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Bulk Coupled Stability Analysis of a Conducting Fluid Layer

in a Tangentially Incident Alternating Magnetic Field

Abstract

A liquid metal layer under the influence of a tangentially incident altemating magnetic

field is known to pass from a region of bulk coupled stability to a region of bulk coupled

instability. A model of the instability based on electromechanical coupling accurately

predicts the magnitude of the applied magnetic field required to produce instability, but

predicts growth rates which are orders of magnitude slower than experimentally observed.

In the model developed here, thermal effects due to the ohmic heating that results from

induced eddy currents are added to the electromechanical model. A linearized stability

model is developed and reduces to a linear system of ordinary differential equations with

non-constant coefficients. A technique for solving these equations based on a fourth-order

Runge-Kutta method is implemented. The results of this analysis are then compared to

the previous results based upon a model without thermal effects. The model including

thermal effects predicts growth rates closer to observed values, but significantly alters the

predicted field magnitude necessary to initiate instability.

1.0 Introduction

A high frequency magnetic field incident upon a conducting medium induces eddy currents and creates

Lorentz forces. These forces have been used in both the shaping and mixing of liquid metals. Asai has

discussed the advantages of using magnetic forces for material processing.[1] Fugate has developed a

method capable of both predicting the shape of a levitated liquid metal given a distribution of source

currents, and prescribing the distribution of currents that will create a desired shape.[2] Fugate’s

development of the free movement method, which determines the shape of a conducting liquid under

magnetic forces, assumes that the conductivity is large enough to confine the induced currents to the

surface of the metal.



The problem considered in this analysis is the behavior of a liquid metal of finite conductivity under

the influence of a high frequency magnetic field. A magnetic field of angular frequency to tangentially

incident upon a metal with electrical conductivity ~ and permittivity p. will diffuse into the metal with a

skin depth defined by ~5 --- (2/to~tcr)~. The effects of the magnetic field on a motionless liquid will reach

approximately one or two skin depths into the metal, which for most liquid metals is on the order of

millimeters for a field applied at a frequency in the kHz range. The fact that the field is contained within

such a small distance prompted Fugate and others to model the effects as purely constrained to the surface.

However, when the liquid undergoes internal motion, the effects of the applied magnetic field penetrate

several skin depths into the metal. In addition, fluid motion could have significant effects in applications

involving the containment of cooling liquid metal, despite the fact that the motion is confined to within

few skin depths from the-surface. These phenomena of finite conducting systems justify an in-depth

study of the effect of an applied field on a finite conducting liquid metal.

In particular, the geometry considered is shown in Figure 1.

Figure I: Fluid Layer Geometry in Equilbrium. (Note: llown for d ~ 0.)

x=O

x=d

A layer of liquid metal is driven by a high frequency magnetic field in a direction tangential to the surface

of the unperturbed metal. The imposed magnetic field diffuses into the metal according to the magnetic

diffusion equation, with beth an induced eddy current density and bulk magnetic forces. The magnetic

forces create fluid motion within the layer and the eddy currents create a temperature gradient within the

bulk due to ohmic heating.

McHale and Melcher modelled the geometry described above for a metal of finite conductivity but

ignored the ohmic heating involved with the generation of the eddy currents. [3] They built an experiment

to verify the predictions of their model, but the results were inconclusive. McHale and Melcher observed

that at a sufficient magnitude of applied field, spontaneous undulations of the surface of the metal occurred
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due to the bulk fluid motion. Because these undulations take a different form than those induced by simply

heating the liquid from below, an electromechanical coupling was suspected. The model based on purely

electromechanical forces accurately predicts the magnitude of applied field which causes the layer to

become unstable. However, when a larger magnetic field is applied, the observed growth rate of these

undulations is orders of magnitude faster than any rate predicted by the model.

One possible explanation of this inconsistency is that the thermal effects due to ohmic heating are

coupled to the electromechanical system. McHale and Melcher subsequently developed a lumped-

parameter model of the bulk instability including thermal effects.[4] This lumped-parameter model

predicts growth rates on the order of observed values, however the prediction of the magnitude of applied

field necessary to cause instability is dramatically less than the magnitude experimentally observed. Thus,

a new model is proposed which expands on the thermal approach by developing a continuum model of

the layer, including thermal effects.

One method of checking the thermal continuum model is to verify that it reduces to known

descriptions in two limiting cases. In the first case, the temperature distribution corresponding to Ohmic

heating is replaced with a given temperature distribution and no applied fidd, producing a Benard

instability which is described in Melcher’s notes on electromechanics [5]. Using a linear temperature

distribution and a Boussinesque approximation, the behavior of the Benard instability may be analytically

expressed. Secondly, analysis of a metal whose mass density is independent of temperature should

reproduce the results of McHale and Melcher’s electromechanical model.

The model described in Section 2 develops the electromechanical and thermal mechanisms involved

in the fluid layer. This model involves a static equilibrium describing the distributions of magnetic field

and temperature with the fluid at rest. The forces due to these distributions act vertically and are balanced

by the static pressure. Allowing the fluid to perturb from this point yields a relationship among the

various perturbation functions. These perturbation functions are the changes from equilibrium of the

magnetic field, temperature and fluid velocity. The nature .of these perturbations allows the development

of the linear stability theory.

The fundamental assumption of the linear stability model is that the magnitudes of the perturbation

variables are assumed to be much less than the equilibrium variables. Therefore, terms involving products

of perturbation values are dropped, thus linearizing the equations. In addition, fluid inertia and viscosity
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tend to dampen motions that occur at twice the frequency of the applied field, resulting in a ’time-

averaging’ property that justifies neglecting terms in the fluid motion equations that vary at twice the

frequency of the applied field. Finally, a form for the fluid velocity is used that assumes the variation in

the y and z directions is sinusoidal, prompted by the infinite nature of the geometry and the constant

equilibrium structure in these directions.

The result of the linear stability model is a linear set of ordinary non-constant coefficient complex

differential equations that are constrained by the boundary conditions imposed at the two surfaces x=0,

and x=d. A fourth order Runge-Kutta method is used to determine the coefficients in the linear

relationship between the functions and their derivatives evaluated at one surface and the functions and their

derivatives evaluated at the other surface. This relationship satisfies the given boundary conditions while

allowing internal fluid motion only for discrete combinations of applied field, growth rate, and wave

number. The result is a set of growth rate eigenvalues for any specified wave number and applied field,

or said another way, at a specified field, this results in the dispersion relation between growth rate and

wave number for each instability mode.

The organization of the development of the thermal continuum model follows. Section 2 details the

derivation of the governing equations; Section 2.1 describes equilibrium and Section 2.2 develops the

perturbation equations. Once a set of coupled equations are derived, Section 2.3 discusses the limiting

cases used to verify the model. Section 3 describes a method of solving these equations, results of which

are summarized in Section 4. Conclusions based on these results are presented in Section 5.

2.0 Derivation of Governing Equations

The equations that describe the behavior of a layer of liquid metal with finite conductivity driven by

a tangentially incident magnetic field are inherently non-linear. The method employed to solve them is

broken down into two steps. In the first step, a simple equilibrium structure is chosen, about which the

equations are linear and can be analytically solved. The behavior of the fluid is then allowed to deviate

from equilibrium, and the resulting non-linear equations govern the changes, or perturbations, from the

equilibrium. However, the magnitudes of these perturbations are assumed to be much less than those in

equilibrium. Therefore, the non-linear terms in the perturbation equations are neglected, and the resulting

equations analyzed using the properties of linear systems. While this approach is not exact, the hope is
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that the resulting theory will be adequate to gain insight into the mechanisms involved in the behavior of

the system without the added complexity of non-linear coupling.

The perturbation approach is applied to the thermally coupled electromechanical model of the fluid

layer. The point of equilibrium described above is chosen such that the fluid is not in motion. Three sets

of boundary conditions are considered, as shown in Figure 2. In Figure 2(a), the layer is bounded above

and below by perfectly conducting plates that supply the current and create the magnetic field. In

Figure 2(b), the layer is bounded on top by an insulator, and below by a perfectly conducting plate.

Figure 2(c) is the inverse of (b), with the layer bounded on top by a conductor and below by an insulator.

In all three cases, the magnetic field is applied tangentially in the z direction at both the upper, x=0, and

the lower, x=d, surfaces. The imposed boundary condition is that the magnetic field at both surfaces must

be equal to the imposed magnetic field. Each geometry must be considered separately in order to

determine the equilibrium temperature distribution.

2.1 Equilibrium

In the absence of fluid motion, within the bulk of the liquid metal, the laws of Ampere, Faraday, and

Gauss require:

= j, " (1)

v×~ a# (2)
at’

v.#- o. (3)

The magnetic dominance of the mechanisms involved allow the use of the magnetoquasistatic form of

Maxwell’s equations. Note that the metal is modelled as an ohmic conductor with comma-at permeability

and conductivity. Equations (1)..(3) may be combined to yield the magnetic diffusion equation:

V×/~ -- ~ Vx(Vx#) - _~1 [V(V./~) - V2~] (4)
I.tO
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Figure 2: The Three Sets of Boundaries: (a) Conductors, 0a) Mixed, and (c) Inverted Mixed.


