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Abstract

This report presents an equation-based resource utilization model for automatically gener-
ated discrete Fourier transform (DFT) soft core IPs. The parameterized DFT IP generator
allows a user to make customized tradeoffs between cost and performance and between
utilization of different resource classes. The equation-based resource model permits imme-
diate and accurate estimation of resource requirements as the user considers the different
generator options. Furthermore, the fast turnaround of the model allows it to be combined
with a search algorithm such that the user could query automatically for an optimal design
within the stated performance and resource constraints.

Following a brief review of the DFT IP generator, this report presents the development
of the equation-based models for estimating slice and hard macro utilizations in the Xilinx
Virtex-II Pro FPGA family. The evaluation section shows that an average error of 6.1% is
achievable by a model of linear equations that can be evaluated in sub-microseconds. The

report further offers a demonstration of the automatic design'exploration capability.
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Chapter 1

Introduction

Ready-to-use IP designs of complex functionalities greatly reduce the time and effort of
hardware development. However, IP designs in the form of static library modules have
the limitation that they cannot match the optimal cost/performance tradeoff encountered
in every application scenario. As a solution to this problem, for certain domains, impor-
tant IP functionality can be generated and customized automatically to satisfy application
requirements. In previous work, we have described an example of this approach: a parame-
terized IP generator for the discrete Fourier transform (DFT) [1]. Using this generator, the
user can control microarchitectural tradeoffs between cost and performance, as well as the
tradeoff between utilization of different classes of resources (e.g., slices vs. block RAM when
targeting Xilinx FPGAs). We showed that by setting the control parameters accordingly,
the generator can produce DFT cores comparable to the Xilinx LogiCore library as well as
cores spanning a wide range of design tradeoffs not available in that library.

An opportunity exists to couple such a parameterized design generator with a feedback-
driven search algorithm to make possible automatic design space exploration and optimiza-
tion. The end user could then request the desired customized IP block in simpler terms,
such as performance requirements and available resources, and the search would find the

optimal solution. This way, the end user would be freed from understanding and configuring



the parameters of the generator.

The main obstacle in realizing this vision is the latency of the evaluation feedback loop.
For example, starting from the synthesizable RTL-level description produced by the DFT IP
generator, the Xilinx ISE synthesis flow can take tens of minutes to produce the post-map
resource utilization report for a typical 1024-point DFT design (and exponentially longer
on larger designs). Consider that an exhaustive search of the design space for a 1024-point
DFT involves evaluating 138 different design variations (already assuming that the param-
eters controlling numerical accuracy are fixed), the latency of synthesis-based estimation is
prohibitively expensive even if the design exploration process is fully automated.

To circumvent the prohibitive cost of post-map resource estimation, this report proposes
an accurate equation-based resource utilization model for the automatically generated DFT
cores. The model reduces the time for resource evaluation per design to the order of mi-
croseconds, and thus makes it practical to exhaustively explore the design space covered by
the DFT IP generator. The model presented in this text is tuned to target Xilinx Virtex-II
Pro FPGAs. However, the modeling approach is extensible to other synthesis targets by
recalibrating the technology-related coefficients in the equations.

In Chapter 2, we review the DFT IP generator, including the parameterized microar-
chitecture of the DFT datapath and the degrees of freedom controllable by the end user.
We first present the complete resource modeling equations for the generated DFT cores
in an overview in Chapter 3. Then, Chapter 4 expands on the details of the models that
require clarification. We offer models for estimating the utilization of both generic logic
resources (i.e., slices) and hard macros (i.e., block RAM and multipliers). Due to the dif-
ferent synthesis and mapping algorithms employed for slices and hard macros, they are
handled differently. The slice utilization is modeled by empirically developed linear equa-
tions parameterized by coefficients, which are then found through least squares fitting; the
utilization of block RAMs and multiplier macros is modeled by exact equations. Chapter 5

evaluates the proposed resource model in terms of accuracy (relative to post-map report



produced by Xilinx ISE) and evaluation latency. The results show that the slice estimation
has an average error of 6.1%. To illustrate the capability of this approach, we apply the
resource model in an exhaustive search to find, for DF'T sizes ranging from 16 point to 4096,
the best feasible implementation for each FPGA in the Xilinx Virtex-11 Pro family. Lastly,
Chapter 6 surveys related prior work in high-level resource estimation, and Chapter 7 offers

concluding remarks.



Chapter 2

DFT IP core generator

2.1 Pease DFT algorithm

The DFT generator presented in [1] outputs DFT cores for complex input vectors based on
the Pease DFT algorithm [2]. An example dataflow of the Pease algorithm for a DFT of
size 8 is given in Figure 2.1. The computation kernel in the dataflow is a 2-input/2-output
submodule (identified as the krnl module) that comprises a “butterfly” and a multiplication
by a complex-valued constant (the so-called twiddle factor). The butterfly computes the
sum and the difference of the two complex-valued inputs. For a DFT of two-power size
n, nlogy(n)/2 such kernels are performed. In a dataflow representation, the nlogy(n)/2
krnl modules can be arranged into an array of n/2 rows and logy(n) columns as shown in
Figure 2.1 for » = 8. A notable feature of the Pease algorithm is that an identical stride
permutation (defined in Section 4.1) shuffles the data after each of the logy(n) computation
stages; the stride permutation in Figure 2.1 is called L§. After the final computation
stage of the dataflow in Figure 2.1 is a “bit-reverse” permutation. As with many DFT
implementations, our generator omits this stage in the generated cores. Thus, the generated
cores accept input vectors in natural order and produce output vectors in bit-reversed order;

an alternative option generates cores for DFTs with bit-reversed ordered input vectors and
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L§ krnl L} krnl L§ krnl bit reverse

Figure 2.1: The dataflow graph of the Pease DFT for size n = 8.

natural-ordered output vectors.

The regular structure of the Pease DFT dataflow allows our generated DFT core to
instantiate only a single permutation and a single column of krnl modules to be reused
iteratively logy(n) times, as shown in Figure 2.2. This results in resource savings of ap-
proximately a factor of loge(n) without a latency penalty. One should note that in this
so-called horizontally folded implementation, the lower output of the butterfly in the krnl
module must be multiplied by a different twiddle factor in each of the log,(n) iterations.
These factors are stored in tables of size n.logy(n)/2 or n/2, depending on a user-specified
parameter.

The regular structure of the Pease DFT dataflow further allows reusing the krnl modules
in the vertical dimension. Figure 2.3 shows a maximally folded DFT datapath with only a
single krnf module that is iteratively reused n logy(n)/2 times per DFT. Qur DFT generator
can produce the full range of vertically folded implementations where the number of krnl
modules is a two-power p between 1 (minimum resource, minimum performance) and n/2
(maximum resource, maximum performance). Ideally, both performance and resource usage

scale linearly with p, the number of krnl modules used. Notice that in Figure 2.3—and in
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perm L} krnl register

Figure 2.2: A fully horizontally-folded Pease DFT, size n = 8 (p = n/2).

%:DZ/.{ v—fold( Lﬁ )

Figure 2.3: A fully horizontally and vertically-folded Pease FFT, size n =8 (p = 1).

vertically folded implementations in general-—the data vector is presented as a data stream
sequenced in time. Therefore, to permute a vector, a folded implementation of the stride
permutation must buffer the data stream to shuffle the data elements in time. Qur generator

folds the stride permutation using the method in [3].

2.2 DFT generator parameters

The DFT IP generator produces synthesizable RTL-level Verilog descriptions of DFT cores [4].
To support application-specific customizations, many details of the generated core are con-
trollable by the end-user. The user-controlled parameters can be grouped into two cat-

egories: those that control the functionality of the DFT core and those that the control
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hardware implementation choices. The parameters are described below and summarized

for convenience in Table 2.1.

The following parameters control the functionality of the generated IP cores:

n: The generated core computes the DFT of an n-element complex-valued input vector

and outputs a complex-valued n-element output vector. » must be a two-power and

n > 4.

w: w specifies the precision of the fixed-point representation of the input, the output,
and the intermediate data values. 2. w bits are used to represent both the real and

imaginary components.

t: t specifies the precision of the fixed-point representation for the precomputed twid-
dle factors. The real and the imaginary corponents are each represented using 1-bit

sign, 1-bit integer, and ¢ — 2-bit fraction. We require 2 < ¢ < w.

dir: This boolean parameter selects whether the generated core accepts natural-
ordered input vectors and outputs bit-reversed-ordered output vectors (dir = 0),

or vice versa (dir = 1).

scale: This boolean parameter determines whether the fixed-point data representation

of intermediate values is scaled by a factor 2 after each krnl module avoid overflow.

The following parameters control implementation choices:

e p: This parameter specifies the number of krnl modules instantiated in the DFT imple-

mentation. This is the primary microarchitectural parameter that allows the end-user
to customize the tradeoff between performance and resource use. The input and out-
put data vectors are streamed 2p elements per cycle over nn/(2p) cycles. Parameter p

must be a two-power and 1 < p < n/2.
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meaning range
n DFT size 22 to 2'4
W datapath bitwidth 6 to 36
t twiddle bitwidth 6 to w
dir location of bit-reversal input or output
scale arithmetic mode scaled or unscaled
P degree of parallelism 1ton/2
twid  twiddle storage three twiddle storage options

thr FIFO of size > thr is impl. in BRAM 2 to n/(2p)

Table 2.1: DFT 1P generator parameters

e twid: This parameter controls whether the twiddle factor tables use the 16-Kbit block
RAM (BRAM) macros in the Xilinx Virtex-II Pro FPGA architecture (fwid = 0), or
if one of two distributed RAM methods are used (twid = 1 or 2). If the twiddle factor
tables are greater than 16-Kbit in size, BRAM mode is selected automatically (see

Section 4.2).

o thr: If p < n/4, the stride permutation module requires FIFO queues ranging in depth
from 2 to size n/(4p). FIFOs deeper than thr use BRAMs for storage. FIFO queues

requiring more than 16-Kbit of storage are automatically set to use BRAM.

Given a fixed DFT size n and fixed numerical accuracy (bitwidth w and twiddle bitwidth

t), the generator can produce

3[(logy(n) — 1)logy(n)/2 + 1] (2.1)

distinct DFT cores with differing resource and performance characteristics. Equation (2.1)

arises from the different available choices of p, twid, and thr.



Chapter 3

Resource modeling: Overview

This chapter presents our model to quickly and accurately estimate the resource require-
ments for any generated DFT core after synthesis and mapping to a Xilinx Virtex-IT Pro
FPGA. The model for the general-purpose logic resources (i.e., slices) consists of a hierarchi-
cal set of empirical equations, which take as input the same parameters as the DFT generator
(summarized in Table 2.1). The utilization of hard macros in Xilinx FPGAs--block RAMs
{(BRAMSs) and 18x18 multipliers—is expressed separately by exact equations. Although the
presented models are developed in the context of Xilinx Virtex-II Pro FPGAs, the factors
specific to the Xilinx Virtex-II Pro architecture are captured as empirically determined

coefficients that can be meaningfully recalibrated for other synthesis target technologies.

3.1 Slice utilization

A slice is the general purpose logic element in Xilinx Virtex-II Pro FPGAs. A slice contains
two 4-to-1 function tables (that can alternatively be used as RAM, ROM, or FIFO), two
bits of storage (either as registers or latches), and a small number of simple gates with
hardwired functionalities (such as multiplexing, carry-propagation, etc.) [5]. To simplify

the presentation, we first present our slice model for the cases where the generated DFT
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core is parameterized to use only slices and not BRAMs (i.e., when twid # 0, thr > n/(4p)).

In the Xilinx synthesis flow, RTL-level structural desecriptions are reduced to slices in-
directly through several steps of complex transformations. Since the exact transformations
employed are not known, an accurate estimation of the slice utilization by direct inspection
of the RTL-level description is not possible. Although we can develop accurate equations to
model the slice utilization of some simple primitive modules, estimating the slice utilization
of a higher level module as the sum of its constituent submodules leads to erratic outcomes.
Furthermore, aggressive optimizations during synthesis can make estimations of even seem-
ingly simple primitives unreliable. For example, the number of slices necessary to realize a
read-only constant table is highly dependent on the values stored and how “compressible”
they are.

Our estimation relies on an empirically developed model of linear combinations of terms
with fitted coefficients. For example, ‘for a primitive module (without submodules) whose

number of slices S = S(w,p) depends on w and p , we may begin with a model of the form
S(w,p) =co-pw+c¢ - p+ea-w+cy. (3.1)

The coefficients ¢y, ..., c3 in the linear model are then determined by standard least-squares
fitting from a sufficiently large number of synthesized reference designs for representaftive
values of w and p. Terms in the equation with negligible coefficients can be eliminated from
the model. If the fitted model remains in poor agreement with the synthesized references,
this is an indication that additional terms may be needed to account for the differences.
Similarly, we build a slice usage estimate Smqq for a higher-level module recursively from

the estimates Ssubmoa,; Of its submodules (indexed by j) as a linear combination:

Smod(u-) = Cmod,0 Z Ssubmod,j + Cmod,1 - termy + - -+ + Cmod k termg + Cmod k+1- (32)

The first term is a weighted sum of the submodule estimates. The latter terms termy, ..., termy,
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Figure 3.1: The complete hierarchical slice model

suitably chosen, account for overhead and glue logic necessary to form the current hierarchy.

Figure 3.1 summarizes the recursive slice model we have constructed, and Figure 3.2
graphically shows the hierarchical module structure of the generated DFT cores. Each node
in Figure 3.1 corresponds to a module in the hierarchy and states a slice estimate in the
form of (3.1) or (3.2) above. The empirically determined coefficients (when the synthesis
target is a Xilinx Virtex-II Pro FPGA) have been compiled in Tables 3.1-3.3. In Chapter 4,

we highlight key details of this model that require additional attention.

3.2 Block RAM utilization

Xilinx Virtex-II Pro FPGAs contain dedicated on-chip memory elements called block RAMs
(BRAMSs). The aspect ratio of this 16K-bit memory primitive can be optionally configured
to be between 16Kx1-bit and 512x32-bit [5]. Unlike the algorithms for mapping logic to

slices, the algorithm for inferring BRAM from RTL-level “array” constructs is straight-
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top module (top)

Stride permutation module (perm)

twiddle table
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kernel
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l

sequencing control
(ctrh
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Figure 3.2: Hierarchical diagram of the generated DFT core, illustrating the modules: top,
perm, cascade, dsd, ctrl, ttbl, and krnl.

forward. The number of BRAMs consumed in a generated DFT core thus can be stated

exactly in a parameterized equation.

Our DFT generator can be parameterized to employ BRAM instead of slices to store

twiddle constants (when twid = 0) and to implement FIFO queues (when thr < n/(4p)).

Their modeling equations are derivable directly from our parameterized DFT core architec-

ture. Below, we first offer the equations without justification. Section 4.1 and Section 4.2

provide further details.

The number of BRAMs consumed by a twiddle table is

Bttbl(n» t, p) =9

\

P

2p

gliog,(2t'n/21)"

if twid £ 0

else if Yh < 2'3 and ¥/ < 16

else if th < 2

else

(3.3)
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where

¢ — glogy(1)]

is the effective twiddle word width, and

ol 3

if p < logy(n)

., Jogo(n)
p

[

if p > logy(n)

is the number of words per table.

The vertically folded stride permutation comprises 2p FIFOs of sizes 2° through 2'082(n/(32))
For FIFO depth d greater than thr, the FIFQ is implemented using BRAMs. The number
of BRAMs consumed by a FIFO of depth d is

0 it d < thr
1 else if w'd < 2'3, w' < 16

Briro(d, w, thr) = (3.4)
2 else if w'd < 21

2[]0g2(211»’}1/2]4)\ else

where w' = 2/198:(w]1 {5 the effective data width.
Therefore, the total number of BRAMs used in a DFT core is:

‘082(:7,)
B(n,w,p,thr) = Byup(n,w,p) + 2p Z Briro(28, w, thr) | . (3.5)

i=0
When twiddle tables and FIFOs are implemented using BRAMs, their corresponding
contributions in the slice model need to be subtracted. Further, the amount of overhead and
glue logic (in slices) to incorporate a submodule is also affected by whether the submodule
is constructed from slices or BRAMs. These effects are reflected in the slice model by 1)

requiring an alternative set of coefficients or 2) requiring different equations to be applied
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at a given hierarchy depending on the setting of DFT generator parameters that control

the BRAM usage.

3.3 Multiplier utilization

Xilinx Virtex-IT Pro FPGAs provide hardwired 18x18 multiplier macros which are used
automatically by the synthesis tool to realize multiplications in RTL-level descriptions.

Like BRAM usage, the utilization of multipliers follows a simple formula.

4p ifw <18 and t <18
m(p,w,t) = 8 ifw>18 and ¢t <18 (3.6)
16p ifw > 18 and £ > 18

A total of p complex multipliers of width w by t are required per DFT core. In the
most basic case, each complex multiplier is implemented with 4 real multipliers and two
real adders. However, when w > 18 or ¢ > 18, additional 18x18 bit multipliers are needed.

This problem is discussed further in Section 4.3.
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constant  value

Ccascade,0
Cdsd,0
Cdsd, 1

Cdsd,2

(b)

twid =1  twid =2

constant value
Cperm,0 0.93
Cperm, 1 19.00
Cperm,2 3.86
Cperm,3 -138.46
Cetrl,0 0.76
Cetrl,1 2.73
(a)

twid = 0

Cttbl,0 0

Ctibl, 1 0

Ctthl,2 0

Cithl 3 0

0.024 0.027
0.147 -3.194
-0.397 0.131
67.261  129.709

(c)

0.50
3.00
0.03
1.00

Table 3.1: Coefficient values used in: (a) perm and ctrl, (b) cascade and dsd, and (c) ttbl

models.

w > 18 w< 18
t<18 t>18 t <18
dir =1
Ckrnl,0 14.0 19.5 8.0
Ckrnl,1 9.5 13.2 1.4
Ckrnl 2 6.7 77.0 8.4
dir =0
Ckrnl,0 17.0 20.5 6.2
Ckrnl,1 9.8 11.7 0.8
Ckrml2  -26.7 78.0 14.8

Table 3.2: Coefficient values used in the krnl model.
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twid =0 twid =1 twid =2 tuwtd =0 twid=1 twid =2
dir =1 dir =1
Ctop0 0.0767 0.1709 0.2887 Ciop,0 0.3045 0.8350 1.9663
Ctop,1 3.3968 16.9921 7.9950 Ciop,1 -132.0714 -319.5112 -156.8810
Ciop,2  49.0620  -44.9364 -45.1627 Crop,2  916.5599  692.0835  205.7261
dir =0 dir =10
Ciop,0 0.0397 0.1166 0.2198 Ciop,0 0.2968 0.7855 0.9067
Ciop,1 -18.4841  -10.3651 8.6668 Crop,1  -153.7381  -249.2857 -209.2381
Ciop,2  111.2902 9.6899 -91.1419 Crop,2  288.5831  460.7778  379.2339
(a) w=28 (b) w =16
twid =0 tuid=1 tund=2
dir =1
Ctop,0 -0.7310 0.8465  -28.4821
Ctop,1 1.9041 10.4357 73.8951
Ciop,2  -109.2496  -496.8318 40.3796
dir = ()
Ciop,0 -0.9366 0.5265 -4.8235
Ctop,1 -7.3549 39.2352 -3.3765
Crop,2  -13.2356  -927.9078 -128.4907
(¢) w=232

Table 3.3: Coefficient values used in the top model






