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ABSTRACT

We investigateperformancetradeoffs for a classof �ltered back-
projection (FBP) image reconstructionalgorithms. The re-
cently developedfast hierarchicalbackprojectionasymptotically
achieves the sameO(N 2 log N ) cost as Fourier-basedmethods
while retainingmany advantagesof theFBPtechnique.In thispa-
per, weprovideadetailedcostandperformanceanalysisof theal-
gorithmon a generalpurposeplatform. Basedon carefully tuned
implementationsof both the direct andthe hierarchicalbackpro-
jection, we explore the tradeoffs betweendistortionandruntime
by varyingseveralalgorithmandimplementationchoices.Experi-
mentalresultsshow that,giventhedesiredperformance,thechoice
of algorithmparametersis notobviousandlargelydependson the
imagepropertiesandtheunderlyingcomputerplatform.

1. INTRODUCTION

Many imaging techniquesare basedon reconstructingan image
from datathatcanbeinterpreted,eitherdirectlyor aftersomepre-
processing,as a set of projectionsof the imagedobject. Most
notableexamplesare medical imaging techniquessuchas com-
puted tomography (CT) and spotlight-modesynthetic aperture
radar(SAR) imaging. Several approachesto the reconstruction
problemhave beenproposed,of which thetransform-basedmeth-
odshave beenmostcommonin practicaluse. The mathematical
foundationis providedby theRadontransform(RT) which com-
putes1-D projectionsof a 2-D dataat differentview angles. In
CT imaging, for example, the datais obtainedby passinga set
of narrow X-ray beamsthroughthe scannedobject and collect-
ing their intensitiesusingan arrayof sensors.The acquireddata
representsthe Radontransformof the cross-sectionalabsorbtion
densitiesthat form the image[1]. Munsonet al. [2] showed that
thedatacollectedby theSAR,afterdemodulationandlowpass�l-
tering,representstheFouriertransformof theprojectionsobtained
from there�ectivity densityof thetargetedgroundpatch.

For thetransform-basedapproach,thereconstructionproblem
canbe viewed as the problemof inverting the Radontransform.
Two main methodshave beenstudiedand usedmost. The di-
rect Fourier methodscomputethe Fourier transformof the pro-
jections,interpolatethedatafrom polar to Cartesiangrid, andre-
constructthe imageusingthe inverse2-D FFT with the total cost
of O(N 2 log N ). However, most popularin practiceare meth-
odsbasedon thebackprojection(BP)operationwhich reducesthe
distortion by avoiding the interpolationstep. The BP approach
is alsomoresuitableto handleotherproblemssuchaswavefront
curvatureeffects in SAR imaging. In the popular�ltered back-
projection(FBP) algorithm, the projectionsare �rst �ltered and
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then backprojectedto reconstructthe original image(e.g., [1]).
TheFBPalgorithmtypically providesbetteraccuracy at a higher
O(N 3) cost. BasuandBressler[3] developeda new methodfor
the parallel-geometryFBP basedon hierarchicaldecomposition
and angulardownsamplingof the backprojectionoperation(the
HBP method),which asymptoticallyreducesthe cost to the de-
siredO(N 2 log N ). However, thecostreductionachieved in the
HBP algorithmcomesat theexpenseof anincreasedlevel of dis-
tortion. Furthermore,becauseof thehighercomplexity of thedata
�o w, it is notclearwhenthelowercomputationalcosttranslatesto
amoreef�cient implementation.

In this paper, we focuson thebackprojection(BP) operation,
thecomputationalbottleneckof theFBPalgorithm.First,we pro-
vide a detailedcostanalysisof both the direct BP anda parame-
terizedHBP. We thenpresentoptimizedimplementationsof these
algorithmswhich provides the �e xibility to investigate different
algorithmchoices. The experimentalresultsareaimedat show-
ing that carefulperformanceanalysisis neededto determinethe
ef�ciency of thebackprojectionalgorithms,w.r.t. bothruntimeef-
�ciency anddistortion. Necessarystepsincludecarefultuningof
code,exploring variousalgorithmicand implementationdegrees
of freedom,andperformingtestsonadiversesetof images.

2. FILTERED BACKPROJECTION ALGORITHMS

TheRadontransform(RT) representsasetof parallelline integral
projectionsof a 2-D function f (x; y) at differentangles� . The
continuousRadontransformis de�ned by

f̂ (r ; � ) =
Z Z

f (x; y)� (r � x cos� � y sin � )dx dy; (1)

wherer and� arepolarcoordinatesand� is theunit impulse.The
projectionsf̂ (r ; � ) arealso referredto as the datasinogram. In
their original form, �ltered backprojection(FBP) algorithmsare
basedon thewell-known inversionformulafor theRT:

f (x; y) = B ~f (�; � ); ~f (�; � ) = F � 1
r j! r jF r f̂ (r ; � ): (2)

Here,F̂ (! r ; � ) = F r f̂ (r ; � ) representsa 1-D Fourier transform
in thevariabler , andB is thecontinuousbackprojectionoperator

f (x; y) = B ~f (�; � ) =
Z �

0

~f (x cos� + y sin � ) d� : (3)

The projectionsf̂ (r ; � ) are�rst �ltered usingthe ramp�lter
j! r j andthenbackprojectedto reconstructtheimage.

Discrete dir ect backprojection. In practice,the numberof
projectionsP andthesamplingdistributionaredeterminedby the
dataacquiringequipment,andthereconstructedimageis discrete.
We will assumethattheprojectionangles� areevenly distributed
in the interval [0; � ) andthat all imagesaresquarewith N � N



pixels. To implementtheFBPalgorithmon a computer, theback-
projectionoperationis discretizedandtheramp�lter is windowed
andsampled.The discretebackprojectionis performedfor each
pixel f (m; n) asasumof projectedvaluesoverall angles� :

f (m; n) =
X

�

~f (m cos� + n sin � ; � ): (4)

Interpolationwith a kernel� (� ) in theradialdirectionis required
to computesampled~f at non-integral values. Betterapproxima-
tion to thecontinuousbackprojectioncanbeachievedby introduc-
ing the imagesamplingoperatorto modelthephysicalproperties
of thesensingequipment[3]. In our implementation,however, we
usetheidealsamplingkernel.

Hierar chical backprojection. The hierarchicalbackprojec-
tion (HBP) algorithmusesthe fact that the angularbandwidthof
thesinogramis proportionalto thesizeof theimage[4]. Basuand
Bresler[3] showed that,undercertainassumptionson the image,
the problem can be recursively decomposedinto a problem of
backprojectingonto sub-imagesusing a proportionally smaller
numberof projections.If theimageis, for example,separatedinto
four quadrantsof sizeN=2� N=2, thenthey canbebackprojected
usingonly P=2 availableprojections.AssumingthatN = 2n , the
algorithmcanberecursedn timesto reachthebasecasewith only
one remainingpixel (B = 1). This leadsto an algorithmwith
O(N 2 log N ) arithmetic cost. Anti-aliasing with a �lter  (� )
is appliedafter angulardownsamplingto reducethe distortion.
However, somealiasingoccursat eachstepof the recursionand
theeffect largely dependson thespectralpropertiesof the image.
To investigate this cost/distortiontradeoff, we designa �e xible
recursionstrategy (seeschematicsin Figure1) describedby the
following pseudo-code:

Algorithm 1 (ParameterizedHBP Algorithm)

BACKPROJECTION (N ; ~f (�; � ))
if N � B then

return DIRECT BACKPROJECTION(N ; ~f (�; � ))
else

for i = 1 : : : 4 do
if N � D then

~f (�; � )  DOWNSAMPLE ( ~f (�; � ); � (� );  (� ))
endif
~f i (�; � ))  SEGMENT( ~f (�; � )) ; i )
bi (x; y)  BACKPROJECTION (N=2; ~f i (�; � ))

endfor
return TILE BLOCKS(b0(x; y); : : : ; b3(x; y))

endif

First, the recursionsimply segmentsthe original imagesino-
gram into sub-sinogramscorrespondingto imageblocks of size
D without downsampling.This is really a form of angularover-
samplingsuggestedin [3] to furtherdecreasethedistortion.From
thatpointon, theangularsmoothinganddownsamplingis applied
recursively until a basecaseblock sizeB is reached.At thatmo-
ment,thedirectbackprojectionis appliedto all sub-sinograms,and
theresultingimageblocksaretiled to form thereconstructedim-
age.For example,for D = B = N , thealgorithmis equivalentto
thedirectBP, andfor D =B = 1 nocostsavingsoccur.

Savings in arithmeticcostoccuronly for sub-imagesizesin
the rangebetweenD andB (dottedline in Figure1), wherethe
projectionsaredownsampled.We vary bothD andB to examine
theeffectsonperformance.

::::::::::::::::::::::
segmentation downsampling directBP

N D B 1

Fig. 1. Recursionstrategy for the HBP algorithm; cost savings
occurin thedottedrange.

Cost of dir ect and hierarchical backprojection. The num-
ber of collectedprojectionsP is typically chosento be propor-
tional to theimagesizeP � N . Thedirectbackprojectionopera-
tion dominatesthecostsinceit requiresa summationof P values
for all N 2 pixelsandis henceO(N 3), wherewe assumeaninter-
polationcostof O(1). Thecostof thedirectBP is

C B P (N ; P; � ) =
�
10 + c(� )

�
N 2P + N 2 + 4: (5)

The constantc(� ) dependson the chosenradial interpolator�
(e.g.,c(� ) = 4 for linearandc(� ) = 10 for cubicspline).

Theexactarithmeticcost(countingadditions,multiplications,
absolutevalue,androundingequally)of our parameterizedHBP
algorithmis givenby

C H B P (N ; P; D ; B ; �;  ) =

c1(�;  )P
� p

2N
�

D
N log2

�
D
B

�
+ c2(� )N 2P B

D

+ c3P
�

N
D

� 2
+ c4

�
D
B

� 2
+ c4P D

B + N 2 + O(N ) (6)

In the limit casewhenD = N andB = 1, the costapproaches
O(N 2 log N ) or, precisely,

C H B P = c1(�;  )PN log2 N + O(N 2): (7)

The constantsc1 andc2 dependon the choiceof the interpolator
andthe anti-aliasing�lter  (� ). We choose (� ) = [0:5 1 0:5]
for all experiments.Then,for example,c1 = 40; c2 = 20 for the
linearandc1 = 88; c2 = 46for thecubicsplineinterpolator. Note
that in (6) the secondterm dominatesthe costwhenthe window
sizeD =B is smallandthethird termdominateswhenD is chosen
small. In bothcasesthecostapproachesO(N 3).

3. IMPLEMENT ATION AND OPTIMIZA TION

This sectiondescribesour C implementationof algorithm1. Our
goalwasfastandportablecodethatenablesinvestigationof per-
formancetradeoffs aswell asimplementationchoices.

SystemDesign. Our systemimplementsalgorithm1 by the
following functions: 1) BACKPROJECTION() is the main recur-
sive function. Dependingon thecurrentstateof therecursionand
the parametersB andD , it appliesthe recursive algorithmwith
or without downsamplingor calls thedirectmethod;2) DIRECT-
BACKPROJECTION() implementsthedirectBP algorithm;3) The
functionsDOWNSAMPLE(), TILEBLOCKS() andSEGMENT() are
helperfunctionsandapartof BACKPROJECTION(); Thefunctions
� (� ) and (� ) canberuntimeor compile-timeparameterstrading
speedversusgenerality. Allowing for automatedinvestigation of
programcon�gurationsandalgorithmparameterizations,wemake
heavy useof theC preprocessor. To avoid datacopying in TILE-
BLOCKS() andSEGMENT() we useddynamicmemoryallocation
involving pointerarithmeticinsteadof 2D arraysandsub-arrays.

Optimization. To facilitate debugging and veri�cation, we
�rst implementedalgorithm1 in a straight-forward manner. We
thenrestructuredour implementationto optimizefor speed.Opti-
mizing compilersfeaturinginter-proceduraloptimizationsupport



Optimization Methods Runtime
Basicimplementation 41.20s
+ Loop invariantcodemotionandloop fusion 0.64s
+ Precomputationof constants 0.23s
+ Functioninlining andfurtherloop fusion 0.08s

Table 1. Impactof optimizationmethodson theruntimefor N =
P = 128. The fastestversionapplyingall optimizationmethods
is runningat15% of themachine's peakperformance.

most of the optimization techniqueswe applied. However, the
compilersoften underachieve when optimizing codesfeaturing
pointerarithmeticso we resortto hand-optimization.In addition
we appliedsomeproblem-speci�coptimizations. For a problem
sizeof 128 � 128 pixels and128 projections,our optimizedim-
plementationrunsatapproximately15% of thesystem'speakper-
formanceandis 500 timesfasterthanour basicimplementation.
Table1 summarizestheimpactof differentoptimizationstepsthat
aredetailedbelow.

FunctionInlining. When the functionscomputing� (� ) and
 (� ) are compile-timeparameters,we inline them to avoid the
functioncall overhead.In addition,wemake surethatmathemati-
cal library functionsareinlinedwhensupportedby thecompiler.

Loop Invariant Code Motion. The functions DOWNSAM-
PLE() andDIRECTBACKPROJECTION() containloopswhichcom-
puteexpressionswith loop-invariantsub-expressions.Thesesub-
expressionsaremovedoutsideof theloops.

Loop Fusion. We fusedthe functionsDOWNSAMPLE() with
SEGMENT() andTILEBLOCKS() with BACKPROJECTION() lead-
ing to multiple loopsoperatingon thesamedataset. In addition,
the function DOWNSAMPLE() containsapplicationof both � (� )
and (� ) translatinginto a sequenceof loopsover thesamedata
set. To optimize for locality, we reorderedthe computationand
fusedthesesequencesof loopsleadingto asmallnumberof loops
with morecompute-intensive loopbodies.

Precomputationof Constants.We precomputethe valuesof
sin � andcos� for all angles� andstoretheresultsin anarray. This
replacesan evaluationof a transcendentalfunction by a memory
access.

4. RESULTS

We evaluatedour implementationof algorithm1 for runtimeand
distortionperformanceasa functionof severalparameters.

Platform. We performedall experimentson a 3.2 GHz Intel
Pentium4 platformwith 8 kB L1, 512kB L2 datacache,and1GB
DDR RAM. ThesystemwasrunningLinux FedoraCore2 andwe
wereusingtheIntel C++ compiler8.0with compiler�ags “-f ast”
whichwasexperimentallydeterminedto bethebestchoice.

Performancemetrics. As the runtimeperformancemeasure
we usethe executiontime of the compiledC codeaswell asthe
numberof �oating pointoperationspersecond(FLOPS).To mea-
surethedistortion,we usebothvisualandquantitative measures.
For thelatterwechoosetherootmeansquareerror(RMSE)of the
reconstructedimage �f (m; n) relative to theoriginal f (m; n):

� RMSE =
q

k �f � f kF =kf kF ; (8)

wherek � kF is theFrobeniusnorm.

Experimental Setup. All experimentsareperformedon im-
agesof size512 � 512 pixels with P = 1024 projections. We
evaluatedifferentalgorithmstrategiesby varying both D andB ,

andby choosingour radial interpolator� (� ) aseitherthenearest
neighbor, linear, cubic,or cubicspline.In ourexperimentsweuse
four imageswith differentspectralcharacteristics:1) Thestandard
Shepp-Loganphantomheadimage,2) “peppers”,asmoothpicture
featuringsoft shapes,3) “harbor”, a highly detailedimagewith
substantialenergy in thehigh frequency range,and4) “Gaussian”,
an imagecreatedof several2D Gaussianfunctionswith different
meansandvariances.Both theramp�ltering andtheforward2D
RT areperformedusingMATLAB, wherefor theRT weuseMAT-
LAB' s radon function.
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Fig. 2. Runtime(contiguousline) andFLOPS(dashedline) for
variousbasecasesizesandinterpolators.

Runtime performanceexperiments. In the �rst experiment
we analyzetheruntimebehavior of algorithm1 without oversam-
pling (D = N ) by varying theparameterB from the fully recur-
sive O(N 2 log N ) casewhere(B = 1) to the direct BP method
(B = N ). The resultsin Fig. 2 show that the runtimesusing
variousinterpolatorsrise proportionallywith their cost, i.e., cu-
bic splineis slowestwhile nearestneighboris fastest.Ontheother
hand,the costsavings arising from the recursionanddownsam-
pling (seeFigure1) do not alwaysprovide the fastestturnaround
time sincemorerecursionstepsmeanmorecomplicateddataac-
cesspatterns.The full recursionis 50% slower thanthe optimal
runtime obtainedfor B = 16. The algorithmsperform at 10%
to 15% of the peakperformanceandshow bestperformancefor
mediumto largebasecasesizeswheredataaccesspatternsandthe
amountof arithmeticoperationsarebestbalanced.For thedirect
methodtheperformancedropssigni�cantly dueto cacheeffects.

In the secondexperiment,we include the angularoversam-
pling controlledby thesizeD aswe explainedin Section2. Fig-
ure3 (top) shows theruntimeplotsfor all combinationsof B and
D , whereweusethecubicsplineinterpolator. Differentlinescor-
respondto differentwindow sizes(D =B) (seeFigure1) whereas
the x-axis determinesthe window positionB . For the maximum
executionspeedup,it is clearlyadvantageousto useB aslargeas
possiblefor a�x edwindow length.It remainsto explorehow these
choicesaffect thereconstructionaccuracy, whichwedonext.

Distortion analysis experiments. Using the samesetupas
for the runtimeexperiments,we createerror plots for the phan-
tom headand the harbor image,shown below the runtime plot
in Figure3. For the phantomhead,a smallerbasecasesizeal-
waysgivessmallererror for the samewindow length. However,
we might chooseto tradeaccuracy for speedor vice versa. For



Fig. 4. Harborimagefor B = N (left) andB = 32; D = 128(left center);Peppersimagefor B = N (right center)andB = 16 (right).
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Fig. 3. Runtimes(top)andRMSE(bottom)for differentrecursion
strategies.

example,choosingB = 64; D = 256 is slightly lessaccuratethan
B = 64; D = 128, with almost40% speedup.In the caseof the
harborimage,given the �x ed window sizeD =B, it is not clear
which choiceof B givesbestperformance.We notethat for both
imagesthespeedupgainsaremoreprominentthanthevariationof
distortionfor the �x ed window size,which suggeststhat varying
B is moreeffective for achieving thedesiredresultthanchoosing
adifferentD .

Image Nearest Linear Cubic CubicSpline
Gaussians(M) 0.06772 0.06731 0.06716 0.06701
Gaussians(A) 0.02939 0.02703 0.02696 0.02697

Table2. RMSEof theGaussianimagereconstructedby FBP.

At thispointwenotethatthecomputedRMSEincludeserrors
introducedby the forward RT aswell asthe ramp�ltering, both
performedin MATLAB. In Table4 we show errorsof the recon-
structionusing the direct BP algorithm for the Gaussianimage,
wherethe sinogramis obtained: (M) usingMATLAB; (A) ana-
lytically to avoid forwardRT error. For this particularimage,the
forwardRT errorcontributesfor about60% of thetotal error.

Assessmentof visual quality. Figure 4 shows the recon-
structedimagesusingour implementationof the HBP algorithm.
Wecomparetheresultfor theharborimageusingthedirectBPand
theHBP algorithmwith B = 32; D = 28. Thedistortionis notice-
ableonly undercloserinspectionwhile the runtimeimproved by
about62%. In thecaseof thepeppersimage,eventhefastestim-
plementation(B = 16) givesonly slightly blurredreconstructed
imageasshown in Figure4 (right). The speedupin this caseis
about10times,from 22.3s for thedirectBPto 2.3s for thefastest
HBPalgorithm.

5. CONCLUSION

We parameterizedthe hierarchicalbackprojectionalgorithmwith
several algorithmicchoicesandoptimizedthe C implementation
for bestperformance.We presentedanextensive runtimeanddis-
tortion evaluationto investigateinterestingtradeoffs andprovided
a detailedcostanalysisof the algorithm. The resultsshow that,
given the desiredperformance,the parameterchoicedependson
imagepropertiesandfeaturesof thetargetcomputerplatform.
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