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ABSTRACT

We investicate performanceradeofs for a classof Itered back-
projection (FBP) image reconstructionalgorithms. The re-

cently developedfast hierarchicalbackprojectionasymptotically
achieves the sameO(N ? logN ) costas Fourierbasedmethods
while retainingmary advantage®f the FBPtechniqueln this pa-

per, we provide adetailedcostandperformanceanalysisof theal-

gorithmon a generalpurposeplatform. Basedon carefullytuned
implementation®f both the direct andthe hierarchicalbackpro-
jection, we explore the tradeofs betweendistortionand runtime
by varyingseveralalgorithmandimplementatiorchoices Experi-

mentalresultsshaw that,giventhedesiredperformancethechoice
of algorithmparameterss not obviousandlargely dependonthe

imagepropertiesandthe underlyingcomputermplatform.

1. INTRODUCTION

Mary imaging techniquesare basedon reconstructingan image
from datathatcanbeinterpretedeitherdirectly or aftersomepre-
processingas a set of projectionsof the imagedobject. Most
notableexamplesare medicalimaging techniquessuchas com-
puted tomograply (CT) and spotlight-modesynthetic aperture
radar (SAR) imaging. Several approacheso the reconstruction
problemhave beenproposedpf which the transform-basecheth-
odshave beenmostcommonin practicaluse. The mathematical
foundationis provided by the Radontransform(RT) which com-
putes1-D projectionsof a 2-D dataat differentview angles. In
CT imaging, for example,the datais obtainedby passinga set
of narrav X-ray beamsthroughthe scannedobjectand collect-
ing their intensitiesusingan array of sensors.The acquireddata
representshe Radontransformof the cross-sectionahbsorbtion
densitieshatform theimage[1]. Munsonetal. [2] shovedthat
thedatacollectedby the SAR, afterdemodulatiorandlowpass|-
tering,representthe Fouriertransformof the projectionsobtained
from there ectivity densityof thetargetedgroundpatch.

For thetransform-basedpproachthereconstructiomproblem
canbe viewed asthe problemof inverting the Radontransform.
Two main methodshave beenstudiedand usedmost. The di-
rect Fourier methodscomputethe Fourier transformof the pro-
jections,interpolatethe datafrom polarto Cartesiargrid, andre-
constructtheimageusingthe inverse2-D FFT with thetotal cost
of O(N?logN). However, mostpopularin practiceare meth-
odsbasedn the badprojection(BP) operationvhichreduceghe
distortion by avoiding the interpolationstep. The BP approach
is alsomoresuitableto handleotherproblemssuchaswavefront
cunatureeffectsin SAR imaging. In the popular ltered back-
projection (FBP) algorithm, the projectionsare rst Itered and
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then backprojectedo reconstructthe original image (e.g., [1]).
The FBP algorithmtypically providesbetteraccurag at a higher
O(N®) cost. BasuandBressler[3] developeda new methodfor
the parallel-geometryFBP basedon hierarchicaldecomposition
and angulardovnsamplingof the backprojectionoperation(the
HBP method),which asymptoticallyreducesthe costto the de-
siredO(N 2 log N ). However, the costreductionachieved in the
HBP algorithmcomesat the expenseof anincreasedevel of dis-
tortion. Furthermorebecaus®f the highercompleity of thedata
o w, it is notclearwhenthelower computationatosttranslate$o
amoreefcient implementation.

In this paper we focuson the backprojection(BP) operation,
the computationabottleneckof the FBP algorithm. First, we pro-
vide a detailedcostanalysisof boththe direct BP anda parame-
terizedHBP. We thenpresenbptimizedimplementation®f these
algorithmswhich providesthe e xibility to investicate different
algorithm choices. The experimentalresultsare aimedat show-
ing that careful performanceanalysisis neededo determinethe
efciency of thebackprojectioralgorithms w.r.t. bothruntimeef-

ciency anddistortion. Necessangtepsinclude carefultuning of
code, exploring variousalgorithmic and implementationdegrees
of freedom,andperformingtestson a diversesetof images.

2. FILTERED BACKPROJECTION ALGORITHMS

The Radontransform(RT) representa setof parallelline integral
projectionsof a 2-D function f (x; y) at differentangles . The
continuousRadontransformis de ned by
ZZ
fir )=

f(x;y) (r xcos

ysin )dx dy; (1)
wherer and arepolarcoordinatesand is theunitimpulse.The
projectionsf'\(r; ) arealsoreferredto asthe datasinogram In
their original form, Itered backprojection(FBP) algorithmsare
basedn thewell-known inversionformulafor the RT:
f(cy)=Bf(; ) (5 )=F b rfns )
Here,F(!,; ) = F,f(r; ) represents 1-D Fourier transform
in thevariabler, andB is the continuoushackprojectioroperator
z
) = f{xcos +ysin )d: (3)
0
The projectionsf'\(r; ) are rst ltered usingthe ramp lter
j! rj andthenbackprojectedo reconstructheimage.

Discrete dir ect backprojection. In practice,the numberof
projectionsP andthe samplingdistribution aredeterminedy the
dataacquiringequipmentandthereconstructe@mageis discrete.
We will assumehatthe projectionangles areevenly distributed
in theintenal [0; ) andthatall imagesaresquarewith N N

f(x;y) = Bfi(;



pixels. To implementthe FBP algorithmon a computerthe back-
projectionoperationis discretizedandtheramp Iter is windowed
andsampled. The discretebackprojectioris performedfor each
pixel f (m; n) asasumof projectedvaluesoverall angles :
f(m;n)= f{mcos + nsin ; ): (4)

Interpolationwith akernel ( ) in theradialdirectionis required
to computesampledf™ at non-integral values. Betterapproxima-
tion to the continuousbackprojectiorcanbeachievedby introduc-
ing theimagesamplingoperatorto modelthe physical properties
of thesensingequipmen{3]. In ourimplementationhowever, we
usetheidealsamplingkernel.

Hierar chical backprojection. The hierarchicalbackprojec-
tion (HBP) algorithmusesthe fact that the angularbandwidthof
thesinogramis proportionalto the sizeof theimage[4]. Basuand
Bresler[3] shavedthat, undercertainassumptionsn the image,
the problem can be recursvely decomposednto a problem of
backprojectingonto sub-imagesusing a proportionally smaller
numberof projectionsIf theimageis, for example,separatechto
four quadrant®f sizeN=2 N =2, thenthey canbebackprojected
usingonly P=2 availableprojections AssumingthatN = 2", the
algorithmcanberecursed timesto reachthe basecasewith only
oneremainingpixel (B = 1). This leadsto an algorithmwith
O(NZlogN) arithmeticcost. Anti-aliasingwith a Iter ()
is applied after angulardownsamplingto reducethe distortion.
However, somealiasingoccursat eachstepof the recursionand
the effect largely depend®n the spectralpropertiesof theimage.
To investigate this cost/distortiontradeof, we designa e xible
recursionstrat@y (seeschematicsn Figure 1) describedby the
following pseudo-code:

Algorithm 1 (ParameterizedHBP Algorithm)

BACKPROJECTION (N; f(; )

if N B then
return DIRECT BACKPROJECTION(N ; f{; ))
else
fori = 1:::4do
if N D then
f(; ) DownsampLE(f(; ); (); ()
endif
f7(; ) SeGMENT(f(; ));i)
b(x;y) BACKPROJECTION (N=2;f7(; ))
endfor

endif

First, the recursionsimply segmentsthe original imagesino-
graminto sub-sinogramgorrespondingo imageblocks of size
D without downsampling. This is really a form of angularover-
samplingsuggestedh [3] to furtherdecreas¢hedistortion. From
thatpointon, theangularsmoothinganddownsamplings applied
recursvely until abasecaseblock sizeB is reached At thatmo-
ment,thedirectbackprojections appliedto all sub-sinogramsand
the resultingimageblocksaretiled to form the reconstructedm-
age.For example,for D = B = N, thealgorithmis equialentto
thedirectBP, andfor D=B = 1 no costsavingsoccur

Savingsin arithmeticcostoccuronly for sub-imagesizesin
therangebetweenD andB (dottedline in Figure 1), wherethe
projectionsaredovnsampled We vary bothD andB to examine
theeffectson performance.
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Fig. 1. Recursionstratey for the HBP algorithm; cost savings
occurin thedottedrange.

Cost of direct and hierarchical backprojection. The num-
ber of collectedprojectionsP is typically chosento be propor
tionalto theimagesizeP  N. Thedirectbackprojectioropera-
tion dominateghe costsinceit requiresa summatiorof P values
for all N 2 pixelsandis henceO(N ®), wherewe assumaninter-
polationcostof O(1). Thecostof thedirectBP is

CBP(N;P; )= 10+ c( ) N?P+ N?+ 4 (5)

The constantc( ) dependson the chosenradial interpolator
(e.g.,c( ) = 4forlinearandc( ) = 10for cubicspline).
Theexactarithmeticcost(countingadditionsmultiplications,
absolutevalue,androundingequally) of our parameterizetHBP
algorithmis givenby
C"BP(N;P;D;B;; )
a(; )P PN Dlog, & +c( )N?PE
N

+cP N %4 22+ ggP2+ N2+ O(N) (6)

In thelimit casewhenD = N andB = 1, thecostapproaches
O(N?logN) or, precisely

HBP
C

= ci(; )PNlog, N + O(N?): (7)

The constant; andc, dependon the choiceof the interpolator
andthe anti-aliasinglter ( ). We choose ( ) = [0:51 0:5]
for all experiments.Then,for example,c; = 40; c; = 20 for the
linearandc; = 88; ¢, = 46for thecubicsplineinterpolator Note
thatin (6) the secondterm dominateghe costwhenthe window
sizeD =B is smallandthethird termdominatesvhenD is chosen
small. In bothcaseghe costapproache® (N 3).

3. IMPLEMENT ATION AND OPTIMIZA TION

This sectiondescribeur C implementatiorof algorithm1. Our
goalwasfastandportablecodethat enablesnvestigation of per
formancetradeofs aswell asimplementatiorchoices.

SystemDesign. Our systemimplementsalgorithm 1 by the
following functions: 1) BACKPROJECTION() is the main recur
sive function. Dependingon the currentstateof the recursionand
the parameter® andD, it appliesthe recursve algorithm with
or without downsamplingor calls the direct method;2) DIRECT-
BACKPROJECTION() implementghedirect BP algorithm;3) The
functionsDowNSAMPLE(), TILEBLOCKS() andSEGMENT() are
helperfunctionsanda partof BACKPROJECTION(); Thefunctions

() and ( ) canberuntimeor compile-timeparametergrading
speedversusgenerality Allowing for automatednvestigation of
programcon gurationsandalgorithmparameterizationsye male
heary useof the C preprocessorTo avoid datacopying in TILE-
BLocks() andSEGMENT() we useddynamicmemoryallocation
involving pointerarithmeticinsteadof 2D arraysandsub-arrays.

Optimization. To facilitate dehugging and veri cation, we
rst implementedalgorithm1 in a straight-forvard manner We
thenrestructuredur implementatiorto optimizefor speed.Opti-
mizing compilersfeaturinginter-proceduralboptimizationsupport



Optimization Methods Runtime
Basicimplementation 41.20s
+ Loopinvariantcodemotionandloop fusion 0.64s
+ Precomputatioof constants 0.23s
+ Functioninlining andfurtherloop fusion 0.08s

Table 1. Impactof optimizationmethodon theruntimefor N =
P = 128 Thefastestversionapplyingall optimizationmethods
is runningat 15% of themachines peakperformance.

most of the optimizationtechniqueswe applied. However, the
compilersoften underachiee when optimizing codesfeaturing
pointerarithmeticso we resortto hand-optimization.In addition
we appliedsomeproblem-speci coptimizations. For a problem
sizeof 128 128 pixels and 128 projections,our optimizedim-
plementatiomunsatapproximatelyl5% of thesystems peakper
formanceandis 500 timesfasterthan our basicimplementation.
Tablel summarizesheimpactof differentoptimizationstepsthat
aredetailedbelow.

FunctionlInlining. Whenthe functionscomputing ( ) and

() are compile-timeparameterswe inline themto avoid the
functioncall overheadIn addition,we make surethatmathemati-
callibrary functionsareinlined whensupportedy thecompiler

Loop Invariant Code Motion. The functions DOWNSAM-
PLE() andDIRECTBACKPROJECTION() containloopswhichcom-
puteexpressionsvith loop-irvariantsub-expressions.Thesesub-
expressionaremoved outsideof theloops.

Loop Fusion. We fusedthe functionsDowNSAMPLE() with
SEGMENT() andTiLEBLOCKS() with BACKPROJECTION() lead-
ing to multiple loopsoperatingon the samedataset. In addition,
the function DowNSAMPLE() containsapplicationof both ()
and () translatinginto a sequencef loopsover the samedata
set. To optimizefor locality, we reorderedthe computationand
fusedthesesequencesf loopsleadingto a smallnumberof loops
with morecompute-intensk loop bodies.

Precomputatiorof Constants.We precomputehe valuesof
sin andcos forallangles andstoretheresultsn anarray This
replacesan evaluationof a transcendentdlunction by a memory
access.

4. RESULTS

We evaluatedour implementatiorof algorithm1 for runtimeand
distortionperformanceasa functionof severalparameters.

Platform. We performedall experimentson a 3.2 GHz Intel
Pentiumd4 platformwith 8 kB L1, 512kB L2 datacacheand1GB
DDR RAM. ThesystemwasrunningLinux FedoraCore2 andwe
wereusingthe Intel C++ compiler8.0 with compiler ags “-fast”
which wasexperimentallydeterminedo bethe bestchoice.

Performance metrics. As theruntimeperformanceneasure
we usethe executiontime of the compiledC codeaswell asthe
numberof oating pointoperationgpersecond FLOPS).To mea-
surethe distortion,we useboth visual andquantitatve measures.
For thelatterwe chooseheroot meansquaresrror(RMSE) of the
reconstructedmagef (m; n) relative to the original f (m; n):

q__

RMSE = kf f k|: =kf k|: X (8)

wherek kg istheFrobeniushorm.

Experimental Setup. All experimentsareperformedon im-
agesof size512 512 pixelswith P = 1024 projections. We
evaluatedifferentalgorithmstratgiesby varyingbothD andB,

andby choosingour radialinterpolator ( ) aseitherthe nearest
neighbor linear, cubic,or cubicspline.In our experimentsve use
fourimageswith differentspectratharacteristicsl) Thestandard
Shepp-Lognphantomheadmage,2) “peppers”,asmoothpicture
featuringsoft shapes3) “harbor”, a highly detailedimage with
substantiaénegy in thehigh frequeng range,and4) “Gaussian”,
animagecreatedof several 2D Gaussiarfunctionswith different
meansandvariances Both theramp Itering andtheforward 2D
RT areperformedusingMATLAB, wherefor theRT we useMAT-
LAB'sradon function.
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Fig. 2. Runtime(contiguousline) and FLOPS (dashedine) for
variousbasecasesizesandinterpolators.

Runtime performance experiments. In the rst experiment
we analyzethe runtimebehaior of algorithm1 without oversam-
pling (D = N) by varyingthe parameteB from the fully recur
sive O(N2logN) casewhere(B = 1) to the direct BP method
(B = N). Theresultsin Fig. 2 shav that the runtimesusing
variousinterpolatorsrise proportionallywith their cost,i.e., cu-
bic splineis slovestwhile nearesheighboris fastestOntheother
hand, the costsavings arising from the recursionand dovnsam-
pling (seeFigure 1) do not always provide the fastesturnaround
time sincemore recursionstepsmeanmore complicateddataac-
cesspatterns.Thefull recursionis 50% slower thanthe optimal
runtime obtainedfor B = 16. The algorithmsperformat 10%
to 15% of the peakperformanceandshav bestperformanceor
mediumto largebasecasesizeswheredataaccesgpatternsandthe
amountof arithmeticoperationsare bestbalanced.For the direct
methodthe performancealropssigni cantly dueto cacheeffects.

In the secondexperiment,we include the angularoversam-
pling controlledby the sizeD aswe explainedin Section2. Fig-
ure 3 (top) shaws the runtimeplotsfor all combinationsf B and
D, wherewe usethe cubicsplineinterpolator Differentlinescor
respondo differentwindow sizes(D =B) (seeFigurel) whereas
the x-axis determineghe window positionB . For the maximum
executionspeedupit is clearly advantageouso useB aslargeas
possibldor a x edwindow length.It remaingo explorehow these
choicesaffectthereconstructioraccurag, which we do next.

Distortion analysis experiments. Using the samesetupas
for the runtime experiments,we createerror plots for the phan-
tom headand the harborimage, shavn belon the runtime plot
in Figure 3. For the phantomhead,a smallerbasecasesize al-
ways gives smallererror for the samewindow length. However,
we might chooseto tradeaccurag for speedor vice versa. For



Fig. 4. Harborimagefor B = N (left) andB = 32; D = 128 (left center);Peppersmagefor B = N (right center)andB = 16 (right).
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Fig. 3. Runtimes(top) andRMSE (bottom)for differentrecursion
strateies.

example,choosingB = 64; D = 256 s slightly lessaccuratehan
B = 64;D = 128, with almost40% speedup.In the caseof the
harborimage,giventhe x ed window size D=B, it is not clear
which choiceof B givesbestperformanceWe notethatfor both
imageghe speedugainsaremoreprominenthanthevariationof
distortionfor the x ed window size,which suggestshat varying
B is moreeffective for achieving the desiredresultthanchoosing
adifferentD .

| Image || Nearest| Linear [ Cubic [ CubicSpline |
GaussiangM) 0.06772| 0.06731| 0.06716 0.06701
GaussiangA) 0.02939 | 0.02703 | 0.02696 0.02697

Table 2. RMSE of the Gaussianimagereconstructetby FBR.

At this pointwe notethatthecomputedRMSEincludeserrors
introducedby the forward RT aswell asthe ramp Itering, both
performedin MATLAB. In Table4 we shaw errorsof the recon-
structionusing the direct BP algorithm for the Gaussiarimage,
wherethe sinogramis obtained: (M) using MATLAB; (A) ana-
Iytically to avoid forward RT error For this particularimage,the
forwardRT errorcontritutesfor about60% of thetotal error.

Assessmentof visual quality. Figure 4 shaws the recon-
structedimagesusing our implementatiorof the HBP algorithm.
We compareheresultfor theharborimageusingthedirectBP and
the HBP algorithmwith B = 32; D = 28. Thedistortionis notice-
able only undercloserinspectionwhile the runtimeimproved by
about62%. In the caseof the peppersmage,eventhefastesim-
plementation(B = 16) givesonly slightly blurredreconstructed
imageasshavn in Figure4 (right). The speedugn this caseis
aboutl0times,from 22.3sfor thedirectBP to 2.3 s for thefastest
HBP algorithm.

5. CONCLUSION

We parameterizedhe hierarchicalbackprojectioralgorithmwith
several algorithmic choicesand optimizedthe C implementation
for bestperformanceWe presentedn extensve runtimeanddis-
tortion evaluationto investigateinterestingtradeofs andprovided
a detailedcostanalysisof the algorithm. The resultsshaw that,
given the desiredperformancethe parameterchoicedependn
imagepropertiesandfeaturesof thetamgetcomputemplatform.

6. REFERENCES

[1] F Natterer The Mathematicsof Computerizedlomayraphy.
New York: Wiley, 1986.

[2] D. C.Munson,J.D. O'Brien, andJ. W. K., “A tomographic
formulationof spotlight-modesyntheticapertureraday” Pro-
ceeding®ofthelEEE, vol. 71, pp.917-925 August1983.

[3] S.BasuandY. Bresler “O(N?log, N) ltered backprojec-
tion reconstructioralgorithm for tomograph,” IEEE Trans.
onImage Processingvol. 9, pp. 1760-17720ctober2000.

[4] P A. Rattgy andL. A. G., “Sampling the 2-d radontrans-
form;” IEEE Trans.on Acoustics,Speeh, and Signal Proc,
vol. ASSP-29pp.994-10020ctober1981.



