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Abstract

Line spectral pairs (LSPs) provide an alternate parametrization of the analysis and synthesis
filters used in linear predictive coding (LPC) of speech. Effective use of LSPs in low bit-rate trans-
mission of speech requires fast and accurate computation of these parameters. Special properties
make LSPs highly amenable to computation by a path-tracking method based on the technique
of homotopy, which is presented in this report. The system polynomial for the analysis filter is
converted to two even-order symmetric polynomials whose roots give the line spectral pairs. The
proposed method adaptively computes LSPs of incoming speech data by first defining continuous
paths from known roots of the LSP polynomials of a speech frame to unknown roots of the next
frame in the sequence. A gradient-search based numerical predictor-corrector procedure, having
been initialized appropriately, is then used for tracking these paths in order to to compute the un-
known roots. Conditions guaranteeing the existence of continuous paths are established by using a
transformation between the s and z planes to translate the rules of root-locus construction in feed-
back control systems. Finally, simulation results are presented which verify the derived conditions

and attest the applicability of the homotopy method for real-time computation of LSPs.
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Chapter 1

Introduction

1.1 Project Objective

Over the last few decades, Speech Signal Processing has found extensive applications in digital
speech transmission and storage, speech synthesis, speech recognition and speaker recognition.
Theoretical progress in the area of speech analysis has contributed largely to the development of
speech signal processing. With the availability of the digital computer, it has become possible to
analyze large amounts of diverse speech data for further advancement of studies on speech acoustics.

The first major development in digital speech analysis during this time period has been that of
linear prediction analysis. The data rate of direct waveform coding of speech (as in PCM), which is
of the order of hundreds of kb/s, makes it virtually impossible to transmit a signal through the data
line having a capacity of only 2.4-9.6 kb/s. This has led to a growing need for bit rate reduction
and, as a result, simple waveform coding of speech has given way to parametric representations of
speech data. Linear prediction analysis has spawned some techniques of very efficient speech coding
which permit low bit-rate transmission as well as low memory storage of speech information.

One of the earliest techniques uses linear predictive coding (LPC) coefficients as transmission
parameters, which permit reduction of data rates to 2400 b/s. However, it is often necessary to
reduce the total bit rate to 800 b/s or less for very-low-data-rate (VLDR) transmission such as may
be required in wireless communication. The quantization error becomes relatively large in this low
bit-rate coding if each LPC coefficient is quantized in 3-5 bits instead of the 10-11 bits needed in

order to have a tolerable spectrum distortion and system stability during synthesis.



PARCOR coeflicients, obtained from a transformation of LPC coeflicients, overcome this draw-
back if they are circumscribed to a range of acceptable values. However, PARCOR coefficients
have been found to suffer relatively large spectrum distortion when the parameters are interpo-
lated in a long frame interval to reduce storage in low memory speech synthesizers. The need for
a more efficient representation of speech data has, thus, led to the development of an alternative
parametrization known as the Line Spectral Pairs (LSPs). Although LPC coefficients, PARCOR
parameters and LSPs are all theoretically equivalent representations of an all-pole spectrum, the
quantization and linear interpolation of LSPs causes much smaller spectral distortion than the
others. The LSP parameters are guaranteed to be stable and they have the added advantage of
causing only a localized spectral distortion due to variation in their values.

One of the difficulties of using the LSPs for a fast and efficient transmission is that the process
of parameter extraction is somewhat involved. LSPs are obtained from the solutions of two aux-
iliary polynomials of the linear prediction filter, for which it is required to first compute the LPC
coeflicients. Several methods have been employed for solving these polynomials but they have not
been able to provide the speed and accuracy needed for real-time implementation.

In this report, we propose and explore the performance of a method based on the technique
of homotopy for efficiently computing the LSPs from the auxiliary polynomials. In addition to
providing highly accurate solutions, this method offers considerable speed-up by making provision
for independent, parallel computation of the desired roots. We discuss in detail some of the chal-
lenges of using the proposed method and show, with the help of simulation results, that these can
be tackled effectively with the help of certain predefined conditions which are developed as part of

this project.

1.2 Report Outline

This report is organized into 5 chapters:

Chapter 2 discusses different parametrizations used in the linear prediction analysis of speech.
LPC and PARCOR coefficients and some of their drawbacks as transmission parameters are high-
lighted. Line Spectral Pairs (LSPs) are defined and their properties are illustrated with the help
of examples. Comparison of the three sets of parameters reveals the advantages of LSPs and pro-

vides the motivation for developing an efficient method of computing LSPs for use in low bit-rate



transmission.

In chapter 3, we present a method for computing LSPs using the homotopy technique of path
following. Equations whose solutions provide the LSPs are formulated and an algorithm for solving
them is devised. This technique is then compared with other methods of computing LSPs and is
shown to offer considerable advantages over these existing techniques.

The major concern in the application of path following techniques is that of path-crossing.
Conditions which may lead to path-crossing in the LSP homotopy are derived and illustrated
in Chapter 4. By using a transformation from the z to the s domain, we are able to derive
these conditions by exploiting the well-known results of root locus construction in feedback control
systems.

Chapter 5 presents some simulation results that corroborate the theoretical deductions of Chap-
ter 4. Also, results of LSP homotopy path tracking are discussed in view of the path-crossing
conditions developed in Chapter 4.

Chapter 6 concludes this report with a summary of the results of this project and some sugges-

tions of future work in this area.



Chapter 2

Linear Prediction Analysis

2.1 Linear Predictive Coding

If a speech signal is sampled at a rate sufficiently higher than the Nyquist then the resulting samples
exhibit some redundancy because of a generally high correlation between adjacent samples. Hence,
if a sufficient amount of the redundant signal and an accurate model are known, it is possible
to predict or estimate the rest of the signal. For speech, a future sample can be regarded as a
weighted sum of a few past samples,corresponding to an all-pole model. This procedure is referred
to as linear prediction and forms the basis of linear predictive coding (LPC). In this section, we will
briefly derive two sets of transmission parameters — the LPC and the PARCOR coefficients — using
linear predictive analysis, and state some difficulties associated with the use of these coefficients
for the parametric representation of speech data.

LPCis a mathematical representation of the acoustic tube model of speech production [RABI 78]
in which the vocal tract (trachea) is modelled as a concatenation of resonance tubes having vari-
ous lengths and diameters (see Fig. 2.1). A periodic or random excitation from the vocal chords
causes different sections of the vocal tract (or equivalently the lossless tubes) to resonate at their
characteristic frequencies, which manifest as the peaks or the formants in the output spectrum.

A Dbasic assumption in linear prediction is the wide-sense stationarity of speech signals over
intervals of 5-20 ms duration. This assumption leads to segmentation of sampled speech into

frames (or segments) of this duration, which may be distinct or overlapping. The n-th sample z[n]
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Figure 2.1: Acoustic Tube Model of Vocal Tract
of a speech segment can be predicted as:
£[n] = eyz[n — 1]+ agz[n — 2]+ - - - + apzn — p] (2.1)

where £[n] is the estimate of z[n], z[n — 1] is the i-th past sample (i = 1,2,...,p) and p is referred
to as the order of prediction. The coefficients {a;}, ¢ = 1,2,...,p, are known as the LPC (or
prediction) coefficients.

Substituting for Z[n] in the estimation error,
e[n] = z[n] —~ &[n] (2.2)
and taking z-transforms of both sides results in:

P
E(z)=X(2)[1 - Z oz (2.3)
k=1

where A(z) = 1— Y7 _, axz"F is referred to as the prediction filter.
There exist several methods [RABI 78] for the efficient computation of LPC coefficients, based

on minimization of the mean sqared error E defined as,

E = 262[11]
= Y (aln] - dla)?

= Z[m[n] - ;; arz(n — k] (2.4)



Minimimazation of E, under the assumption that the waveform segment is identically zero outside

the interval 0 < n < N — 1, leads to the autocorrelation or normal equation,

RO)  R1) - Re-1)] [e] [RO)]
R(°1) R(.O) S R(p.— 2) a'g _ R(.Q) (2.5)
| R(p-1) R(p-2) --- R(0) Lap | | R(p) |
where N
R(k) = 7;) z[n)z[n + k] (2.6)

is the short-term autocorrelation function function and N is the number of samples in the speech

segment.
An efficient method for solving this system of equations, known as the Durbin’s recursive pro-
cedure, exploits the toeplitz nature of the p X p matrix of autocorrelation values in Eq. 2.5.The

steps in this procedure are as follows:

E® = R(0) (2.7)
i-1 .

ki o= [RG)- Y ol ™VRE-HECY  1<i<y (2.8)
7=1

agi) = k; (2.9)

ol = o kel 1<j<i-t (2.10)

EQ = (1-kHEGD (2.11)

Equations 2.8-2.11 are solved recursively for ¢ = 1,2,...,p and the final solution gives the LPC
coeflicients as,

aj=a  1<j<p (2.12)
The parameters {k;}, ¢ = 1,2,...,p, computed as part of the above procedure are known as Partial

Correlation (PARCOR) coefficients. These parameters form an alternative representation of the

speech model. A useful feature of the PARCOR coefficients is that they lie in the range:

—1<k<1 (2.13)
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Figure 2.2: Digital Filter Configuration for Speech Synthesis using: (a) LPC coefficients;
(b) PARCOR coefficients

This is a necessary and sufficient condition [MARK 76] for all roots of the polynomial A(2) to be

inside the unit circle, thereby guaranteeing stability of the synthesis filter given by

H(z) = Z(};) (2.14)

Digital filter configurations for speech synthesis using the LPC and the PARCOR coeflicients are
shown in Figs. 2.2(a) and 2.2(b), respectively. Note that in both cases H(z) is given by the system
transfer function assuming X is the input and Y is the output terminal.

For telephone-band voice having a frequency range up to 4kHz, p is usually 8-10; whereas, for
a high-fidelity voice of a range up to 8kHz, p is 12-16. By quantizing each LPC or PARCOR
coefficient using 8-12 bits, transmission rates of 2.4kb/s to 9.6kb/s are attained for toll-quality

speech.

Disadvantages of LPC and PARCOR Coefficients:

Although the LPC and the PARCOR coefficients offer considerable bl;t-rate reduction, they pose
certain difficulties as transmission parameters. Even a slight variation in the values of LPC coeffi-
cients, as is inevitable due to quantization and transmission noise, causes considerable distortion in
the entire spectrum. Moreover, such variation also jeopardizes the stability of the synthesis filter.

PARCOR coeflicients, on the other hand, guarantee stability if they satisfy Eq. 2.13; however,

they are not well-suited for the inter-frame linear interpolation which many speech synthesizers rely



on for reducing storage. Linear interpolation of the stored parameters causes considerable spectral

distortion and compromises the quality of synthesized speech.

The high spectral sensitivity of LPC and PARCOR parameters renders them unsuitable for
the very low bit rates needed for applications such as low-cost, wireless transmission. This has led
to an alternative parametrization known as the Line Spectral Pairs (LSPs), which are known to
have low spectral sensitivity. In addition, these parameters cause only a localized distortion in the

spectrum and can, thus, encode the spectral information more effectively than LPC and PARCOR

coefficients. The LSPs and their advantages as transmission parameters are discussed in Sec. 2.2.

2.2 Line Spectral Pairs

The Line Spectral Pairs, also referred to as Line Spectral Frequencies (LSFs), are generated from

the roots of two polynomials which are constructed from the prediction filter, A(z), as:
P(z) = A(z) -z~ PHA(Y) (2.15)

Q(z) = Az)+ P4 (2.16)

P(z) and Q(z) are referred to as the difference and sum filters, respectively. A(z) can be recon-

structed from these polynomials as,
Az) = 3[P() + Q2) (217)
If A(z) is minimum-phase then the roots of P(z) and Q(z) exhibit the following properties:
1. All roots lie on the unit circle and are distinct.
2. The roots of P(z) are interlaced with those of Q(z).

3. If properties 1 and 2 hold then the prediction filter, A(z), reconstructed as in Eq. 2.17, is

minimum-phase, i.e. the all-pole synthesis filter, H(z), is stable.

A detailed proof of these properties can be found in [SOON 84]. It suffices to provide here an
intuitive understanding with the help of the acoustic tube model of speech production which was
mentioned at the beginning of this chapter. The PARCOR synthesis process, shown in Fig. 2.2,

represents sound wave propagation through an acoustic tube [RABI 78]. The only energy loss of



the system is at the Z terminal. The system, however, becomes perfectly lossless when the output
at this terminal is fed back to the input terminal at X through a path with k,;; = %1 ( see Fig.
2.2(b)). This corresponds, respectively, to an opening into infinite free space or a perfect closure at
the input terminal. The value Q of each resonance becomes infinite and the spectrum of distributed
energy instead gets concentrated in several line spectra. Therefore, roots of the pth-order equation,
which give the spectral resonances, lie on the unit circle of the z-plane. This represents the line-
spectrum transformation of the PARCOR synthesis filter. The feedback path of k41 = +1 results
in the system transfer function of P(2) and kp41 = —1 results in @Q(z).

P(z) and Q(z) can be expressed in terms of the LPC coefficients by substituting for A(z) in
Eqgs. 2.15 and 2.16 as,

P(z) = 1~(e1— ozp)z’1 — (g — ap_l)z_2 — o= (o —ay)z7P = 2~ (P41) (2.18)

Q(z) 1~ (o1 +0p)z7 = (ag 4+ ap_1)z7? = ... = (ap + a1)z7P + 2~ (1) (2.19)

i

From Egs. 2.18 and 2.19, we note that P(z) and Q(z), being symmetrical and antisymmetrical,
respectively, have zeros at z = 1 and/or z = —1. The remaining zeros occur in complex conjugate
pairs and are distributed on the unit circle (property 1). Therefore, we need to consider only those
zeros which lie on the upper semi-circle. We will assume here that p is even; the case of p odd,
which requires only simple modifications [KABA 86], is not critical to this project.

Let the p solutions of P(z) and Q(z) in the upper semi-circle be denoted as e/“i, where i =
L,3,...,(§—1) for the zeros of Q(z) and ¢ = 2,4,..., % for the zeros of P(z). The ordering of LSPs
(property 2) requires that

O<wi<wp<...<wp < (2.20)

The parameters {w;} are known as the line spectral frequencies (LSFs) and (w;,w;41) form a line
spectral pair (LSP).

Fig. 2.3(a) shows the roots of A(z), P(z) and Q(z) for a representative speech segment. This
example illustrates properties 1 and 2 listed above. Note that each root of A(z) can be thought of
as “splitting” into a line spectral pair, as depicted by the dots in Fig. 2.3. In general, closer the
LPC root is to the unit circle, smaller is the difference between the frequencies in the corresponding
line spectral pair. Hence, the frequency separation in a line spectral pair may give an indication of

the gain and bandwidth of the nearest formant in the spectrum.



(a) (b)

Figure 2.3: Root Locations: (a) Stable A(z); (b) Unstable A(z). [* = A(2), o = P(2), x = Q(2)]

Fig. 2.3(b) shows an example illustrating property 3. Note that properties 1 and 2 are violated
if the prediction filter is unstable, thereby implying that these properties are satisfied if and only

if A(z) is minimum-phase.

Comparison of LSPs With LPC and PARCOR Coefficients:

Some of the disadvantages of using LPC and PARCOR coeflicients as transmission parameters were
discussed in Sec. 2.1. We now show that these difficulties are overcome if LSPs are used instead.

The major concern of using LPC coefficients for low bit-rate transmission is the instability of
the synthesis filter resulting from quantization and transmission noise. The PARCOR coefficients,
though guaranteeing stability by satisfying Eq. 2.13, have a relatively large dynamic range which
makes them unsuitable for inter-frame interpolation in low storage speech synthesizers. Quantiza-
tion of LSPs, on the other hand, will not jeopardize stability of the synthesis filter as long as the
natural ordering of LSPs is maintained as in Eq. 2.20. Also, the well-behaved dynamic range of
LSPs (e.g., see Fig. 2.4) allows for frame-to-frame interpolation with smooth spectral changes.

In addition, the frequency-domain interpretation of LSPs insures only a localized spectral dis-

tortion due to variations in a single LSP. This allows for coarser quantization of spectrally less
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