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Abstract

Two figures of merit for correlation filter designs are introduced in this report. These are Peak-

to-Correlation Energy which characterizes the peak sharpness in the correlation plane and Compromise

Performance Measure which is a tradeoff between Signal-to-Noise R, atio and Peak-to-Correlation Energy.

Algorithms for optimizing these measures using Binary Phase-only Filters are developed and numerical

results are presented. The implementation of these filters in a real-world automatic target recognition

problem is also discussed.

KEYWORDS: Binary Phase Only Filters (BPOFs), Signal-to-Noise ttatio (SNI~), Peak-to-Correlation

Energy (PCE), compromise of PCE ~nd SNR, region of support, Horner light efficiency, peak light

efficiency.



1 Introduction

Classical Matched Filters (CMFs) have been the focus of much research in the area of optical pattern

recognition because it is known that CMFs are optimum in the sense of maximizing the output Signal-

to-Noise Ratio (SNR)1. However, there are some problems associated with these complex valued filters.

¯ CMFs require Spatial Light Modulators (SLMs) capable of encoding complex values (magnitude

and phase).

¯ CMFs may have poor light throughput efficiency.

An alternative to complex filters is the group of partial information filters that include the Phase

Only Filter 2 (POF), Binary Phase Only Filter 3 (BPOF), and Quad Phase Only Filter 4 (QPOF). All 

these filters have unity magnitude. For a POF, only the phase information is retained. A BPOF is a

POF in which only two phase values are present (usually 0 and ~r). BPOF is a binarization of some

combination of the real and imaginary parts of a signal. Thus, BPOF is a real-valued filter. QPOF is

a further extension of BPOF, where the real and imaginary parts of a signal are separately binarized.

POF and QPOF are both complex valued, but their magnitudes are unity, thus eliminating the need for

two SLMs. Also, all of these filters have 100% light throughput efficiency.

The focus in this report will be on Binary Phase Only Filters because they can be conveniently

implemented on Magneto-Optic Spatial Light Modulators5 (MOSLMs). First, however, it is necessary

to discuss some previous research in the design of BPOFs.

1.1 Background

Let s(x) denote a 1-D input signal. (All results can be generalized to 2-D, but for simplicity in

discussion, we will stick to 1-D.) Also let S(u) be the Fourier Transform (FT) of s(x). It has 

shownI that the filter H(u) that maximizes SNR (defined below) in a linear system is the complex

conjugate of the input FT divided by the power spectral density P~(u) of the additive noise in the input

signal.

H(u)=S*(u)/Pn(u). (1)



SNR is given by

SNR "- [E[c(0)][~ (2)
Var [c(0)] 

where c(0) is the correlation output at the origin, E[-] is the expected value, and Var[.] is the variance.

SNR can be thought of as the ratio of the signal power to the noise power in the correlation output.

For the case of white noise, P,~(u) is a constant and so H(u) is just the complex conjugate of the

input FT.

H(u) = [S(u)]exp[-j¢(u)], (3)

where IS(u)l is the magnitude and ¢(u) is the phase of S(u). Note that, in general, H(u) is a complex

quantity with both magnitude and phase. The optimal filter in (3) is known as the Classical Matched

Filter.

1.1.1 Binary Phase Only Filters

Since many available real-time Spatial Light Modulators can accomodate only two levels, let us

consider a filter of the following form.

HBPOF(U) = ±1 (4)

Note that this filter is a real function and it has unity magnitude for all frequencies. Let S~(u) denote

the real part of S(u), and SI(u) the imaginary part. Several methods have been proposed for design-

ing BPOFs. These include binarization of SR(u)3, Si(u) 6, and SR(u) + Si(u) 7, which is the Hartley

Transforms of s(x). In general, HBPOF(U) can be written as

= Sgn[S ( ) cos/ + sz(.) (5)

where

/ +1 if x _> 0Sgn[x]
-1 if x < 0 (6)

The angle [~ is known as the Threshold Line Angle (TLA) and is illustrated in Figure 1. All values lying

to the right of this line will be set to +1 and all values to the left are set to -1. It can be shown9 that

we need to consider HBPOF(U) only for 0 <_/3 _< ~r/2. The BPOF would relieve the problems associated

with complex filters (i.e., it will provide 100% light throughput e~ciency, it can be implemei~ted using

only one binary SLM).



1.1.2 Maximization of SNR for Binary Phase Only Filters

The SNI~ in (2) can be written 

SNR = If,-’C(u)H(u)du[2
f Pn(u)IH(u)l 2 du"

(7)

Before we go any further, let us introduce the concept of region of support. The region of support of a

filter is the set of frequencies that the filter passes (i.e., does not have zero magnitude). We can think 

it as a mask placed over the filter. The mask will have a value of i at any frequency that is passed and

a value of 0 elsewhere. If we require H(u) to be a BPOF with a region of support R and assume that

the noise is white (i.e., P~(u) = No), then SNR in (7) reduces 

SNR = If[~S(u)H(u)dul2fRgo du
IfRS(u)H(u)dul~

= goA~ ’ (8)

where A/t is the area of R. Strictly speaking, H(u) is now a Ternary POF (TPOF) having values 

-1,0,+1.
HBPOF(U U E .R

HTPOF(U) = 
U ~_ R,

(9)

Vijaya Kumar and Bahril° have determined an algorithm for finding R so that the output SNR is

maximized.

1.2 Motivation and Goal

While maximizing the output SNl~ is a desirable attribute of a filter, there is another factor to

consider, which is the peak sharpness. A sharp peak will ~id in the discrimination between a false class

and true class of targets. It will also help accurately locate the target if it isn’t centered in the input. We

will introduce a measure that characterizes the peak sharpness in the correlation plane and develop an

algorithm for optimizing this measure for BPOFs. However, there seems to be a tradeoff in maximizing

the peak sharpness of a filter versus its noise tolerance. Therefore, we would like to be able to combine

the two measures to optimize this tradeoff. A proper choice of the region of support Mlows us to do this.

And it has been shown that MOSLMs are capable of operating at three levels ~ which will allow these

filters to be implemented in the near term.

The filters discussed above are single-view filters. That is, they are capable of recognizing only one

view (or a distorted version) of a target. This means that for any practical target recognition problem,



many filters will have to be designed and used for each potential target. Although MOSLh/Is are capable

of high frame rates (kHz), it still does not make sense to run more filters through the correlator than 

necessary. We will present an algorithm that removes filters from a set that might be redundant, thereby

increasing the overall speed of the system.

1.3 Outline

The rest of this report is organized as follows. Chapter 2 introduces a new peak sharpness measure

and discusses the maximization of this measure for BPOFs. We then analyze the tradeoff that is inherent

in maximizing this characteristic versus the resulting filter’s noise tolerance and develop an algorithm

that is capable of varying the peak sharpness relative to the noise tolerance. Chapter 3 shows a real-world

Automatic Target Recognition (ATt~) problem in which the algorithm discussed in Chapter 3 has been

successfully applied. Chapter 4 considers filter pruning in which filters that hold redundant information

are eliminated. Finally, Chapter 5 summarizes the report and discusses possible areas of future research.
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2 Signal-to-Noise Ratio vs. Peak-to-Correlation Energy

In this chapter, we will show that there is a relative tradeoff between maximizing the noise tolerance

of a correlation filter and its peak sharpness. Peak sharpness is an important characteristic of a filter,

because it in some sense helps discriminate between a false class and true class. And it is also helpful

in locating targets accurately. First, let us introduce the measure we call Peak-to-Correlation Energy

(PCE) that we use to measure peak sharpness.

2.1 Peak-to-Correlation Energy

As before, let s(x) denote the input signal, and S(u) denote its Fourier Transform.

correlation output c(~-) is given 

Then, the

c(7) = ] H(u)S(u)ej2~’~ du (10)

where the limits of integration are assumed to be from -~ to +cx~ unless otherwise noted. H(u) is

the filter located at the frequency plane of the correlator. If the input is centered, we would like for

the correlation to peak at the origin. We also want this value to be as large as possible relative to the

rest of the output plane. This motivates the following figure of merit that we have so far referred to as

Peak-to-Correlation Energy.

Ic(0)12 (11)PCE - f Ic(r)l 2 dr

An alternative to PCE could be the Peak-to-Average Correlation Energy (PACE) in which the extent,

L, of the correlation plane is included in the measure as

PACE "- Ic(O)l~ (12)
1 [~L/2 "
"~ J-L/2 ]C(T)]2 d~-

The problem with PACE is that it may be the same for a narrow as well as a broad correlation peak

(e.g., a narrow triangle versus a broad triangle). Another alternative to PCE might be to remove Ic(0) 

from the denominator of (11), but it is easy to show that such a measure is monotonically related to the

PCE in (11) and thus yields identical filters when optimized.

It is easy to see that PCE is the lowest when c(r) is a constant and the highest when c(r) approaches

a delta function. Thus, we have a measure that seems to perform as desired. Note that PCE can also



be written as

PCE ~ a If S(u)H(u)dul2 (13)f IS(u)l2 IH(u)l2 du
where ~ is a constant that can be ignored for our optimization purposes. We will use this expression to

maximize PCE for BPOFs in the next section.

2.2 Maximization of PCE for Binary Phase Only Filters

We can see that for BPOFs (13) reduces to the following form, where we have once again included

the region of support R so H(u) is a TPOF.

PCE "-- IfRS(U)H(u)dul2 (14)
f. IS(~)l2 du

We will use BPOF and TPOF almost interchangeably, noting that a TPOF is just a BPOF with certain

frequencies set to have zero magnitude.

For a fixed R, the denonimator of (14) is fixed and maximizing (14) is the same as maximizing

where,

c(O) = fl~ S(u)H(u)du. (15)

The correlation output c(0) can also be written 

c(0) = Ic(0)leJe, (16)

where fl is the phase of the correlation output c(0). So,

Ic(0)l = £ S(u)H(u)e -j~ du

= fR &(u)~(u) 

where

But Ic(0)l is real, and so

S~1~(u)H(u)du

where SeR(u) is the real part of Se(u) and is given by

(17)

(18)

cos fl + &(u) sin fl (20)



with SR(u) and oCt(u) being the real part and the imaginary part, repectively, of S(u).

Since H(u) = +1 for all u ¯ R, Ic(O)l in (19) can be upperbounded as below.

Ic(0)l _< £ IS n(u)l 

with the equality satisfied only if we use

{Sgn[Son(u)] u ¯ 
HOPCE-BPOF(U) = 

U ~ R

(21)

(22)

Before we continue, we must emphasize that/~ is the phase of the correlation output (at the origin)

when HOPCE-BPOF(U) is used as the filter. However, we have not yet proved that the filter in (22)

does indeed yield a correlation output with the correct phase/L We prove in appendix 2 that the BPOF

that yields the highest Ic(0)l value must be of the form in (22) with /~ = fi* where ./~* is the phase 

the output correlation peak, i.e., we can assume that the optimal BPOF is indeed of the form in (22).

Furthermore, we can only prove for fl = 0, ~r/2, or/~* that the region of support gives a correlation

output with correct phase. There may be other fl values that are consistent; we just cannot prove their

existence. This is discussed in more detail in appendix 2. The resulting PCE(R) is given by

PCE(R) [f n IS~n(u)l du 2 (23)

Our next objective is to choose R such that PCE(R) in (23) is maximized. If we discretize the 

magnitudes and set the irrelevant (at least for optimization purposes) constants to one, we obtain the

following.

PCE(R) [~ ]ken S~ n~]~   (24)

where

with Au the sampling interval and where

(25)

(26)

The proposition in appendix 1 is instrumental in determining R* (the optimal region of support).

PCE(R) in (24) is the same as ~/(R) in (42) if we assign xi = SZRi Yl =S] for i = 1,2,. ..,N.

What matters is the ratio zi = xi/yl = SZm/S]. The optimal region of support R~)peE_BPOF must be

of the following form.

R* = {i: > T} (27)OPCE-BPOF -- ,



where T is a threshold to be determined by search. Since zi depends on SZRI which in turn depends on/~,

we must try all possible/3 values before we determine the best R*BPOF. However, it can be shown9 that

we need to vary/3 only in [0, ~r/2]. And our experience has been that varying ~3 does not significantly

improve results. When appropriate, we will include/3 in our discussions of the theory, but for all of our

results, we use/3 = 0 which corresponds to reM-part binarization.

OPCE-BPOF Algorithm

The following is an algorithm for finding the optimal region of support of HOPCE-BPOF(U).

1. Start with fl = 0.

2. Compute S~R~, S~ for k = 1, 2,..., N using (25) and (26). Compute 

3. Determine the number M of distinct magnitudes in the set {zl,z2,...,ZN}. Denote these as

TI, T2,..., TM. The number M and the levels Ti can change as/3 is changed.

4. Determine the optimal region of support as below.

n*(/3, = {k: zk > (28)

Compute the associated PCE* using (24). Do this for i = 1, 2,..., 

5. Determine the maximum PCE*(fl, Ti) as i is varied from 1 to M. This is the maximum possible

PCE*(fl).

6. Increment/~ by A/~. If ~3 exceeds ~r/2, go to step 7. Otherwise, go to step 2.

7. Determine the maximum among all PCE*(/3) values. Let/3* be the corresponding angle. Output

the associated optimM region of support.

2.2.1 Results

We now present some results that will characterize the tradeoff between SNt~ and PCE for a given

image. In Figure 2, we show an image of a missile launcher. This is ~ gray-scale image of size 32×32, with

pixel intensities ranging from 0 to 255. We have designed two TPOFs for this image, one optimizing



SNR, the other PCE. To avoid circular correlation, when we designed the filters, we zero-padded them to

128x128. In Figures 3a and 3b, we show the regions of support for the optimal SNI~ (OSNI~) and PCE

(OPCE) filters, respectively. White regions indicate those frequencies that are passed. The center 

the figure corresponds to DC. Notice that the OSNR filter is acting as a lowpass filter, while the OPCE

filter seems to emphasize the high frequencies, those frequencies that hold discriminating information.

It seems apparent from these two figures that the maximization of SNR and PCE are conflicting goals.

We show in Table I, the SNR and PCE values for a strict BPOF (no frequencies blocked), OSNR-

BPOF, and OPCE-BPOF. This table assumes an input SNR of 39.24 dB, where input SNR is defined as

the energy in the signal (normalized by the size of the input) divided by the noise power spectral density

of the signal.

SNRi,~- f [S(u)12 du
NsNo ’

(29)

where N8 is the size of the input. The last two rows of this table will be discussed in the next section.

One can see from this table that OSNR-BPOF gives the maximum output SNR while OPCE-BPOF

maximizes PCE. Of the three filters, OSNR-BPOF has the lowest PCE value and OPCE-BPOF has the

lowest SNR. This becomes more obvious when we view the correlations of the image with each of the

three filters. In Figs. 4a, b, and c we show the correlations with no noise in the input. The OPCE-BPOF

correlation has a very sharp, clean peak, and there is almost no other energy in the output plane. The

OSNR-BPOF filter, on the other hand, has a very broad peak which may not be helpful in pinpointing

a target’s exact location. It also has an extra peak offset from the one at the center. This is an artifact

of BPOFs that is called peak bifurcation 15. BPOF seems to be a nice compromise between the two, but

this is not necessarily the best compromise. We will explore this issue in more detail later.

The other side of the coin is given by Figs. 5a, b, and c which are analogous to Figs. 4a, b and c with

white, Gaussian noise having a variance, No, of 4.3 × 104 introduced in the input. This corresponds to

an input SNI~ of -7.12 dB. Upon examination of Figure 5b, we see that the OSNR-BPOF correlation

is hardly degraded with the sidelobes becoming a bit more pronounced. Figure 5c, on the other hand,

shows that the OPCE-BPOF filter performs very poorly in noise. There is no peak in the output plane.

This is also true for the BPOF of Figure 5a.

From the results given above, it becomes fairly obvious that there is a distinct tradeoff between

optimizing the noise tolerance of a filter and its ability to produce a sharp correlation peak. These results

motivated the next section of this report which discusses an algorithm in which a filter is designed that

10



will allow a co~npromise between the previous two measures so that filters which are robust to noise and

which discriminate well may be realized.

2.3 A Compromise Between SNR and PCE

As we have seen, there is an apparent tradeoff in the maximization of output SNR versus optimization

of peak sharpness. We propose an algorithm that will allow the user to choose an operating point so

that he/she may design a filter that is not only noise tolerant, but also produces a sharp correlation peak

(i.e., discriminates well).

2.3.1 Compromise Performance Measure

Comparing (7) and (12), we see that the numerator is the same. If we combine these two equations

by leaving the numerator alone and combining the denominators as below, we have a new Compromise

Performance Measure (CPM)

CPM = f P,~(u)IH(u)l~ du -q- 7 f IS(u)l2 IH(u)le du (30)

where the constant a in (12) has been dropped and 7 has been inserted. This constant 7 can be used 

control the relative emphasis between SNR and PCE. Note that as 3’ --+ 0, CPM --+ SNR and as 3’ gets

large, CPM ~ £PCE. Thus we seem to have a measure that provides a controlled compromise between

SNR and PCE and allows a designer to determine whether that compromise leans more toward a noise

tolerant filter or one that has better discrimination.

2.3.2 Maximization of CPM for Binary Phase Only Filters

As with PCE in (13), if we restrict our filter to be a BPOF (30) becomes

IfR S(u)H(u) ~
(31)CPM = fRPn(u) du+ T fnlS(u)12 

Again, as before, we can optimize (31) with respect to R by discretizing and utilizing the proposition

found in appendix 1.

CPM = [Eke/~ S~Rk]~ (32)
E~eR(TS~ + Pn~)

where Sk and S~Rk were defined earlier in (25) and (26), respectively.

11



Now, from appendix 1, if we let xi = SZRi and yi = 7S~ + Phi, then z~ = SZRi/(TS~ + Pn~), i 

1, 2,..., N. Therefore, R* is given by

R* = {i:zi > T}CPM-BPOF -- (33)

where T is a threshold to be determined. The same comments about an optimal choice of ~3" apply as

in the discussion of PCE optimization. Following is an algorithm for the design of CPM-BPOFs.

CPM-BPOF Algorithm

1. Start with/~ = 0.

2. Compute S~R~, S~ for k = 1, 2,..., N using (25) and (26). Compute z~ = S~I~/(7S~ + Pnk).

3. Determine the number M of distinct magnitudes in the set {Zl,Z2,...,zy}. Denote these as

T1,T2,...,TM. The number M and the levels Ti can change as/~ is changed.

4. Determine the optimal region of support as below.

R*(Z,T~) = {k: z~ > T~} (34)

Compute the associated CPM using (32). Do this for i = 1, 2,..., 

5. Determine the maximum CPM*(I~, Ti) as i is varied from 1 to M. This is the maximum possible

CPM*(fl).

6. Increment fl by Aft. If fl exceeds ~r/2, go to step 7. Otherwise, go to step 2.

7. Determine the maximum among all CPM*(fl) values. Let ~* be the corresponding angle. Output

the associated optimal region of support.

The associated SNR(7) and PCE(7) for R~pM_BPOF can then be computed and 7 can be varied

to determine an optimal operating point for a given problem.

2.3.3 Results

Using the same image in Figure 2, we designed CPM-BPOFs for two values of 7. In Figs. 6 a and

b we show the regions of support for 7 = 10-Sand 1.8, respectively. Recall that 7 -~ 0 =~ OSNR and

12


