebestperformance.Fig-
ure 2(f) shows this behavior, by displaying the slow-
down factorof the bestcodefound by differentsearch
methodscomparedto thebest:StandardDP missesthe
bestresultby up to 25%. Further, for n � 27, exhaus-
tive searchleadsto the bestresult. For n > 27 Vector
DP �nds codeof similar performanceasStrideSensi-
tiveVectorDP. Thus,theadditionalsearchtimerequired
by theStrideSensitive VectorDP variantsdoesnot pay
off. A combinationof exhaustive search(wherepossi-
ble)andVectorDP(for largersizes)is themosteconom-
ical searchmethodto obtainfastshortvectorcode.

Crosstiming. A naturalquestionthat arisesis how
the bestalgorithmsfound for onearchitectureperform
on the other platforms. As an example, we show in
Figure 2(e) the slow-down factor of the best found
DFT formulas for PentiumIII/SSE, AthlonXP/SSE,
Pentium4/scalar, Pentium4/SSE2,andPentium4/SSE,
whenimplementedusingSSEon Pentium4 (usingthe
bestcompileroptimization).As expected,thePentium4
SSEversionperformsbestandis thebaseline.Both the
scalarandtheSSE2formulaperformvery bad. But in-
terestingly, alsotheformulasfor SSEonPentiumIII and
on AthlonXP areup to 60% slower thanthePentium4
SSE version. We obtaineda similar behavior on the
othermachines.Thisexperimentclearlyshowstheneed

for platform-adaptationto obtainoptimalperformance.
BestFound Algorithms. Ourapproachdelivershigh

performanceon all testedsystems.Thestructureof the
bestimplementations,however, dependsheavily on the
target machine.As an example,Table5(f) shows for a
DFTof size210, thestructureof thebestfoundformulas,
displayedas treesrepresentingthe breakdown strategy
(theexpansionof smallernodesis sometimesomitted).

Generallyspeaking,two completelydifferent types
of algorithmswere found: 1. Algorithms with rather
balancedtrees;and2. Algorithmswith unbalancedtrees
tendingto beright-expanded.The�rst typeoccurswhen
theworkingset�ts into theL1 cacheandfor codesgen-
eratedusing compiler vectorization. The secondtype
occursfor out-of-cachesizes; the actualstructurede-
pendson whetherscalaror vector code is generated.
For all ruletrees,parametersand structuraldetails on
deeperlevels dependon the actualtarget machine,and
arebrie�y discussednext.

Scalar Code. Right-expandedtrees with machine-
dependentsizesof the left leaves are found to be the
mostef�cient formulaswhenusingonly thescalarFPU
for out-of-cachesizes.Thesetreesprovide thebestdata
locality. For in-cachesizes,balancedtreesare found.
For example,In Table5, dueto thelargercaches(com-
paredto Pentium4) of the PentiumIII andAthlonXP,
still balancedtreesarefound.
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Pentium4
(single)

Pentium4
(double)

PentiumIII
(single)

Athlon XP
(single)

generated
scalarcode

2

10

2 6

8 2

10

2 5

8

2 2

10

4 6

2 4

10

4 6

3 32 2

generated
scalarcode
compiler

vectorized

10

4 6

4 22 2

2

10

2 5

8

10

6 4

2 22 4

10

4 6

4 22 2

generated
vectorcode

singleimpliesSSE
doubleimpliesSSE2

8

10

2

1 7

2 5

9

10

1

1 7

2 5

10

5 5

2 32 3

10

5 5

2 32 3

Table 5. The best found DFT algorithms for n = 210 , represented as breakdo wn trees.

CompilerVectorizedScalarCode. Vectorizingcom-
pilers tend to favor large loops with many iterations.
Thus,thebestfoundtreesfeatureatop-level split thatre-
cursesinto aboutequallylargesub-problems.In Table5,
on thePentium4 for doubleprecision,thecodewasnot
vectorizedandthusa right-expandedtreeis found.

Short Vector SIMD Code. Due to structuraldiffer-
encesin thestandardCooley-Tukey rule (optimizingfor
locality) andthe ShortVectorCooley-Tukey rules(try-
ing to keep locality while supportingvector memory
access),in the �rst recursionstepthe right child prob-
lem is smallcomparedto theleft child problemandthe
left child problemis subsequentlyright-expanded.This
leadsto gooddatalocality for vectormemoryaccess.In
Table5, dueto thelargercachesizes,on thePentiumIII
andAthlonXP againbalancedtreesarefound.

5. Conclusion

We formally derived a novel variant of the Cooley-
Tukey FFT that can be usedto implementa complex
DFT using exclusively short vector instructions. We
includedthe FFT variant as breakdown rule into SPI-
RAL and automatically generatedhigh performance
DFT short vector implementationsacrossdifferent ar-
chitecturesincluding PentiumIII/4 and AthlonXP. We
achievedspeed-upscomparedto thebestavailablescalar
codethatareclose(70–80%) to thevectorlength� , and
matchedor exceededtheperformanceof thebestavail-
ableDFT vendorlibrary. We showed that highestper-
formancecodeis platform-speci�c,which con�rms the
needfor platform-adaptationand thuscodegeneration
technologies.

Weconcludeby thankingProf.Überhuber(Technical
University of Vienna)andProf. Jośe Moura (Carnegie
Mellon University) for initiating andsupportingtheau-
thorscollaboration.
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