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ABSTRACT

Most integrated target detection and tracking systems employ state-space models to keep track

of an explicit number of individual targets. In this thesis, we introduce a framework for enhanc-

ing target detection in video by applying probabilistic models to the soft information in correlation

outputs before thresholding. We show how to ef�ciently compute arrays of posterior target proba-

bilities for every pixel in the scene conditioned on all current and past frames of a video sequence.

These arrays can then be thresholded in the typical manner to yield more reliable target detections.

Because the framework avoids the formation of explicit tracks, it is well-suited for handling scenes

with unknown numbers of targets at unknown positions. Simulation results on synthesized and

forward-looking infrared (FLIR) video sequences show that our proposed framework can signi�-

cantly reduce the false alarm rate of a well-chosen bank of correlation �lte rs in the presence of large

amounts of uncorrelated noise while requiring only a marginal increase in computation. We �nd

that the framework is more adept at rejecting those false peaks due to uncorrelated noise rather than

those due to clutter; consequently, we show that �lters used in the framewor k should be made to

favor clutter rejection over noise tolerance.
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CHAPTER 1

INTRODUCTION

Automatic target recognition (ATR), which refers to the task of locating and/or classifying targets in

a scene, has become a critical part of many aspects of defense technology, including reconnaissance

systems, avionics, smart weapons, and electronic warfare. While the evolution of computing has

led to great advances in the �eld, ATR remains a challenging problem due to v ariations in target

appearances and sensors. The problem may be compounded by the fact that non-cooperative targets

will go to great lengths to avoid being detected.

The �eld of ATR encompasses three main tasks: detection (locating all targets of interest in

a scene), recognition (classifying each target), and tracking (connecting locations of a target over

time to determine its path). The lines between detection, recognition, and tracking are becoming

increasingly blurred as integrated approaches to these problems are proposed. Some applications,

such as smart weapon guidance, may require that all three be addressed, while others, such as still-

image reconnaissance, may only need to consider one or two. The classical approach to this set of

problems has been to divide them into stages and solve them independently [40]. While this type

of approach has been successfully applied, recent work (e.g., [10, 11, 67, 68]) has shown that better

results can be obtained by approaching the problems in a more integrated manner.

In this thesis, we propose a probabilistic framework for an integrated approach to detection,

recognition, and tracking in video sequences using correlation �lters. We refer to our framework as

1
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Figure 1.1: Schematic of a typical correlation-based detection system showing the role of the MFCF algo-
rithm in enhancing correlation outputs.

multi-frame correlation �ltering (MFCF). The use of MFCF is to combine the information from the

original correlation outputs before thresholding to produce enhanced output arrays that will yield

more reliable target detections when thresholded. These detections may be used in the same manner

as those that would have resulted from the original outputs, i.e., passed to auxiliary recognition

and/or tracking algorithms (if desired). A schematic of a correlation-based detector-tracker using

MFCF is shown in Fig. 1.1. Because many correlation �lter designs offer us er-controlled distortion

tolerance and discrimination capability, they provide the MFCF framework with a trade-off between

recognition and detection.

The MFCF framework differs in purpose and methodology from other integrated tracking ap-

proaches in three main ways: (1) it does not use state-space models to keep track of individual

targets but instead treats each pixel as a random variable on target presence, making it capable of

handling any number of targets in the scene; (2) it is not designed to produce explicit target tracks

but rather to suppress false detections that might later confuse the formation of those tracks; (3) it

uses a much simpler motion model than most tracking methods, which trades off some precision

in exchange for an ef�cient convolution-based computational structure . MFCF �ts easily into ex-

2



isting correlation-based detection systems and can be considered as an optional tool for improving

performance in such systems. In addition to presenting the underlying theory and algorithm, we

demonstrate performance characteristics of MFCF and offer insights into the types of scenarios in

which it is most likely to be useful.

1.1 GOALS

The main goals of this thesis are as follows:

1. To present the underlying theory and resulting algorithm for our MFCF framework.

2. To demonstrate the use of MFCF in various scenarios and examine its effect on the perfor-

mance of a given set of correlation �lters.

3. To provide a theoretical and empirical comparison of popular composite correlation �lter

designs, for its own sake and in order that we might demonstrate the performance of MFCF

in conjunction with a well-chosen �lter.

1.2 ORGANIZATION

This thesis is organized as follows. Chapter 2 provides background on correlation �ltering prin-

ciples and a theoretical comparison of several �lter designs, including the motivation behind each

design and the corresponding design equations. Therein we also provide a high-level computational

comparison of the �lter designs. Chapter 3 provides background on integ rated detection/tracking

approaches and explains in detail the underlying theory of our proposed approach. We supplement

the theory with a summary of the resulting algorithm. The larger proofs in the theory are moved to

the Appendices.

Chapter 4 describes the datasets used in our experiments, including forward-looking infrared

(FLIR) video sequences and synthetically generated visible-spectrum video imagery. Therein we

describe our setup for acquiring and preprocessing rotational imagery of scale-model targets and

3



our method for generating video sequences using this acquired imagery. We include some theory

from the �eld of computer vision.

Chapters 5 and 6 provide experimental results and analysis. Chapter 5 provides empirical com-

parisons of the �lter designs described in Chapter 2. We �rst show perf ormance curves for each

�lter design as a function of various design parameters, which we use to op timize each �lter. Then,

in order to determine the best �lter design to use in MFCF, we compare the optimize d �lters based

on separation metrics between unseen true- and false-class test images. Chapter 6 provides results

from applying the MFCF to various FLIR and synthetic video sequences, using the best �lter as

determined from the experiments in Chapter 5. We use four different sequences to illustrate various

properties of MFCF. The thesis concludes in Chapter 7 with a summary of the main �ndings and

contributions of our work and some possible directions for future research.
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CHAPTER 2

DISTORTION-TOLERANT CORRELATION FILTERS

The �eld of correlation �lter-based pattern recognition has been resear ched extensively and success-

fully applied in various applications [43, 49, 56, 58, 63]. This success is largely due to attractive

properties such as shift invariance, graceful degradation, and closed-form solutions. The simplest

correlation �lter (CF) is the matched �lter, in which the �lter template is matched to a sin gle training

image. It is well known that the matched �lter is optimal for detection of a known o bject in additive

white noise; however, the use of matched �lters is not attractive for automatic target recognition

(ATR) since the number of matched �lters needed is very large when large ta rget distortions are to

be handled.

In contrast to matched �lters, composite CF designs (e.g., [4, 20, 29, 30, 3 2, 37, 39, 48, 59])

allow the use of multiple training images and can produce a template that tolerates different types

of noise and distortion. Many such designs also optimize performance criteria such as peak sharp-

ness, output similarity, and low output noise variance [29]. Thus, when using CFs for a detec-

tion/recognition task in the presence of distortions, we will likely need fewer composite CFs than

matched �lters. Unfortunately, because so many composite �lter designs hav e been proposed in the

literature, it is often unclear which one(s) to choose in solving a particular problem.

In this chapter, we provide a theoretical comparison of many composite �lter d esigns. Some

�lter properties included in our comparison are �lter form (e.g., linear), op timization criteria, and
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design constraints; these properties are discussed in Secs. 2.4-2.6. We also provide in Sec. 2.7 a

computational comparison of the �lters, including both design and use stages . While we do attempt

to justify the approach of each �lter design and provide the �nal solution, w e do not provide �lter

derivations; readers interested in these details should refer to the literature. We supplement our

theoretical comparison with empirical comparisons in Chapter 5, where we employ several metrics

to evaluate the performance of each �lter design on a common database.

2.1 SUMMARY OF INCLUDED DESIGNS

The �lter designs considered in this chapter may be divided into several cla sses. We refer to the

�rst class as �constrained linear� CFs, which includes such designs as OTSDF [39], MACE [29], and

MINACE [37] �lters. Designs in this class have the property that the design er speci�es (constrains)

the correlation output value for every training image. This property is commonly used to achieve a

distortion-tolerant �lter by specifying a constant output value over a rep resentative set of distorted

training images. We describe several constrained linear CF designs in Section 2.3. Removing these

hard constraints enlarges the �lter solution space and leads to another clas s of �lter designs that are

commonly referred to as �unconstrained linear� �lters. This class includes such designs as MACH

[30], EMACH [4], and UOTSDF [64] �lters. We describe these designs in Section 2.4.

Several linear �lter designs have been proposed which have fewer de grees of freedom than the

number of constraints. We refer to such designs as �over-constrained linear� �lters. Some of these

designs, such as eigen-�lters [47], have a �nite number of constraints, while others, such as the

optimal trade-off circular harmonic function (OTCHF) �lter [66], have an in�nite number. All such

designs constrain the �lter to lie in a smaller subspace than that spanned by the training data. While

this type of approach might seem counterintuitive in light of the motivations for unconstrained �lter

designs (e.g., enlarged solution spaces), it has been shown to improve �lte r generalization [48, 61],

which can lead to better performance on unseen data. Because these �lter design problems are over-

constrained, the actual response of the �lter to each training image will likely b e different than the
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speci�ed response; thus, �lters in this class are designed by minimizing an er ror metric between

the desired and actual responses. We describe several existing over-constrained designs and some

proposed modi�cations in Sec. 2.5.

One of the main advantages of linear correlation �lters is their inherent shift invariance, i.e.,

the convolution operation effectively projects the input pattern vector onto the �lter vector vector

at every shift. For this reason, the input pattern need not be centered beforehand. In general, this

property is not present in non-linear classi�ers (e.g, neural network s, SVMs); consequently, if the

center is unknown, the pattern must either undergo preprocessing to locate the center or be presented

to the classi�er at all plausible shifts. However, several non-linear cor relation �lter designs have

been proposed that retain the shift invariance property of linear �lters u sing speci�c implementation

schemes. Two such classes of designs are quadratic correlation �lters [ 32, 34] and polynomial

correlation �lters [2, 28]. We describe speci�c designs from these two c lasses in Sec. 2.6.

Often, computational load is an important factor in solving a recognition problem. Depending

on the nature of the design (e.g., constrained or unconstrained), different �lter designs have varying

computational demands, especially in the design stage. We compare this aspect of the different �lter

designs in Sec. 2.7.

Because the main focus of this thesis is multi-frame correlation �ltering (MFCF), w e limit our

survey of �lters to those designs whose usage schemes are consistent w ith the multi-frame �ltering

architecture. Speci�cally, we consider only designs that meet the following two criteria: (1) the

design accepts and uses any number of true-class training images (for general distortion tolerance),

and (2) the �nal output is intended to be a single correlation array. Many o ther correlation �ltering

schemes have been proposed that are well-suited for certain target recognition problems but do

not meet these criteria. Some noteworthy examples include lock-and-tumbler � lters proposed by

Schils and Sweeney [44, 45], which look for points of constancy among multiple outputs rather than

maximum height, and linear phase coef�cient composite �lters (LPCCFs) pro posed by Hassebrook

et al. [19], which select only those training images that yield a near-Toeplitz inner-product matrix

in order to achieve rotation invariance. We admit that our survey may exclude one or more �lter
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designs in the literature that meet the above criteria; however, we believe that we have included

those �lters that have received signi�cant attention from the ATR community in recent years.

Among the other omitted designs are the distance classi�er correlation �lter (DC CF) [65] and

its non-linear extension, the polynomial DCCF (PDCCF) [3]. These designs have been shown

to work well for synthetic aperture radar (SAR) target recognition when the input images are of

single targets [51]. The DCCF and PDCCF designs transform the input images such that the target

classes are maximally compact and separated with respect to a particular distance metric. While full

correlations are are carried out over the entire image, these correlation values are optimized for use

in computing a single distance value rather than for array thresholding. Thus, the DCCF scheme

would be more appropriate as a post-detection target recognition stage rather than as an input to the

multi-frame architecture.

Also of interest are the class of �lters (Goudail and R ·efr·egier [18], Seong and Choi [46]) that

assume that the target and background are non-overlapping regions of noise with different statistics.

These designs represent a very different approach to target detection, as they do not make use of

exemplary training images but instead assume a known target silhouette. In addition, the statistics

of the random gray levels in the target and background regions are assumed to be known. While this

approach may have value in many pattern recognition applications, it does not use the same type of

training images as the other �lter designs; therefore, we do not consider it in our comparison.

2.2 REVIEW OF CORRELATION FILTER BASICS

Correlation �ltering may be divided into two stages: the design (synthesis) sta ge and the use

stage. It is important to distinguish between these two stages. The design stage of a CF is often

computationally expensive; however, each �lter need only be synthesize d once, and using the �lter

thereafter can be done ef�ciently in the frequency domain.

Linear �lters are typically used in the following manner. Let x denote the vectorized version

of the 2-D image x [m; n] in the space domain, formed by lexicographically ordering the elements
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of the image. In the same way, let h denote the vectorized version of the �lter impulse response

h [m; n]. The correlation value at the origin is equal to the dot product hTx. The correlation output

c [m; n] at every shift may be computed by correlating the image with the �lter:

c (m; n) =
X

i

X

j

x [i; j] h [i � m; j � n] : (2.1)

However, this output array is more ef�ciently computed in the frequency do main. If we let X [k; l]

and H [k; l] denote the 2-D discrete Fourier transforms (DFTs) of x [m; n] and h [m; n], respectively,

then c [m; n] can be expressed as the inverse 2-D DFT of the frequency domain conjugate product

as follows:

c [m; n] = F�1 fX [k; l] H� [k; l]g (2.2)

This array is sometimes referred to as the �correlation plane,� a term which o riginated in the �eld

of optical �ltering. Some non-linear �lter designs (e.g., quadratic �lters) co mpute the correlation

output using a different scheme than Eq. (2.2); nevertheless, the resulting array is treated in the same

way regardless of how it was computed.

Once the output array is computed, each value may be compared to a pre-determined threshold

for detections. In many ATR applications, however, correlation peaks are measured in terms of

sharpness, i.e., relative height compared to surrounding values [49]. This type of metric is useful

for at least two reasons: (1) it achieves invariance to local and global variations in image bright-

ness (especially for �lters with a non-zero DC component), and (2) many � lter designs attempt to

maximize some measure of peak sharpness by controlling more than one value in the output. A

commonly used sharpness metric is the peak-to-sidelobe ratio (PSR) [42], de�ned by the following

equation:

PSR ,
peak � �

�
(2.3)

where � and � are the mean and the standard deviation, respectively, of the correlation values inside

a small window surrounding the peak. A small area around the peak may be excluded from the

window to avoid contributions from broad correlation peaks.
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It should be noted that PSR is typically de�ned as the absolute value of the given expression, so

that all resulting PSR values would be positive. When PSR is used to measure a correlation value

whose height is well above the surrounding values (i.e., a true correlation �peak�), the presence

or absence of the absolute value operation makes no difference. In this work, however, we often

measure PSR at locations where the correlation value may not be a �peak�. Using our de�nition,

PSR values may be positive or negative; thus, a positive PSR value indicates that the correlation

value is above the mean of the surrounding values, while a negative value indicates that it is below

the mean.

We typically use the PSR metric in scenarios where targets are large enough and show enough

detail to be distinguished by shape rather than by absolute brightness. The resulting PSR values

represent a kind of normalized target likelihood metric. For example, a value of 4 indicates that the

peak is 4 standard deviations above the mean of the surrounding values, which is highly unlikely to

be a random �uctuation, whereas a value of 2 or less suggests that the pe ak is likely to have been

caused by noise or clutter rather than a target. Thus, PSR values, like normalized correlation values,

can be consistently translated into statements of target likelihood, allowing them to serve as a useful

component in a probabilistic framework. While we use only the peak height and PSR metrics in

this paper, other metrics may be useful for detecting correlation peaks. For example, the peak-to-

correlation-energy (PCE) ratio [62], which measures the height of the peak relative to the energy in

the entire correlation output, may be appropriate for applications in which it can be assumed that

there is at most one target in the scene (e.g., face recognition).

PSR can be ef�ciently computed at every point in the correlation output using two convolutions

(or four FFTs). This procedure is described here. Let g (x) and w (x) denote, respectively, the

correlation output and a user-de�ned PSR window function, where x 2 G , f1:::Lg � f1:::Mg,

i.e., x takes discrete values on a 2-D grid of size L � M pixels. The window function w should

be centered about the origin, and it should take the value 1=NW inside the window of interest W

and zero elsewhere, where NW is the number of (non-zero) pixels in the window. Then we can

compute the mean �W (x) of the values in the surrounding window of every point x in the output
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via a simple convolution:

�W (x) =
1

NW

X

y2W

g (y)

=
X

y2G

g (y) w (x � y) (2.4)

From Eq. (2.4) we de�ne the function Fmean [�; �] that takes as input two arrays (a correlation output

and a window function) and outputs an array of local means as follows:

Fmean [g; w] , g � w; (2.5)

where the operator � denotes a 2-D discrete convolution.

Similarly, the standard deviations can be computed by convolving instead with the square of the

correlation output:

�W (x) =

2

4
1

NW

X

y2W

[g (y) � �W (x)]2

3

5

1

2

=

2

4
1

NW

X

y2W

g2 (y) +
1

NW

X

y2W

�2
W (x) � 1

NW

X

y2W

2g (y) �W (x)

3

5

1

2

=

2

4

0

@
X

y2G

g2 (y) w (x � y)

1

A� �2
W (x)

3

5

1=2

(2.6)

From Eq. (2.6) we de�ne another function Fstd [�; �] that takes the same inputs as Fmean and outputs

an array of standard deviation values:

Fstd [g; w] ,
��

g2 � w
�

� F 2
mean [g; w]

�1=2
(2.7)

From the two functions in Eqs. Eq. (2.5) and Eq. (2.7) we de�ne a PSR fun ction FPSR [�; �] according

to the de�nition in Eq. (2.3) as follows:

FPSR [g; w] ,
g � Fmean [g; w]

Fstd [g; w]
: (2.8)

The PSR metric may not work well for detecting small, low-detail targets due to the broad peaks

that such targets typically produce. Therefore, depending upon the nature of the target signatures to
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be detected by a particular �lter, we may not choose to apply FPSR to all correlation outputs. We

therefore de�ne, after making this choice, a general function by which e ach correlation output is

processed as follows:

Fuser [g; w] ,

8

>><

>>:

FPSR [g; w] if using PSR values for current �lter

g if using correlation values for current �lter :

(2.9)

We utilize the above notation when we describe our multi-frame correlation �lterin g algorithm in

Chap. 3; however, we use the PSR metric in all our experiments in this thesis.

2.3 CONSTRAINED LINEAR FILTERS

Many correlation �lter designs require that the �lter designer specify the o utput of the �lter

for each training image provided. For N training images, this results in N constraints, which is

typically much less than the number of free parameters d (the dimensionality of the �lter). For this

reason, many of these designs optimize some �lter performance criterion while satisfying the N

constraints. We refer to this class of designs as �constrained linear� cor relation �lters. The general

form of a constrained linear �lter h is

h = T�1X
�
XTT�1X

��1
u; (2.10)

where X is a matrix whose N columns are the N vectorized frequency-domain training images,

T is a diagonal preprocessor matrix (explained below), and u is an N � 1 vector of the speci�ed

correlation output values for each training image.

Special cases of the preprocessor T result in well-known �lter designs. These cases are listed

in Table 2.1, where C and Di are diagonal matrices containing the power spectral density (PSD)

of the noise and the power spectrum of the i-th training image, respectively, and D = 1
N

PN
i=1 Di

contains the average training power spectrum. The optimal trade-off synthetic discriminant function

(OTSDF) �lter includes a trade-off parameter � that allows the user to emphasize low output noise

variance (ONV) (� closer to 1) or low average correlation energy (ACE) (� closer to 0). Setting
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Filter design Value of T

ECPSDF (Hester and Casasent [20]) T = I

MVSDF (Vijaya Kumar [59]) T = C

MACE (Mahalanobis et al. [29]) T = D

OTSDF (R·efr·egier [39]) T = �C +
p

1 � �2D

MINACE (Ravichandran and Casasent [37]) T = max
�

�C;
p

1 � �2D1; : : : ;
p

1 � �2DN

�

Table 2.1: Constrained linear �lter designs and correspond ing values of T.

� = 1 yields the minimum variance synthetic discriminant function (MVSDF) �lter, which has

minimum ONV but usually exhibits broad correlation peaks; in contrast, setting � = 0 yields the

minimum average correlation energy (MACE) �lter, which has minimum ACE and produces sharp

peaks on the training images but is highly sensitive to noise and distortion. The equal correlation

peak synthetic discriminant function (ECP-SDF) �lter, the predecessor to the other �lter designs, is

a special case of the MVSDF �lter when white noise is assumed (i.e., C = I).

The minimum noise and correlation energy (MINACE) �lter achieves an alternative compromise

between these two extremes by using an envelope equal to the maximum of the noise and training

image power spectra at each frequency. It should be noted that the trade-off parameter � appearing

in the MINACE formulation in Table 2.1 is not part of the traditional MINACE �lter design as

reported in [37]; rather, the value of C is varied directly, since the input noise level is typically

unknown. This difference is merely semantic; in practice, the same effect is achieved by varying

either C or �. In both the OTSDF and the MINACE designs, because both the input noise level

and the trade-off can be effected by scaling C relative to D, a single parameter � simultaneously

accomplishes both of these goals.

2.4 UNCONSTRAINED LINEAR FILTERS

Because the outputs of constrained CFs on non-training images are almost always different

than those on training images, the value of enforcing hard constraints on training images in �lter

design has been questioned [30]. Relaxing or removing such constraints might lead to a larger
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�lter solution space. Also, the matrix inversion in the constrained design may be ill-conditioned

when highly similar training images are included. For these reasons, several �unconstrained linear�

�lter designs have been proposed. These designs maximize some measure o f the average output on

true-class training images while minimizing other criteria such as ONV and ACE.

The maximum average correlation height (MACH) �lter [30] is one such des ign that achieves

distortion tolerance by maximizing the similarity of the shapes of true-class correlation outputs over

the training images. This maximization is realized by minimizing a dissimilarity metric known as

the �average similarity measure� (ASM). This design also attempts to simultaneously maximize the

average correlation-peak height (ACH) of the true-class training images and minimize the ACE of

the false-class images. The unconstrained OTSDF (UOTSDF) �lter [64] is a similar design that

minimizes a trade-off between true-class ACE and ONV (as in the OTSDF design). These �lters

rely heavily on the average training image m (see the �lter equations below), which may resemble

clutter more than a target and lead to poor clutter rejection capability.

The extended MACH (EMACH) �lter design [4] addresses the above clutte r rejection problem

by reducing the dependence on the average training image m. A tunable parameter � (in Eq.

(2.12) below) is used to control this reduction. Two new metrics are used in the design: (1) the

all-image correlation height (AICH), which takes into account the �lter outpu t on m as well as on

individual training images, and (2) a modi�ed average similarity measure (MAS M), which measures

the average dissimilarity to the optimal output shape. This optimal shape takes into account the

reduced dependence on m realized by the new AICH metric. The EMACH design also includes

an ONV criterion to help maintain noise tolerance. A trade-off parameter � is used to control the

relative importance of the ONV and MASM criteria, where higher values of � correspond to greater

emphasis on ONV and vice versa.

Let xi, i = 1; : : : ; Nx, and yi, i = 1; : : : ; Ny, denote the vectorized frequency-domain true-

class and false-class training images, respectively. Also, let Dx and Dy denote diagonal matrices

containing the average power spectra of the true and false classes, and let C denote the noise PSD
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matrix as de�ned as in Sec. 2.3. If we de�ne the following matrices:

S�
x =

1

Nx

NxX

i=1

[Xi � (1 � �) M] [Xi � (1 � �) M]� ; (2.11)

C�
x =

1

Nx

NxX

i=1

(xi � �m) (xi � �m)T; (2.12)

where Xi, Yi, and M are diagonal matrices containing vectors xi, yi, and m, respectively, along

their diagonals, then the UOTSDF, MACH, and EMACH �lter solutions are giv en by the equations

in Table 2.2.

It is interesting to note that the EMACH and UOTSDF �lter designs do not make u se of false-

class training images (i.e., requiring the �lter to produce a small output value fo r these images), in

contrast to the MACH �lter design, which utilizes the average power spectru m of the false-class in

the optimization criteria. Other versions of the MACH �lter have been reported (e.g., [4, 30]) that

do not make use of false-class images but include other criteria such as ONV. Alkanhal et al. [4]

compared the performance of EMACH �lters to MACH �lters of this latter type, i.e ., no false-class

images were used in either design. Using this type of MACH �lter design, they s uch showed that, for

well-chosen values of �, EMACH �lters exhibited signi�cantly better recognition performance than

MACH �lters on a database of synthesized synthetic aperture radar (SAR ) imagery. This imagery

was synthesized using radar prediction software called Xpatch [1], which simulates SAR images of

targets at speci�ed view angles based on CAD models. To our knowledge, no such comparison has

been reported in the literature that employs false-class images in MACH �lter tra ining.

If we approximate the covariance matrix C
�
x by only its dominant eigenvectors and eigenvalues

to yield a new matrix Ĉ
�
x , the resulting �lter solution (given in Table 2.2) is referred to as the

eigen-extended MACH (EEMACH) �lter [61]. The motivation behind the EEM ACH design is that

using only a few eigenvectors to approximate C
�
x will cause the resulting �lter to be less speci�c

to the training images, thus having better generalization and distortion tolerance. Vijaya Kumar

and Alkanhal [61] showed that an EEMACH �lter using only a single-eigen vector approximation

outperformed MACH (with no false-class training) and EMACH �lters for tar get recognition on the
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Filter design Filter h

UOTSDF (Vijaya Kumar et al.
[64])

(Dx)�1
m

MACH (Mahalanobis et al. [30])
�

�Dy +
p

1 � �2S0
x

��1
m

EMACH (Alkanhal et al. [4]) dominant eigenvector of
�

�I +
p

1 � �2S
�
x

��1
C

�
x

EEMACH (Vijaya Kumar and
Alkanhal [61])

dominant eigenvector of
�

�I +
p

1 � �2S
�
x

��1
Ĉ

�
x

Table 2.2: Unconstrained linear �lter designs. Note that th e EMACH and EEMACH �lters differ only in the

matrices C�
x and Ĉ�

x ; also, S0

x comes from substituting � = 0 in Eq. (2.11).

MSTAR [41] SAR image database. This somewhat surprising result suggests that using eigen-based

approximations may be advantageous in other �lter designs; this topic is furthe r explored in Section

2.5.2.

2.5 OVER-CONSTRAINED LINEAR FILTERS

In constrained composite �lter design problems, the number of hard constra ints (i.e., the number

of input images) is typically much less than the number of free parameters (i.e., the number of pixels

in the �lter). It has been hypothesized, however, that constraining the � lter to lie in a subspace of

the span of the training images will decrease the speci�city of the �lter to the train ing set and may

lead to better generalization and performance [47, 61]. In this case, the number of free parameters

of the �lter will be equal to the dimensionality of the subspace. If we then spec ify a peak constraint

for each training image, the number of constraints may exceed the number of free parameters, and

the resulting �lter design, which we refer to as �over-constrained�, solv es for the �lter that best

approximates these constraints. We discuss several interesting cases of this class of �lter designs.

2.5.1 Continuous-response �lters

There exist certain types of distortions, including in-plane rotation and scale, for which sub-

spaces of the training images can be represented algebraically by harmonic functions. In the case

of in-plane rotation, these are the circular harmonic functions (CHFs), whereas for scale they are
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the Mellin radial harmonic functions (MRHFs). These harmonic representations have led to several

�lter designs [38, 52] that achieve tolerance or invariance to the corres ponding distortion type.

We describe two recent designs: optimal trade-off circular harmonic function (OTCHF) �l-

ters [66], and minimum average correlation energy Mellin radial harmonic (MACE-MRH) �lters

[22]. We refer to these designs as �continuous-response� �lters. Th e motivation behind these �lters

was actually not subspace design but rather the ability to include multiple harmonics in rotation-

and scale-tolerant �lters. Because these designs only consider speci� c distortion types, we do not

include them in our main empirical comparisons in Chap. 5; however, we do compare them empiri-

cally to another over-constrained �lter design, as explained in Sec. 2.5.1.2 below.

2.5.1.1 OTCHF Filters

The optimal trade-off circular harmonic function (OTCHF) �lter design [66 ] allows the user

to specify a continuum of peak constraints for all in-plane rotated versions of a training image.

Speci�cally, the user provides a response function de�ned on the interv al [0; 2�), where each value

in the domain corresponds to the angle of in-plane rotation and each value in the range corresponds

to the desired correlation peak on the training image at that angle. A typical response function

is equal to one over some angular interval and zero everywhere else, which results in a rotation-

tolerant �lter with respect to the corresponding interval. The OTCHF �lter d esign approximates this

response function while minimizing the ACE criterion. It can be shown that this ACE minimization

is equivalent to pre-whitening the training image according to its average power spectrum across all

rotations. As the OTCHF �lter methodology is similar to that of the MACE-MRH �lter d esign, we

omit the solution here and refer the reader to [66].

Because rotation is handled implicitly in the design, only a single training image is needed.

Approximation of the peak constraints is shown to be equivalent to an FIR �lte r design problem, in

which a �nite set of �lter coef�cients is determined to approximate a desired fr equency response. If

we let Ne denote the number of coef�cients used in the approximation, then the resulting rotation-

tolerant �lter is shown to be a linear combination of the �rst Ne circular harmonic functions of the
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training image.

Hilai and Rubinstein [21] showed that if we form the set of all in-plane rotated versions of a

particular image (an in�nite set), then the Karhunen-Loeve decomposition of this set will yield the

circular harmonic functions of the image. This result implies that if we were to form a training set

by generating many rotated versions of a pre-whitened training image, we would be able to approx-

imate the OTCHF �lter via eigen-decomposition of this training set. Therefore, w e hypothesize

that the OTCHF design can be replaced by a more general over-constrained design that accepts any

representative set of training images.

2.5.1.2 MACE-MRH Filters

The MACE-MRH �lter design [22] is analogous to the OTCHF design; the main d ifference

is that MACE-MRH �lters provide tolerance to in-plane scale distortion, which, unlike in-plane

rotation, does not have natural periodicity. The MACE-MRH design is based on the Mellin radial

harmonic transform [52], given by the following pair of equations:

F (�; �) =
1X

m=�1

Fm (�) �j2�m�1;

Fm (�) = L�1

Z R

r0

F (�; �) ��j2�m�1�d�; (2.13)

where Fm (�) is the m-th Mellin radial harmonic function (MRHF) of the polar-coordinate image

F (�; �), � and � are the radial and angular coordinates, respectively, and r0 and R are user-selected

radial integration limits that satisfy the relationship ln R � ln r0 = L 2 Z
+.

The �lter design operates on a single training image and a user-speci�ed co ntinuous scale re-

sponse function c (�), the domain of which corresponds to scale factors � of the image. Thus, if

we let F (�; �) denote the 2-D Fourier transform (FT) of the training image in polar coordinates,

then for a particular scale factor �0, the value c (�0) gives the desired response to the training image

scaled by �0, whose FT is given by
�
1=�2

0

�
F (�=�0; �).
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Let us transform the function c (�) into a new function ĉ (!) via the transformation

ĉ (!) = e
L!
2� � c

�

e
L!
2�

�

: (2.14)

If we treat ĉ (!) as the desired frequency response of an FIR �lter with 2Ne+1 coef�cients Cm, m =

�Ne; : : : ; Ne, and use some FIR design method to solve for the coef�cients that best app roximate

ĉ (!), then it can be shown [22] that the MRHFs Hm (�) of the scale-tolerant correlation �lter are

given by

Hm (�) =
C�

m
R 2�

0
jFm(�)j2

PF (�) d�

Fm (�)

PF (�)
; m = �Ne; : : : ; Ne; (2.15)

where Fm (�) are the MRHFs of F (�; �), PF (�) is the average power spectrum of F (�; �) over

all �, and � denotes the complex conjugate.

If we substitute the solution MRHFs Hm (�) in Eq. (2.15) into the inverse MRH transform of Eq.

(2.13), then it can be seen that the �lter H (�; �) is a weighted combination of Mellin radial basis

functions Fm(�)
PF (�) �j2�m�1. Furthermore, changing the scale response function would only change

the weights Cm; therefore, all MACE-MRH scale-tolerant �lters for this training image lie in the

subspace spanned by this orthogonal basis set. An important advantage resulting from this property

is ef�ciency of �lter synthesis; speci�cally, when a new scale-tolerant � lter needs to be synthesized

(e.g., with a different range of scale tolerance), we simply recompute the weights and sum the �lter

harmonics. Thus, we avoid heavy computations such as eigenvalues or matrix inverses.

Because the MACE-MRH and OTCHF �lter designs are similar in methodology an d form, we

use the argument in Sec. 2.5.1.1 to hypothesize that MACE-MRH �lters can be approximated by

decomposing a training set of many scaled versions of an image into its eigen-images. We test our

hypotheses for both OTCHF and MACE-MRH �lters in Chap. 5.

2.5.2 Eigen-�lters

The OTCHF and MACE-MRH designs (Sec. 2.5.1) are based on algebraic descriptions of a

particular type of distortion; for example, in-plane rotation can be described as a shift of the angular

coordinates. Thus, parts of the methodology of these designs (e.g., continuous response functions)
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do not readily extend to other types of distortion that lack such mathematical properties. However,

the idea of designing �lters in subspaces is more general and can be applie d to any type of dis-

tortion. Shenoy has claimed [47, 48] that such an approach should lead to �lters with improved

generalization and increased capacity.

In this section, we examine an existing subspace approach and propose several modi�cations.

Shenoy [47] has proposed two different subspace approaches; one [47, chap. 4] is designed to

produce one �lter per class (or macro-class), while the other [47, chap . 3] produces pairs of �lters

for discriminating between true- and false-class targets. Since the multi-frame �ltering algorithm

(Chap. 3) is designed to utilize single �lters per class rather than pairs, we f ocus on the former

approach. We �rst describe two methods for choosing a subspace; we then show how to design a

�lter in a given subspace. We refer to this design approach as �eigen-� lters.� We assume that the

dimensionality Ne of the subspace has been pre-selected.

2.5.2.1 Standard eigen-�lter subspace

We use the term �standard eigen-�lter� to refer to a simple subspace appro ach, a version of

which has been proposed by Shenoy [47, chap. 4] (the differences are explained at the end of Sec.

2.5.2.3). In this approach, all training images are �rst pre-whitened (in the frequency domain) using

a matrix T selected by the user from the list in Table 2.1. This matrix is computed using the average

power spectrum over true- and false-class images as described in Sec. 2.3. Thus, if x is a vectorized

frequency-domain image, then the pre-whitened frequency domain image is computed as

y = T�1=2x: (2.16)

Let X be a matrix of size d � N whose columns are the N vectorized frequency-domain training

images, and let Y = T�1=2X, the set of pre-whitened training images. Also, let u be a vector of

length N that speci�es the desired �lter response to each training image.

We apply the Karhunen-Loeve (K-L) transform [15] to this new dataset to form an orthonormal

basis as follows. We �rst compute a matrix V whose columns are the normalized eigenvectors �i
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of length N , i = 1 : : : N , of the inner-product matrix YTY. For each eigenvector �i, we compute

a value pi = �T
i u. We then compute the matrix E = YV, the columns of which are vectorized

images ei of length d, i = 1 : : : N , where ei = Y�i. These vectors ei are actually the unnormalized

eigenvectors of the outer-product matrix YYT (of size d � d), but were computed using the inner-

product matrix YTY (of size N � N ), which typically requires much less computation since we

usually have that N � d . We refer to ei as the eigen-images of the pre-whitened training set, since

they are of the same dimensionality as the training images (as opposed to the eigenvectors �i of

length N ). Finally, we choose the basis of the �lter design subspace to be the Ne eigen-images ei

corresponding to the largest p2
i values. The purpose of this ordering is explained in Sec. 2.5.2.3.

2.5.2.2 Discriminant-modi�ed eigen-�lter subspace

Because the eigen-images in the above approach are computed from a macro training set of true-

and false- class images, they may fail to capture important differences between the two classes for

discrimination purposes. Thus, we propose to modify the �lter design subsp ace by adding in one

or more discriminative basis vectors. We use the HDGD algorithm proposed by Casasent and Chen

[12] to �nd suitable vectors for this purpose. This algorithm �nds those eig envectors that provide

good separation of the two class means and have low sensitivity to additive white Gaussian noise

(AWGN).

We apply the HDGD algorithm as follows. First, we partition the pre-whitened training vector

matrix Y (described above) into true- and false-class matrices Y1 ans Y2 and compute the mean

vectors �1 and �2 of each of these classes. We then recombine the matrices into a macro-class

matrix Y = [Y1 Y2] and compute the matrix E of vectorized eigen-images ei (as described

above) as well as the eigenvalues �i. If we form a diagonal matrix D whose diagonal entries are

the eigenvalues �i, then we have the relationship D = ETYYTE. We add AWGN to each training

vector in Y to form a new matrix ~Y and compute the perturbed eigenvalue matrix ~D = ET ~Y ~YTE.

We then compute the amount ��i = ~�i � �i by which each eigenvalue changed, where ~�i is the

corresponding entry along the diagonal of ~D (which may not be a diagonal matrix).
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For each eigen-image ei, we compute a metric

Ji =

�
�eT

i (�1 � �2)
�
�2

�i + ��i

�i

: (2.17)

The numerator in this metric is larger for those eigen-images eT
i that are closer in direction to the

difference in the means of the two classes, i.e., those which would result in the greatest separation

between the means if they were projected onto the eigen-image. Also, the denominator is smaller

(and thus the metric is larger) when the change in eigenvalue is smaller, i.e., the eigenvalue is less

sensitive to noise. Because the eigen-images are not normalized but rather are of norm �i, the metric

does not favor eigen-images with smaller eigenvalues (as is suggested by �i in the denominator).

We choose as our discriminative vectors the ei corresponding to the largest values of Ji, i.e., those

providing the best combination of class separability and noise robustness. Assuming that NH of

these vectors will be included in the modi�ed subspace, we then choose as o ur basis vectors the �rst

Ne � NH vectors from the standard basis above (corresponding to the largest p2
i values) plus the

NH HDGD discrimination vectors.

Because both the standard vectors and the HDGD vectors are selected from the same orthonor-

mal basis set (but based on different metrics), the resulting modi�ed basis will be orthonormal.

There is no guarantee, however, that the HDGD algorithm will select different vectors than those

already selected for the standard basis under the p2
i metric. Thus, it is possible for this scheme to

leave the standard basis unmodi�ed in those cases where the eigenvalue metr ic has already chosen

vectors with good discrimination and noise robustness.

2.5.2.3 Subspace �lter design

Once the �lter design subspace has been determined, the �lter design proc eeds as follows. Let

the d � Ne matrix E denote the subspace basis set, where the columns ei of E are the individual

basis vectors, i.e., the vectorized eigen-images selected via one of the above methods. Because the

�lter is constrained to be in the subspace spanned by ei, it must be a linear combination of these
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vectors:

h =

NeX

i=1

aiei = Ea (2.18)

where h is the vectorized �lter in the frequency domain and a , [a1 a2 : : : aNe ]. Let u be a

vector of length N that speci�es the desired �lter response to each training image as above, a nd let

~u denote the actual �lter response to each pre-whitened image after synthesis. Then we can write

that

~u = YTh = YTEa (2.19)

We solve for the weight vector aMMSE that minimizes the mean-square error (MSE) j~u � uj2 be-

tween the desired and actual �lter responses. The problem may be written a s follows:

aMMSE = arg min
a

�
YTEa � u

�T �
YTEa � u

�
: (2.20)

By taking the derivative of the expression in Eq. (2.20) and setting it equal to zero, the solution to

this problem can be shown to be

aMMSE =
�
ETYYTE

��1
ETYu (2.21)

Furthermore, as the solution in Eq. (2.21) and the corresponding minimized MSE value depends on

the eigenvectors chosen for the E matrix, it can be shown [47] that choosing those eigenvectors with

the largest p2
i values will result in the minimum MSE for this solution.

Finally, because we assumed thus far that the input images to the �lter have be en pre-whitened

whereas in testing they will not have been, the �nal �lter must be cascaded w ith a pre-whitening

�lter, which can be implemented as a single linear �lter by substituting Eq. (2.21) in to Eq. (2.18)

and multiplying by T�1=2 as follows:

h = T�1=2E
�
ETYYTE

��1
ETYu: (2.22)

Our proposed eigen-�lter method extends from that of Shenoy [47, cha p. 4] in the following

respects. First, our method allows the use of any pre-whitener T, while [47] uses only the MINACE

pre-whitener. Second, [47] assumes that u is a vector of all ones, i.e., only true-class training images
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are included. We, on the other hand, place no restrictions on u and therefore allow training on both

true- and false-class images. Shenoy [47] proves that the �rst eigenv ector chosen by the p2
i metric

will always correspond to the highest eigenvalue; however, when the restriction on u is relaxed, this

relationship is no longer true. Third, we allow the substitution of HDGD discriminative vectors,

which may improve the discrimination of the resulting �lter.

2.6 NON-LINEAR CORRELATION FILTERS

A linear correlation �lter output is an array of outputs from a linear discrimina nt applied to

the input image at every shift. While limited in capability by their linear nature, linear CFs have

the important advantage of ef�cient frequency-domain computation; howe ver, special cases of non-

linear discriminant functions have been proposed for which the attractive computational properties

of linear �lters may be retained by specialized implementation schemes. We refer to such systems

as �non-linear correlation �lters�.

In this section we describe two classes of non-linear correlation �lter desig ns. The �rst class of

designs, quadratic correlation �lters (QCFs), is characterized by solvin g for a quadratic discriminant

function in d-dimensional space, where d is the number of pixels in the image. This quadratic

discriminant can then be ef�ciently implemented as a set of linear �lters via eigen -decomposition.

In contrast, the second class of designs, polynomial correlation �lters (P CFs), are sets of linear

�lters applied to multi-channel input images, whose outputs are subsequently summed to form a

single output. Both the QCF and PCF designs solve for the set of linear �lters jointly in order to

optimize performance criteria.

2.6.1 Quadratic correlation �lters

If a linear correlation �lter is said to implement a linear discriminant in a d-dimensional space,

then a quadratic correlation �lter (QCF) implements a quadratic discriminant in tha t space. The

output y of a QCF Q at the origin for vectorized input image x is computed according to the
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following equation:

y = xTQx; (2.23)

where the �lter Q is a matrix of size d � d. It is important to note that this equation computes only

the correlation value at the origin, i.e., the correlation at zero shift. Ef�cien t computation of the

entire correlation output array is discussed in Section 2.6.2 below.

Mahalanobis et al. have proposed several methods for computing the matrix Q. We focus

on two such methods, subspace quadratic synthetic discriminant functions (SSQSDFs) [34] and

Rayleigh quotient quadratic correlation �lters (RQQCFs) [32]. These two methods were reported

to perform best among the proposed quadratic �lter designs on a particula r dataset. Other designs

include minimum variance quadratic synthetic discriminant functions (MVQSDFs) [34] and QCFs

based on the Fukunaga-Koontz transform [32].

QCF designs assume that the training images are divided into two classes, true/target class (class

1) and false/clutter class (class 2). Unlike other �lter designs, however, the QCF design procedure

operates on space-domain images rather than frequency-domain images. Quantities such as ACE

and ASM which are easily expressed in the frequency domain are not utilized in the QCF designs,

and thus the correlation output energy can only be controlled by including shifted versions of train-

ing images in the false class set. We observe, however, that in linear �lter de signs such as MACE,

minimizing ACE is achieved by simply pre-whitening the training images; this pre-whitening was

used in the eigen-�lter design (Sec. 2.5.2.3) and typically has the effect of emphasizing the higher

frequencies in the training images that lead to sharper correlation peaks.

We elect to use training image pre-whitening instead of shifted training images for our experi-

ments. Two reasons for this decision are the following: (1) it is unclear how many shifted versions

to include and at which shifts; and (2) using OTSDF pre-whitening gives the designer a tunable

parameter to trade off between ACE and ONV, which is simpler and more intuitive than adding var-

ious shifted images. Thus, we assume that each training image and input image is pre-whitened by

the OTSDF pre-whitener matrix T given in Table 2.1. We explicitly pre-whiten the training images
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before �lter design via the method described by Eq. (2.16) in Sec. 2.5.2.1, a nd we show in Sec.

2.6.2 below how to incorporate the complemental pre-whitening for input images into the QCFs

themselves.

2.6.1.1 SSQSDF design

The SSQSDF design is a constrained design that assumes the �lter Q is contained in the sub-

space spanned by the outer products of the training images. More speci�c ally, if we let xi denote

the i-th vectorized space-domain training image, then Q is assumed to be of the form

Q =

NTX

i=1

�ixix
T
i ; (2.24)

where NT is the number of training images. Let N1 and N2 be the number of class-1 and class-2

training images, respectively, where N1 +N2 = NT , and let the training set be partitioned such that

xi is a class-1 training image for 1 � i � N1 and a class-2 training image for N1 + 1 � i � NT .

Designing the �lter is reduced to solving for the weights �i. The �lter is designed to satisfy

N + 2 constraints, two on the output means and NT on the output variances. The mean constraints

are that E1

�
xTQx

�
= 1 and E2

�
xTQx

�
= �1, where E1 and E2 denote expectation with respect

to training samples from class 1 (target class) and class 2 (clutter class), respectively. The variance

constraints are xT
i Qxi � E1

�
xTQx

�
= 0 for 1 � i � N1 and xT

i Qxi � E2

�
xTQx

�
= 0 for

N1 + 1 � i � NT . These latter constraints are similar to constraining the true-class images to

produce an output value of 1 and the false-class images to produce an output of 0; however, since

the mean constraints may not be satis�ed exactly, the values may not be precis ely 1 and 0.

Muise et al. derive a least-squares solution for the weights as follows. Let R1 = E1

�
xxT

�
and

R2 = E2

�
xxT

�
denote the correlation matrices for each class. Then the matrix B is formed as

B = [p q p1 � � � pNT
]T ; (2.25)
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where the vectors comprising B are of length NT and are de�ned as follows:

p =
�
xT

1 R1x1 � � � xT
NT

R1xNT

�T
;

q =
�
xT

1 R2x1 � � � xT
NT

R2xNT

�T
;

pi =

8

>><

>>:

h

xT
1

�
xix

T
i � R1

�
x1 � � � xT

NT

�
xix

T
i � R1

�
xNT

iT
; 1 � i � N1

h

xT
1

�
xix

T
i � R2

�
x1 � � � xT

NT

�
xix

T
i � R2

�
xNT

iT
; N1 + 1 � i � NT

:(2.26)

It can be shown that the constraint equation is then equivalent to

B� = c; (2.27)

where we de�ne

c = [1 � 1 0 � � � 0]T ;

� = [�1 � � � �NT
]T : (2.28)

The least squares solution for � in Eq. (2.27) is given by

� =
�
BTB

��1
BTc; (2.29)

which yields the �lter Q when substituted into Eq. (2.24).

2.6.1.2 RQQCF design

The RQQCF design is an unconstrained design that attempts to maximize the objective function

J (x) = E1

�
xTQx

�
� E2

�
xTQx

�
, where E1 and E2 are de�ned above. This effectively maxi-

mizes a measure of separation between the �lter responses of the two classe s. This design assumes

that the �lter is of the form

Q =

N1X

i=1


iqiq
T
i �

N2X

i=1

�ipip
T
i ; (2.30)

where qi, 1 � i � N1, and pi, 1 � i � N2, are a set of orthonormal vectors (not necessarily the

training images as in SSQSDF). It can be shown [32] that the objective function J (x) may be made

large by choosing sets qi and pi to be the �rst N1 and N2 eigenvectors of R1 � R2 and R2 � R1,
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respectively, corresponding to the largest eigenvalues. Because these two sets of eigenvectors and

eigenvalues will simply be the negatives of each other, this selection scheme results in choosing the

N1 eigenvectors of R1 � R2 with the most positive eigenvalues for qi and the N2 eigenvectors of

the same matrix with the most negative eigenvalues for pi.

Once these vectors are chosen, it remains only to �nd the RQCCF weights 
i and �i. The

approach of [32] is to choose


i =

8

>><

>>:

1; qT
i (R1 � R2) qi > 0

0; otherwise

; (2.31)

�i =

8

>><

>>:

1; pT
i (R2 � R1) pi > 0

0; otherwise

: (2.32)

By substituting into Eq. (2.30), the combination of vectors qi and pi and their corresponding

weights yield the QCF matrix Q.

2.6.2 QCF implementation

Once the QCF matrix Q is computed, a na¤�ve (and computationally inef�cient) way to compute

the entire quadratic correlation output, i.e., the correlation value at every shift of the input, would

be to form every shifted version of the original input image into a vector x and reapply Eq. (2.23).

It can be shown, however, that if there exist matrices F and G of sizes d � NF and d � NG such

that Q can be written as

Q = FFT � GGT; (2.33)

then the output array can be computed using a series of linear convolutions. Speci�cally, if we

reshape each column of F and G into an image of size L � M , then the output array y [l; m] is

given by the following equation:

y [l; m] =

NFX

i=1

jx [l; m] 
 fi [l; m]j2 �
NGX

i=1

jx [l; m] 
 gi [l; m]j2; (2.34)
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where x [l; m] is the input image, fi [l; m] and gi [l; m] are the images corresponding to the i-th

columns of F and G, and the operator 
 denotes a 2-D discrete correlation.

In order to decompose a QCF matrix Q into components F and G, let ui and �i, 1 � i � d,

denote the eigenvectors and corresponding eigenvalues of Q, sorted by eigenvalues in decreasing

order. Suppose we want to approximate Q using N1 positive eigenvalues and N2 negative eigenval-

ues, which would result in N1 + N2 linear �lters for use in the convolution formula in Eq. (2.34). If

we de�ne the matrices F and G as

F =
hp

�1u1 � � �
p

�N1
uN1

i

; (2.35)

G =
hp

�d�N2
ud�N2

� � �
p

�dud

i

; (2.36)

then Q � FFT � GGT as in Eq. (2.33), yielding a linear-�lter approximation to the QCF. Once

the matrices F and G are found, we incorporate the pre-whitener T into the linear �lters contained

in its columns to obtain new �lter matrices F0 and G0 as follows:

F0 = T�1=2F; (2.37)

G0 = T�1=2G: (2.38)

The linear �lters are thus implicitly cascaded with a pre-whitener such that the a ssumption of pre-

whitened input images is satis�ed.

2.6.3 Polynomial correlation �lters

PCFs [2, 28] are co-designed sets of linear �lters applied to multi-channel ima ges. These chan-

nels could be different non-linear mappings of an image, images from different sensors, or a com-

bination of both. The motivation for this design is that multiple channels may provide more in-

formation than a single channel for use in discrimination. We describe both a constrained and an

unconstrained version of PCF design in this section.

Let us assume that each input to our �lter consists of q channels. We denote each vectorized
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training input as

ri =

2

6
6
6
6
4

x1
i

...

x
q
i

3

7
7
7
7
5

(2.39)

where x
j
i is the j-th channel vectorized image of training input i. The �nal �lter output c at the

origin for a given input r is computed from q linear �lters h1; : : : ; hq by applying each �lter to the

corresponding channel image and summing the q outputs. Thus, the output can be expressed as

c = hTr, where

h =

2

6
6
6
6
4

h1

...

hq

3

7
7
7
7
5

; r =

2

6
6
6
6
4

r1

...

rq

3

7
7
7
7
5

: (2.40)

The PCF �lter design solves simultaneously for the q �lters. In order to optimize certain per-

formance criteria, we de�ne the following diagonal matrices (which have an alogs in linear �lter

designs):

Skl =
1

N

NX

i=1

Xk
i

�

Xl
i

��
� Mk

�

Ml
��

Dkl =
1

N

NX

i=1

Xk
i

�

Xl
i

��
(2.41)

where Xk
i is a diagonal matrix with xk

i along the diagonal, and Mk = 1
N

PN
i=1 Xk

i . The diagonals

of Skl and Dkl are cross-spectral quantities used to formulate expressions for ACE and ASM, re-

spectively. We further de�ne diagonal matrices Ckl, used in the ONV expression, each of whose

diagonal contains the noise cross-spectral density between channels k and l. When k = l, each of

these terms becomes a power-spectral quantity for the corresponding channel (rather than a cross-
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spectral quantity). If we de�ne large matrices S, D, and C of the form

S =

2

6
6
6
6
6
6
6
6
4

S11 S12 � � � S1q

S21 S22 � � � S2q

...
...

. . .
...

Sq1 Sq2 � � � Sqq

3

7
7
7
7
7
7
7
7
5

(2.42)

(where D and C are formed in the same way), then it can be shown [2, 55] that the �lter perf ormance

criteria for the PCF may be expressed as follows:

ASM = h+Sh

ACE = h+Dh

ONV = h+Ch (2.43)

We present two PCF designs: a modi�ed version of the unconstrained PCF (UPCF) proposed

by Mahalanobis and Vijaya Kumar [28], in which we replace the ASM criterion with a trade-off

between ONV and ACE, and a variant of the constrained PCF (CPCF) proposed by Al-Mashouq

et al. [2], in which we use the same trade-off. This latter variant of the PCF �lter has been derived

by Thornton [55].

The constrained PCF design minimizes a weighted sum of ONV and ACE analogous to the

OTSDF design (Sec. 2.3), using the trade-off parameter � in a similar manner. If we de�ne R =

[r1 � � � rq] and T = �C+
p

1 � �2D, then the �lter can be shown [2, 55] to have the following

expression:

hCPCF = T�1R
�
RTT�1R

��1
u; (2.44)

where u is the peak constraint vector.

The unconstrained PCF design maximizes the average correlation height while minimizing a

weighted sum of ONV and ACE as above, which can be shown [28] to yield the following equation
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for the �lter:

hUPCF = T�1

2

6
6
6
6
4

m1

...

mq

3

7
7
7
7
5

(2.45)

where mk = 1
N

PN
i=1 xk

i are the vectorized mean images of each channel. We observed in prelim-

inary experiments that using the ONV-ACE trade-off resulted in superior performance to using the

ASM criterion as proposed by Mahalanobis and Vijaya Kumar [28].

2.7 COMPUTATIONAL CONSIDERATIONS

In this section, we describe the computational complexity of each �lter design in both synthesis

and use stages. Rather than quantifying complexity at the �oating-point ope ration level, we provide

a high-level comparison of computation in terms of three main quantities: (1) number of 2-D fast

Fourier transforms (FFTs), (2) number and size of matrix inversions, and (3) number and size of

singular value decomposition (SVD) operations, including how many eigenvectors need to be found.

Our comparison is shown in Table 2.3. We use the following notation: N denotes the number of

original training images (true-class plus false-class); Ne denotes the number of eigen-images to

be used (in applicable designs); d is the dimensionality of the training images (i.e., total number

of pixels); and q denotes the number of channels used in the PCF �lters. We illuminate several

important computational issues below.

Because quadratic �lters are included in our comparison, it is important to con sider the number

of FFTs in the use stage. In determining this number, we consider that a given input image (or

each channel of such for PCFs) must be transformed into the frequency domain before applying the

�lter, and that the �lter-input product(s) (plural for QCFs) must be tran sformed back into the space

domain. It is important to note that when PSR values are computed for each correlation output, the

computational advantage/disadvantage (in the use stage) of using one or more non-linear �lters in

place of several linear �lters may be affected. Consider that computing PS R over the entire output,

as described in Sec. 2.2, requires four additional FFTs. Each QCF will thus require Ne + 5 FFTs,
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Design (Synthesis) Use

Matrix Inversions SVDs (# of vectors, size) FFTs

OTSDF and vari-

ants, MINACE

1 (N � N ) 0 2

MACH,

UOTSDF

0 0 2

EMACH 0 1 of N � N 2

EEMACH 0 1 of N � N ; Ne of N � N 2

Eigen-�lters 1 (Ne � Ne) Ne of N � N 2

CPCF 1 (qd � qd) + 1 (N � N ) 0 q + 1

UPCF 1 (qd � qd) 0 q + 1

RQQCF 0 Ne of d � d 1 + Ne

SSQSDF 1 (N � N ) Ne of d � d 1 + Ne

Table 2.3: Comparison of computational loads incurred in �l ter synthesis and use stages. Typical values for

the parameters are: N = 50; Ne = 20; q = 2; d = 400.

whereas each linear �lter will require 2 + 4 = 6 FFTs. For example, if two QCFs, each using

three eigenvectors, could take the place of three linear �lters, the QCF �lter bank would require 16

FFTs as opposed to 18 FFTs for the linear �lter bank. In some applications, a pre-screening stage

may �lter out all but a few locations of interest, and thus PSR may only need to c omputed at these

speci�c locations. In this case, computing PSR at each point requires no F FTs but instead is only a

matter of computing the mean and standard deviation of the surrounding values.

The SSQSDF �lter design incurs heavy computational loads in the design stag e due to the fact

that the formulation of the pi vectors (Eq. (2.26)) requires many large matrix multiplications. The

use stage of both quadratic �lter designs requires more computation than that of linear �lters due

to the fact that quadratic correlation outputs are approximated by Ne linear �ltering operations. In

spite of these computational dif�culties, however, a single QCF �lter, due to its quadratic form, may

be able to take the place of several linear �lters in handling a given distortion , and may thus provide

a computational advantage in the use stage if Ne is suf�ciently low.

The design stage of the PCF �lters is computationally expensive due to the inve rsion of a matrix

of size qd � qd. Storing the matrix inverse as a whole may also be problematic; for example, if we
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use 2 image channels each of size 30 � 40, the resulting matrix inverse will be of size 2400 � 2400,

or 5.76 million elements. The use stage requires that each channel image be transformed to the

frequency domain (resulting in q FFTs), and only one additional FFT is required to generate the

correlation output since the q outputs may be summed in the frequency domain.

An important computational property of the eigen-�lter designs is that repea ted �lter synthesis

from the same training set does not require that the eigenvectors be recomputed. For example, sup-

pose we compute an eigen-space for the entire 360� range of out-of-plane rotation with respect to

some target, and suppose we then compute an eigen-�lter with tolerance over the range [0�; 30�]

(which would require a small Ne � Ne matrix inversion as well). If we later decide that we need

a �lter for the range [10�; 40�], we can reuse the eigen-space from earlier and simply carry out an-

other small matrix inversion. Also, storing the eigen-space eliminates the need to store the training

images; thus, rather than storing N training images, we need only store the Ne (< N ) eigen-images.

34



CHAPTER 3

MULTI-FRAME CORRELATION FILTERING

In this chapter we present the methodology and underlying theory of our proposed framework for

multi-frame correlation �ltering (MFCF). We begin in Section 3.1 by providing moti vation and

background for the MFCF problem as well as a literature review. In Section 3.2 we de�ne a general

ATD/ATR problem and a typical correlation �ltering scheme used to solve this p roblem. In Section

3.3.1, we present the model and assumptions used to describe the motion of targets in the scene.

In Sections 3.3.2 and 3.3.3, we describe our method for probabilistic analysis and processing of

the correlation outputs to generate probability arrays. We show how to process these arrays for

detection in Section 3.3.4. Finally, in Section 3.4 we describe an on-line algorithm for applying

multi-frame correlation �ltering to an incoming video sequence.

3.1 MOTIVATION AND BACKGROUND

Image-based automatic target detection (ATD), automatic target recognition (ATR), and target

tracking have historically been approached as separate problems and usually handled sequentially

[5, 8]. In typical image-based tracking architectures, an incoming image is �r st passed through

some detection algorithm whose job is to output estimates of potential target locations in the image

[9, 25]. These location estimates may then be delivered to either a recognition algorithm, a tracking

algorithm, or both. The recognition algorithm classi�es the detected targets, w hile the tracker asso-
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ciates detection points from the current frame with those from previous frames in order to estimate

target tracks in the scene [6]. While these individual problems have been researched extensively,

relatively little attention has been given to approaching them in an integrated manner.

In many remote imaging applications, the scene may contain an unknown number of targets

at unknown locations with variable aspect and appearance, all of which must be taken into con-

sideration when designing a robust detection algorithm. Also, in real-time applications such as

weapons guidance systems in which computational resources are limited, the computational ef�-

ciency of the detection algorithm may be of paramount importance to its usefulness in the system.

Correlation �lters (CFs) are well-suited to such applications due to their attrac tive properties such

as shift-invariance, distortion tolerance, and closed-form solutions [60, 63]. They have been used

successfully for detection and recognition in scenes with unknown numbers of targets and heavy

clutter [36, 49]. It is important to consider that correlation �lters can blur th e distinction between

detection and recognition, since the de�nition of a true-class target can ra nge from very broad (e.g.,

�any ground vehicle�) to very speci�c (e.g., �M1A2 Abrams tanks�).

In most CF-based ATR/tracking systems, each input frame is �rst passed through one or more

CFs, and the outputs of the �lters are thresholded for detections. All locatio ns in the outputs at which

the correlation value (or a related metric such as the peak-to-sidelobe ratio (PSR) [49]) exceeds the

threshold are passed to a tracker or an ATR, and the rest of the information in the output is discarded.

Thus, not only does the classical �lter-tracker interface result in a loss of information, but the so-

called �data association� problem arises, i.e., deciding with which existing trac k (if any) to associate

each data point, which can be complicated by false detections.

3.1.1 Integrated approaches

A wide variety of approaches have been proposed toward improved integration of detection,

recognition, and tracking. These approaches vary not only in their methodology but also in their

basic assumptions, e.g., whether CAD models are available, whether a preliminary detection stage

is used, etc. We survey several of these approaches below.
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Willett and Niu [67] have proposed methods for improving the detector-tracker coupling, wherein

data is passed backward from the tracking stage to the detector for smarter thresholding. This in-

formation can include such quantities as location estimates and probabilities. The authors have also

proposed an extension of their method which include passing amplitude information forward to the

tracker along with each detection [68]. These methods use prior probabilities from a probabilistic

data association �lter (PDAF) tracker [7] to apply a Bayesian detection thre shold to the detector out-

put, which is shown to improve tracking performance. However, because of the state space model

used therein, these methods assume a single target, making them unsuitable for multiple-target sce-

narios.

Several methods have been proposed for complete integration of detection, recognition, and

tracking, i.e., the coupling is eliminated altogether. Bruno [10] and Bruno and Moura [11] pro-

posed Bayesian methods for target tracking based on hidden Markov models (HMMs) and particle

�ltering. Chellappa et al. [13, 24, 69] proposed particle �ltering approa ches to appearance-based

tracking, some of which use adaptive appearance and motion models. All of these methods (as well

as the PDAF methods above) employ state-space models to keep track of individual target positions

and velocities; consequently, they require that the number of targets (i.e., the number of tracks) in

the scene be known or assumed at any given time instant (in the cases of [10, 11, 68], a single target

is assumed). Also, because these methods rely on a set of individual target exemplars to represent

variability in target appearance, they are not well-suited for scenarios with considerable amounts

of target distortion. Finally, because these methods rely on drawing a suf� cient number of parti-

cles to estimate the posterior distributions on target state, the quality of this estimate for a given

computation level decreases as motion uncertainty increases.

Another type of integrated approach is the set of �jump-diffusion� algorith ms [23, 33]. These

methods use detailed CAD models of targets to �nd the best reconstruction the s cene according to

Bayesian likelihood criteria. This reconstruction process requires a search over large continuous

and discrete parameter spaces for each frame, including target poses and scales, target classes, and

numbers of targets in the scene. So-called jump-diffusion random processes are used to conduct
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random searches through these spaces, and tracking is done by integrating Newtonian dynamics

equations into the likelihood metric.

3.1.2 Proposed method

In this paper, we present a new CF-based framework for improving the link between detection

and tracking. We refer to this framework as multi-frame correlation �ltering (MFCF). The key dif-

ference between our framework and other approaches is that our goal is not to compute individual

target tracks but rather to produce better output arrays by combining information from many corre-

lation outputs before thresholding via a simple motion model. These �enhanced outputs� can then

be used in the same way as the original outputs, i.e., thresholded for detections and, if desired, sent

to an external tracker (perhaps with a more complex motion model). The outputs could even be used

in a framework such as that of Willett et al. [68] described above. Because our framework utilizes a

target motion model, we say that tracking is, in some sense, integrated into the framework.

The key to our proposed framework is a probabilistic mapping of the CF outputs; speci�cally,

every correlation value in each output is mapped to a posterior probability value on target existence.

These posterior probabilities take into account prior probabilities computed from past frames based

on the motion model. A schematic of the framework is shown in Fig. 3.1. By assuming that the

motion model is space-invariant, i.e., that all targets of a given class have the same motion char-

acteristics regardless of position, we show that the probability computations have a convolutional

structure, allowing them to be carried out ef�ciently in the frequency domain .

The MFCF framework offers several important advantages over the particle �lter approaches

and the traditional detector-tracker approach. First, the framework alleviates information loss by

making use of the entire correlation output before thresholding. Second, the algorithm �ts easily

into existing CF architectures so that useful properties such as shift-invariance, distortion tolerance

(e.g., to aspect variation, thermal state, etc.) and discrimination (e.g., via false-target training) may

be retained. Third, because the framework produces posterior probabilities for the entire scene

rather than for a predetermined number of targets, the underlying algorithm is well-suited to han-
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Figure 3.1: Computational schematic of the MFCF algorithm. The correlation output (Sec. 2.2) from a
given frame is �rst combined (Sec. 3.3.2) with an array of pri or probabilities (Sec. 3.2.2) computed from
the previous frame to yield posterior target probabilities (Sec. 3.2.2). These posterior probabilities can be
thresholded (Sec. 3.3.4) if desired to yield detections. The posterior probabilities are then combined (Sec.
3.3.3) with a motion model function (Sec. 3.3.1.1) to yield an array of prior probabilities for the next frame.

dle unknown and changing numbers of targets. Finally, incorporating the framework into a CF

architecture requires only a marginal increase in computation.

The main strength of MFCF is the suppression of false peaks in non-target regions based on low

prior probabilities of target presence in those regions. If applying the MFCF algorithm reduces false

detections without affecting the true ones, any tracker operating on these detections should produce

more reliable results. Because of the different (and complementary) roles played by MFCF and

classical tracking algorithms as described above, it is not appropriate to compare the performance

of MFCF to that of a point tracker; instead, in Chap. 6 we compare false-detection rates generated

on video sequences using this framework to those generated without it. Our simulation results show

that MFCF can signi�cantly reduce the number of false detections due to add itive noise and enable

high-accuracy target detection even when the noise tolerance of the underlying �lters is poor.
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3.2 PROBLEM SETUP

In this section, we �rst de�ne a general ATR problem and introduce nota tion used to structure

this problem. We then introduce the notation used to describe the input to the multi-frame algorithm

and our assumed pre-processing of these inputs. Finally, we introduce the notation for describing

arrays of hypotheses and probability values at various stages of the multi-frame �ltering framework.

3.2.1 Problem description and general notation

We wish to address the general image-based ATR problem in which there exist C classes of

targets that may be present in an input image at unknown locations with variable appearance and

that we would like to detect and distinguish both from the other classes (if C > 1) and from all

non-target patterns. Problems in which C = 1 are usually referred to as automatic target detection

(ATD), while those in which C > 1 may be more appropriately labeled automatic target recognition

(ATR).

In order to describe appearance variations in a structured manner, let us de�ne a target state space

D, every element of which is a state vector that holds suf�cient information ab out target type and

state to convey both the class of the target and how the target would appear in the observed image

(before noise). For example, the dimensions of D might include target type (e.g., M1A1 tank),

distance from the observer, azimuth angle, elevation angle, and turret position. Let us also de�ne

a function Class (�) that takes as input an element of D and outputs the target class corresponding

to that state descriptor. We require that, at any given time instant, every target present in the scene

have an associated state descriptor in D.

In a typical correlation �ltering solution for the above problem, each class is detected by a group

of one or more �lters trained on representative target signatures from th at class. Consider a �lter

bank of N �lters fh1; h2; :::; hN g. We will say that a particular �lter hi �includes� a target state

d 2 D if and only if hi is, by design, intended to produce a detectable peak at any location at which

a target with state d is centered. An important special case of �lter banks is where no two �lters in
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the bank include the same target state. Let Di denote the set of all target states included in �lter hi,

where Di 2 D. We will say that the �lter bank fh1; h2; :::; hN g is �non-overlapping� if and only

if all the sets Di are disjoint, i.e., Di \ Dj = ; for i; j = 1:::N and i 6= j. Also, we will refer

to the sets Di as �subclasses�, and we will say that a target is of subclass j if and only if its state

descriptor d 2 Dj .

3.2.2 Array notation and preprocessing

Let f i (x) denote the i-th element of a sequence of random arrays representing the frames of an

input video sequence, where i = 1; 2; ::: is an integer time index and x 2 G , f1:::Lg � f1:::Mg

as in Section 2.2, i.e., for each i, x is an index into a 2-D array of random variables of size L � M .

Each element f i (x) of the array is a random variable that gives the intensity value at location x.

Henceforth in our notation we omit the position index of an array to refer to the entire array (e.g.,

f i), whereas we include the index to refer to a single element (random variable) of the array (e.g.,

f i (x)).

Once the i-th frame f i is received, it is processed by all N �lters h1; h2; :::; hN . We then process

each resulting output using the function Fuser (Eq. (2.9)) to yield a family of N arrays
�

gi
1; :::; gi

N

	
,

each of size L � M , as given by the following equation:

gi
j = Fuser

�
f i � hj ; w

�
; 1 � j � N; (3.1)

where hj denotes the impulse response of the j-th �lter and w is a user-de�ned window function

used to compute PSR values (see Section 2.2). The arrays f i, and consequently gi
j , are treated as

random objects, and we refer to samples of the individual random variables gi
j (x) as �scores�. We

de�ne the vector-valued random array gi as the collection of the outputs of all �lters at each location

as follows:

gi (x) ,
�
gi

1 (x) : : : gi
N (x)

�T
; x 2 G; (3.2)

and we let gi
1 denote the collection of arrays

�
g1; g2; :::; gi

	
(which implicitly includes all x).
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3.2.3 Hypothesis and probability arrays

Let each target have a prede�ned center point. Assuming integer-value d positions, we will say

that a particular target is �centered at position x� if the center point of the target in the 2-D image

lies at pixel x. Let the random array H i be de�ned such that each element H i [x] of the array is an

(N + 1)-ary random variable which takes on a value of j 2 f1; :::; Ng if and only if exactly one

target of subclass j is centered at position x at time i and a value of 0 if no targets are centered at x.

We also make the following important assumption about collocation of targets:

Assumption 1. [Separation of targets] At any given location and time, there will almost surely be

no more than one target centered at that location. �

In other words, although two or more targets may in fact move in three-dimensional space so as

to appear centered in the 2-D image at the same location at the same time instant, we assume that

this phenomenon will occur so infrequently that its probability can be treated as zero.

Based on the above de�nitions and Assumption 1, we de�ne two types of arr ays of probability

values:

�i
j (x) , P

�
H i [x] = j

�
� gi�1

1

�
;

�i
j (x) , P

�
H i [x] = j

�
� gi

1

�
; (3.3)

where gi
1 is the collection of all frames 1 through i as de�ned in Sec. 3.2.2. For a given frame i

and subclass j, we refer to �i
j and �i

j as the �prior� and �posterior� probability arrays, respectively,

because they represent target probabilities for frame i before and after observing the information gi

extracted from that frame by the �lters and preprocessor.

3.3 MULTI-FRAME CORRELATION FILTERING THEORY

In this section we provide the underlying theory of MFCF. First, in Sec. 3.3.1, we present the

model and assumptions used to describe the motion of targets in the scene. Next, in Sec. 3.3.2
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we present a mapping from correlation outputs to probability values based on score (e.g., PSR)

distributions and prior probabilities. We describe how to compute these prior probabilities in Sec.

3.3.3. Finally, we describe how to process the posterior probability arrays for improved detection in

Sec. 3.3.4.

3.3.1 Target behavior model

We model the behavior of each target between any pair of consecutive frames as consisting of

two simultaneous events: (1) the target may move from its current position to another position in

the scene, and (2) the target may take on a different state descriptor. We include in our model the

possibilities of instant target emergence and disappearance from one frame to the next, which, for

example, might describe the event of a target suddenly becoming obscured by or emerging from

behind another object. The user parameterizes the model by assigning probabilities to each of the

above events, where any such event can be disallowed by assigning it a probability of zero. We

describe below the speci�c parameters for each of the two steps in the beha vior model.

3.3.1.1 Motion model

In order to enable ef�cient processing of the probability planes, we emplo y a simple one-step

Markovian motion model for the targets in the scene. Let T i [x ! y] denote the event that a tar-

get moved from position x to position y between frames i � 1 and i. Also, let T i [1 ! x] and

T i [x ! 1] denote the events that a target spontaneously emerged at and disappeared from posi-

tion x, respectively, between frames i � 1 and i, and let � (x) and � (x) denote the probabilities

of these events occurring. Let the bar notation �T [!] denote the complement of the event. We

characterize our motion model by the following assumption.

Assumption 2. [Stationarity of target motion] Given the target presence event H i [x] = j 2

f1; :::; Ng for some position x and that the target does not disappear between frames i and i + 1,

the probability of the transition event T i+1 [x ! (x + d)] of that target depends only on the initial

target state descriptor set index j and on the displacement vector d (not on the individual positions
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x and (x + d) themselves), i.e.,

P
�

T i+1 [x ! (x + d)]
�
� H i [x] = j; �T i+1 [x ! 1] ; gi

1

�
= f1 (d; j) (3.4)

for some function f1. �

Based on Assumption 2, we de�ne a �transition probability� (TP) function fo r each state set j,

denoted by �j , as follows:

8 x 2 G; i 2 Z
+; 1 � j � N;

�j (d) , P
�
T i [x ! (x + d)]

�
�H i�1 [x] = j; �T i+1 [x ! 1] ; gi

1

�
; (3.5)

with the implied constraint that

X

d

�j (d) = 1; 1 � j � N: (3.6)

Given a target of subclass j that does not disappear immediately after a given frame, the value of

�j (d) indicates the probability that the target will be displaced in the next frame by vector d from

its previous position. An example of a circularly symmetric Gaussian TP function with standard

deviation equal to 2 is shown in Fig. 3.2. We discuss in more detail how to choose an appropriate

motion model in Sec. 6.2.3.

We include an additional assumption on the motion model as follows:

Assumption 3. [Independence of target motion] Any motion event of a given target between a

given pair of adjacent frames, including target emergence and disappearance, is independent of all

motion events of other targets between those frames. �

We admit that there are many scenarios in which Assumptions 2 and 3 are false. For example, if

a particular group of targets is moving as a convoy, their motion may be stationary but will almost

certainly exhibit some degree of dependence, and such information, if available, might be useful in
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Figure 3.2: Example of a circularly symmetric Gaussian TP function.

better predicting target motion. On the other hand, if targets are moving independently, the station-

arity assumption will likely not hold, i.e., targets in different locations will have different motion

characteristics. Nevertheless, in order to simplify computation, we choose to accept the possible

loss of information incurred by ignoring any motion dependence, and we use motion models that

are general enough to describe all targets in the scene.

3.3.1.2 Subclass dynamic model

If a target undergoes a change in state (e.g., pose, con�guration, ther mal state) between two

consecutive frames, its new state descriptor may fall into a different set among fD1; :::; DN g than

before. We model state changes based on the following assumption:

Assumption 4. [State change model] The probability of a target changing from one state to another

between two frames depends only on the indices of the state descriptor sets to which the two states

belong, i.e.,

P
�

H i+1 [y] = k
�
� T i+1 [x ! y] ; H i [x] = j; gi

1

�
= f2 (j; k) (3.7)

for some function f2. �
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Based on Assumption 4, we de�ne a �state transition� matrix � of size (N + 1)�N by de�ning

its elements �j;k as follows:

8 x; y 2 G; i 2 Z
+; j = 1; :::; N + 1; k = 1; :::; N;

�j;k ,

8

>><

>>:

P
�
H i [y] = k

�
� T i [x ! y] ; H i�1 [x] = j; gi�1

1

�
; 1 � j � N

P
�
H i [y] = k

�
� T i [1 ! y] ; gi�1

1

�
; j = N + 1

(3.8)

where the subscripts j and k denote the row and column indices, respectively, into the matrix �.

Each element �j;k is the probability that a given target will change from subclass j to k or, in the

case of emergence (j = N + 1), emerge as a target of subclass k. In general, for 1 � j � N , an

element �j;k of � should be non-zero only if

9 d1 2 Dj ; d2 2 Dk 3 Class (d1) = Class (d2) : (3.9)

The condition in Eq. (3.9) effectively disallows a target from changing to a different class (not

subclass). Also, because each target that did not disappear can belong to at most one subclass, then

it follows from Eq. (3.8) that

X

k

�j;k � 1; 1 � j � N + 1: (3.10)

Although not supported explicitly by the above equations, we note that it is possible to update

the model parameters over time if needed. For example, if the average velocity of targets in the

image appears to increase over time due to a narrowing �eld of view, the user might opt to update

the motion model parameters �j accordingly. Thus, the model parameter variables �j , �, �, and �

could be augmented with a time index to indicate that they may vary with time according to a user-

de�ned scheme. For the experiments in this paper, however, we assume tha t the model parameters,

with the exception of the emergence model �, do not change with time.
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3.3.2 Correlation output mapping function

In order to weave correlation outputs into a probabilistic framework, each value in the prepro-

cessed output array gi
j is mapped to the probability that a target is centered at the corresponding

location. Speci�cally, let us assume that we have observed frames 1 through i and have computed

gi�1 and �i
j for j = 1:::N , i.e., the target probabilities for frame i based on the information from

all previous frames. As soon as we observe frame i and compute gi, we are then ready to compute

�i
j for each j, i.e., the same target probabilities but based on the added information gi.

Before deriving a point-wise mapping from gi (x) to �i
j (x), we �rst de�ne the �lter- and class-

dependent score distributions pj
k as follows:

1 � j � N; 0 � k � N + 1; 8 x 2 G; 8 i;

pj
k (s) , P

�
gi

j (x) = s
�
� H i [x] = k

�
: (3.11)

For example, p1
1 (s) gives the probability that �lter h1 will produce (after Fuser-processing) score

s on target signatures in its own training subclass; p1
2 (s) and p1

0 (s) give the probabilities that the

same �lter will produce score s on target signatures of subclass 2 and non-target (clutter) signatures,

respectively. It is important to note that the distributions pj
k must be estimated for every pair of target

subclasses j and k before this mapping can be applied. Also, note that we omitted the index i from

pj
k (s), i.e., we assumed for simplicity that the distributions do not change with time; however, our

de�nition of pj
k (s) could easily be extended to be time-dependent by including an index i.

We also emphasize two important assumptions used in our derivation.

Assumption 5. [Suf�ciency of scores] For all x 2 G, 1 � j � N ,

P
�

H i [x] = j
�
� gi; gi�1

1

�
= P

�
H i [x] = j

�
� gi (x) ; gi�1

1

�
: (3.12)

�

This assumption says that, for a given frame, the collection of N scores at position x (one from
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each �lter) contain all of the information that can be inferred from the obse rvation of that frame

about any target probability at that position.

Assumption 6. [Conditional independence of scores] For 0 � j � N (where j = 0 denotes the

clutter class), and for all x 2 G,

P
�

gi�1
1 = S; gi (x) = s

�
� H i [x] = j

�

= P
�

gi�1
1 = S

�
� H i [x] = j

�
NY

k=1

P
�

gi
k (x) = sk

�
� H i [x] = j

�
(3.13)

where we de�ne the sample vector

s , [s1 s2 : : : sN ]T : (3.14)

�

This assumption says that if we already know the state of a particular position x (i.e., whether a

target is centered there, and if so, which subclass), then the collection of information from previous

frames and the individual scores at position x from the N �lters are all mutually independent. In

other words, knowledge of any of these random objects will not provide any additional information

about the others after the truth about the location is revealed.

Consider a particular position x, and let s (as de�ned in Eq. (3.14)) denote the vector of scores

sj sampled from each gi
j (x) for j = 1; :::; N . Using Assumptions 5 and 6, the i-th frame posterior

probability for each subclass j at position x can be expressed (as shown in Appendix A) as:

�i
j (x) = �i

j (x)

QN
k=1 pk

j (sk)
PN

k=0 �i
k (x)

QN
l=1 pl

k (sl)
: (3.15)

We call this equation a �mapping� because it maps a �lter score to a probability v alue; however,

the mapping is not solely a function of a single score but depends also on scores from other �lters

as well as the prior probability values. It should be noted that the denominator in Eq. (3.15) is a
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Figure 3.3: Examples of target and clutter distributions for a two-class problem and the resulting mapping
from PSR to target probability for two different priors. The value of the prior gives the probability (before
observing the PSR value) that a target is present at the given location.

constant with respect to j and need only be computed once for each position x in a given frame. Fig.

3.3 shows an example of clutter and target distributions for a two-class problem and the resulting

mapping function, and Fig. 3.4 shows an example of applying this mapping to a PSR array to

compute a posterior array.

3.3.3 Computing prior probability arrays

Once the posterior probability arrays �i
j for frame i have been computed, the prior probability

arrays �i+1
j for the next frame can be computed using the target dynamic model parameters �

and � i
j described in Section 3.3.1. These prior probability arrays represent our predictions about

target positions in the next frame before actually observing the frame, and they are necessary for

computing the posterior probabilities in that frame via Eq. (3.15).

Given the set of posterior probability arrays �i
j for frame i, j = 1:::N , the prior probability
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