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Abstract

This thesis considers systematic methodologies for finding optimized implementa-
tions for the fast Fourier transform (FFT). By employing rewrite rules (e.g., the Cooley-
Tukey formula), we obtain a divide and conquer procedure (decomposition) that breaks
down the initial transform into combinations of different smaller size sub-transforms,
which are graphically represented as breakdown trees. Recursive application of the
rewrite rules generates a set of algorithms and alternative codes for the FFT computa-
tion. The set of “all” possible implementations (within the given set of the rules) results

in pairing the possible breakdown trees with the code implementation alternatives.

To evaluate the quality of these implementations, we develop analytical and exper-
imental performance models. Based on these models, we derive methods — dynamic
programming, soft decision dynamic programming and exhaustive search — to find the

implementation with minimal runtime.

Our test results demonstrate that good algorithms and codes, accurate performance
evaluation models, and effective search methods, combined together provide a system

framework (library) to derive automatically fast FFT implementations.
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1 Introduction

Efficient signal processing algorithm implementations are of central importance in sci-
ence and engineering. Fast discrete signal transforms, especially the fast Fourier transform
(FFT), are key building blocks. Many of these transforms, including the FFT, are based
on a decomposition procedure, which gives rise to a large number of degrees of freedom for
the implementation of the transform. The performance models and search methods pre-
sented in this thesis use these degrees of freedom to generate automatically very efficient

implementations for these transforms.

Motivation and Related Work

Discrete-time signal processing (SP) plays and will continue to play an important role
in today’s science and technology. SP applications often require real-time signal processing
using sophisticated algorithms usually based on discrete SP transforms, [24].

Much research has been done in optimizing these algorithms. A review assessment of
these efforts is given in [13]. Most of this work is concerned with minimizing the number
of floating-point operations (flops) required by an algorithm, since these operations
were a bottleneck in older computers. For example, there is a large amount of research done
in the area of minimizing the number of floating-point operations required to compute the
discrete Fourier transform (DFT), [6].

The fast Fourier transform (FFT) is a remarkable example of a computationally efficient
algorithm, first introduced in modern times by Cooley and Tukey, [3]. The standard way of
computing the 2-power FF'T, presented in many standard textbooks, is the radix-2 FFT,
[6]. Radix-4 and radix-8 algorithms lead usually to faster FFT versions. Mixed radix
algorithms have also been used, [19, 20, 23, 29]. It is well understood that, in general,
radix-4 and radix-8 algorithms give about 20-30% improvement over the radix-2 FFT.

Another fast method for computing the DFT is the prime factor algorithm (PFA) which



uses an index map developed by Thomas and Good, [14]. Prime factorization is slow when
n is large, but the DFT for small cases, such as n = 2,3,4,5,7,8,11,13,16, can be made
fast using the Winograd algorithm, [8, 16, 17, 18]. H. W. Johnson and C. S. Burrus,
[15], developed a method to use dynamic programming to design optimal FFT programs
by reducing the number of flops as well as data transfers. This approach designs custom
algorithms for particular computer architectures.

Efficient programs have been developed to implement the split-radix FFT algorithm, [19,
20, 21, 22, 23]. General length algorithms also exist, [29, 30, 31]. For certain signal classes
H. Guo and C. S. Burrus, [32, 33], introduce a new transform that uses the characteristics
of the signal being transformed and combines the discrete wavelet transform (DWT) with
the DFT. This transform is an approximate FFT whose number of multiplications is linear
with the FFT size.

Minimizing the number of floating-point operations is of less significance with today’s
technology. The interaction of algorithms with the memory hierarchy and the pro-
cessor pipelines is a source of major bottlenecks, [1, 10]. Compilers for general-purpose
languages cannot efficiently tackle the problem of optimizing these interactions, as they
have little knowledge about what exactly the algorithms are computing, [34]. Computer
architecture researchers are mostly concerned with developing new architectures, optimized
for doing a set of predefined tasks, and are much less concerned with creating efficient al-
gorithms on existing platforms. Thus, the problem of developing efficient algorithms with
good memory interaction patterns is left to the algorithm developer, who must have a very
good understanding of the computer architecture. Development of such algorithm imple-
mentations by hand is an error-prone and time consuming task, and, in general, is platform
dependent, which makes the code not portable to other computing platforms.

The development of algorithms that are self-adaptable to any existing platform has
been an active area of research in the past few years, [1, 10]. Portable packages have been

developed for computing the one-dimensional and multidimensional complex DFT. These



algorithms tune their computation automatically for any particular hardware on which they
are being used.

A very effective general length FFT system, called FFTW, was developed by Frigo
and Johnson, [10, 11, 12]. It is faster than most of the existing DFT software packages,
including FATPACK, [35], and the code from Numerical Recipes, [8]. FFTW is restricted
to the Fourier transform and does not try to formulate optimization rules and to apply
these rules to other SP transforms in order to obtain efficient implementations.

This thesis is part of the SPIRAL project, [1], a recent effort to create a self-adapted
library of optimized implementations of SP algorithms. It uses a specialized signal process-
ing language, SPL, an extension of TPL, [2], to formulate signal processing applications in
a high-level mathematical language, and utilizes optimization rules to automatically gen-
erate implementations that are efficient in the given computational platform. SPIRAL is

described in the following section.

SPIRAL

SPIRAL (Signal Processing Algorithms Implementation Research for Adaptive Libraries)
is an interdisciplinary project between the areas of signal processing, computational math-
ematics, and computer science.

SPIRAL’s goal is to develop an optimized portable library of SP algorithms suitable for
numerous applications. It aims to generate automatically highly optimized code for signal
processing algorithms for many platforms and a large class of applications. Its approach is
to use a specialized SP language and a code generator with a feedback loop, which allows
the systematic exploring of all possible choices of formula and code implementation and
chooses the best combination.

SPIRAL’s approach recognizes that algorithms for many SP problems can be described
using mathematical formulas. This allows for easy generation of a large number of math-

ematically equivalent algorithms (formulas) which, however, have different computational
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Figure 1: SPIRAL Modules

performance in different computing environments. In Figure 1, we show the architecture of
SPIRAL.

The FORMULA GENERATOR block generates a large number of mathematically equiv-
alent algorithms. A second degree of freedom is provided byJ the FORMULA TRANSLATOR
block that creates automatically for each formula a code implementation. To determine the
“optimal” implementation, we envision searching over all possible formulas and all possible
implementations. To avoid such exhaustive search, SPIRAL develops a learning mechanism
in a feedback loop. This learning module combines predictive models with machine learning
algorithms, and determines what formula and what implementation should be tested out
in the self-adaptation mode of the library. The actual benchmark results of running a cho-

sen formula and its implementation are used by the learning module to update SPIRAL’s

predictive models.



Our thesis is within the SPIRAL framework, and our results are a step towards the
ultimate goal of automatically determining optimized implementations for fast discrete
signal transforms on large classes of existing computational platforms. The next paragraph

focuses on our contributions.

Research Goal

The main goal of this thesis is to develop methodologies for finding fast implementations
of signal processing discrete transforms within the framework of the 2-power point fast
Fourier transform (FFT), [6]. The primary reasons for choosing this transform are its wide
use In many practical applications and the fact that, as it has been studied extensively and
there has been a large amount of research done in this area, it provides us with very well
optimized packages to compare our results against.

In line with this goal, we formulate the following objectives:

1. To analyze FFT algorithms derived from the Cooley-Tukey formula, [3], and to create
their efficient codes, supporting the arbitrary breakdown of the initial n-point FFT.

2. To develop analytical and experimental performance models for evaluating any n-
point FFT implementation (combination of code and breakdown procedure), and

determine the range of values of n where these models are applicable.

3. Based on the performance models that we develop, derive search methods over the
set of possible Cooley-Tukey breakdown procedures, and find the best runtime imple-

mentation for large class of uniprocessor computational platforms.



Thesis Overview

In this Introduction we discussed the motivation and stated the goals of our research,
dwelled on the major contributions of this thesis to the project SPIRAL, and gave a brief
review assessment of related work.

In Chapter 2 we provide the reader with relevant background information and ter-
minology used throughout the thesis. We also outline the methodology necessary for the
understanding of the subsequent chapters.

Chapter 3 considers different algorithms that are mathematically equivalent when
computing the DFT. The chapter also addresses the process of finding the best possible
code for a given algorithm.

In Chapter 4 we design a benchmark strategy for runtime performance evaluation of
different implementations.

In Chapter 5 we present different analytical performance predictive models that are
based on platform dependent parameters.

Chapter 6 introduces the notion of a search space of FFT implementations, and dis-
cusses search methods — several versions based on dynamic programming and exhaustive
search — that are based on our performance models. These methods search over the space
for the optimal implementation.

In Chapter 7 we present our test results and analyze different algorithm codes. We
evaluate our analytical performance models, define the range of optimal applications for
dynamic programming, and compare our results against existing packages.

Conclusions and future work are discussed in Chapter 8.



2 Background Information and Methodology

This chapter provides the reader with background information necessary for under-
standing the material presented here. It also introduces the terminology used throughout

the thesis, and gives a brief account of our methodology.

2.1 Specialized SP Programming Language (SPL)

Motivation Many signal processing applications face a quandary: they require real-time
processing, while their processing algorithms are computationally heavy. Many such appli-
cations are implemented on special purpose hardware with code written in general-purpose
low-level languages, such as assembly or C, in order to obtain very efficient implementa-
tions. Consequently, code becomes very difficult to write, and is machine dependent. When
writing SP algorithms in general purpose programming languages, programmers cannot rely
on a generic compiler to do the job of optimizing their code. The generic compiler is lim-
ited by the syntax of that language, and cannot explore all the inherent properties of SP
applications that allow their fast computation. Thus, creation of an abstract programming
language specifically designed for SP algorithms is desirable. It allows programmers to
design and implement the SP algorithms at a high level, avoiding low-level implementa-

tion details, and to make their code portable. SPIRAL’s SPL is an example of such a

language, [2].

SPIRAL’s SPL In the framework of SPIRAL, [1], (see Chapter 1), classes of fast SP
algorithms are represented as mathematical expressions (formulas) using general mathe-
matical constructs. For these purposes, a specifically designed high-level SP programming
language, SPL, is being developed. Formulas then can be rewritten into mathematically
equivalent ones by applying mathematical properties (rewrite rules) of these constructs.
This way, SPIRAL systematically generates mathematically equivalent formulas, which can

be translated into programs and compared in terms of their performance in order to find
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the best one.

Basic constructs of the SPL language are:

e Matrix Multiply | I, Identity Matrix of size n
® Tensor Product | P, Permutation Matrix
@ Direct Sum D, Diagonal Matrix

F, SP Transform Matrix

Examples of fast SP algorithms that can be represented in this notation are: Dis-
crete Fourier Transform (DFT), Discrete Zak Transform (DZT), Discrete Cosine Transform
(DCT), Walsh-Hadamard Transform (WHT), just to mention a few, [1, 2].

2.2 Tensor Products, Direct Sums, and Permutations

In the sequel, we will often have the occasion of indexing matrices. Sometimes the
indexing is just a counting index, e.g., A;, 1 = 1,...,n, but often it will indicate the
dimensions of the matrices (if square), e.g., A, (matrix A of size r x r). We hope the

context will make clear what the index stands for.

Tensor Product If A and B are m; x my and n; X ng matrices, respectively, then their

tensor or Kronecker product is defined, {4], as

a1 -B a2 -B a1,mgy -B

a21-B agg-B agmz-B
A®B: H ? ¥ ,

Omy,1* B amy2-B ... Gmyms -B

i.e., A determines the coarse structure, and B defines the fine structure of A ® B.

Tensor Product Properties Standard properties of the tensor product, [2, 4], include

the following;:
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1. DisSTRIBUTIVE (A+ B)@C=AQC+B®C

2. ASSOCIATIVE (A® B)® C =AQ (B®C)

3. SCALAR MULTIPLICATION a(A ® B) = (ad) ® B = A Q (aB), where « is a scalar.
4. TRANSPOSE (A ® B)T = BT @ AT

5. INVERSE (A® B)"! =A"l1@ B!

6. GROUPING (4 ® B)(C ® D) = (AC) ® (BD)

7. EXPANSION AQ B = (AQI)(I ® B)

Direct Sum The direct sum, [7], of n matrices A;, i = 1,...,n, not necessarily of the

same dimensions, is defined as the block diagonal matrix

Ay 0
n A2
'EBlAi =A104:d...04, =
1=
0 A,
Stride Permutation Let x = (29,%1,...,2Z,—1) be a vector of length n = r-s. The

n X n matrix is a permutation of stride s, written as L7, if it permutes the elements of x as

i = d-smod (n—-1), i<n-1,

n—1 —» n-—1.

For example, if x = (zg, 1, T2, T3, T4, T5), then L§ - x = (zq, 23, 21, T4, T2, Ts).

Stride Permutation Properties

1. Ay ® By = LI*(B, ® A,) LT

12



2. LIS LTS =1

rst rst _ yrst
3. L7st. L7t = L7

Bit-reversal Permutation Let n = 2¥. The n x n matrix is a bit-reversal permutation,

written as By, if it is given by

k )
By = [T (s ® L5).
i=1
Suppose x = (z¢, 1, -.,Zn~1)- Bit-reversed permutation of the elements of x, By, - x,

can be described in a neat way via the binary representation of the indices. We take the
indices of the elements of x, and write them in binary form with leading 0’s so that all
indices have exactly k digits. Then, we reverse the order of the digits, and convert back to

decimal. For example, if

X = (-’E000b,117001b,$010b,$011b,1‘100b,$101b,1‘110b,$111b), then

Bg-x = (ZOOOb, 10065 L010b5 L11055 L001bs L101bs LO11bs mlllb)-

2.3 Discrete Fourier Transform (DFT)

Suppose x = (g, Z1,--.,Zn-1)" is a finite-duration discrete time signal, n samples long.
We define the discrete Fourier transform (DFT), [6], to be the signal y = (3o, %1, - - ., ¥n—1)"

also n samples long given by the formula
n—1 o
yl:zwi‘e—]%r-zl/n’ 1=0,1,...,n—1.
i=0

The DFT can also be written in matrix notation. We define wy, = ¢~927/%, Then the DFT

matrix F;, will be of size n x n, and can be written as

— (op3: :)s R ]
Fp = (wz,j)z,]—_-o,l,...,n—la where Wi = wn,J-

13













































































































































































































































