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Abstract

Asymptotic Waveform Evaluation (AWE) is a new method to analyze linear(ized)

circuits. It employs a form of Pad~ approximation rather than numerical integra-

tion to approximate the behavior of linear(ized) circuits in either the time or the

frequency domain.

An efficient method for calculating the sensitivities of the poles and zeros found

by AWE has been developed. Using the adjoint sensitivity method, it is possible to

cheaply compute the sensitivities of the poles and zeros with respect to all circuit

parameters, as well as circuit parasitics. The sensitivities of the poles and ze-

ros provide excellent correlation with the perturbation response, and can provide

valuable feedback to the circuit designer.



Acknowledgement

I would like to thank Dr. Ron Rohrer and Dr. Rob Rutenbar for

their time spent and support. Their guidance was beyond value.



to my parents



Chapter 1

Introduction

Sensitivity analysis provides a first order approximation of the variation of cir-

cuit performance with respect to parameter variations. Such sensitivities could

be extremely useful for the design of VLSI circuits in that they can provide the

underlying information necessary for optimization, statistical analysis, reliability

analysis, and performance-directed design in general.

Pole and zero sensitivities are interesting in a wide range of problems. Fre-

quency domain applications such as filters depend heavily on pole and zero loca-

tion [1]. Control theory also deals extensively with poles and zeros, especially

with regard to stability, system response and compensation. In addition, many

analog design techniques are based on frequency domain models: e.g., the single

dominant pole model for operational amplifiers [2]. A first order indication of how

the poles and zeros shift when component parameters are perturbed is provided

by sensitivities, and is of great value to the designer.

For example, Wakimoto et. al. [3] were able to develop a novel technique for

compensation of low power wide band differential amplifiers through use of pole

and zero sensitivities. The sensitivities with respect to base collector capacitance,

and to small signal transconductance provided insight into how the traditional

single stage differential amplifier behaves under low power conditions.

Unfortunately, the cost of finding the poles and zeros of a circuit, and hence

the sensitivities thereof, has traditionally been high. Symbolic methods are im-

practical for even moderate sized circuits, and even numerical methods are costly

for modern VLSI problems [4]. Despite their potential, the use of pole and zero

sensitivities has thus been limited. Our research is aimed at addressing this lim-



itation.

An efficient method for calculating the sensitivities of the poles and zeros found

by Asymptotic Waveform Evaluation (AWE) [5] and [6], has been developed. AWE

is a new method te analyze linear(ized) circuits, and employs a form of Padg ap-

proximation rather than numerical integration to approximate the behavior of

linear(ized) circuits in either the time or the frequency domain. AWE does this 

characterizing the system in terms of a reduced order model of poles and zeros.

By use of the adjoint sensitivity method [7], it is possible to very efficiently

calculate the sensitivities of the poles and zeros found by AWE with respect to

a large number of circuit elements, including potential parasitic elements. This

sensitivity analysis incurs very little overhead on top of the nominal AWE analysis,

which itself outpaces traditional simulators by an order of magnitude.

This report is organized as follows. Chapter 2 provides an overview of AWE as

well an introduction to pertinent terminology. The theoretical derivation of adjoint

sensitivity in AWE’s time derivative and moment matching framework is provided

in Chapter 3. Chapter 4 provides examples that benchmark AWE’s sensitivity anal-

ysis performance, as well as correlate the approximate pole zero sensitivities to

the exact 1 sensitivities. Finally, concluding remarks are presented in Chapter 5.

generated by the HSPICEcircuit simulator [8 ].



Chapter 2

Asymptotic Waveform

Evaluation

2.1 Overview

The following section provides a theoretical overview of Asymptotic Waveform

Evaluation (AWE), and is prefaced here with a brief introduction. The original

work is presented in depth in [5], and further covered in [6]; the interested reader

is encouraged to see these documents for further details.

Asymptotic Waveform Evaluation is a method to approximate the behavior of

a linear(ized) system by extracting a reduced order model. This reduced order

model, comprised of poles and zeros, is calculated by matching a set of moments

and derivatives. The moments are the Taylor series coefficients of the system’s

impulse response expanded about ~ = 0, while the derivatives are the coefficients

of the series about s -- o~. Matching r moments and 2q - r derivatives provides a

qth order approximation.

Intuitively, the moments can be thought to emphasize the steady state, or low

frequency behavior of the system, while the derivatives may capture the initial

transient, or high frequency behavior. By mixing more derivatives a better ap-

proximation to the initial transient response may be had, while concentrating on

moments will provide a better approximation to the steady state time response.

Increasing the number of matched moments and derivatives also improves the

accuracy of the approximation. In practice, however, it has been found that first

and second order approximation generally provide excellent correlation with the

3



exact response [6], and rarely need the order of approximation, q, be greater than

five.

2.2 Theory

AWE [5] can be most easily explained in terms of the state equations [9] of a

linear circuit. Our notation shall be that x is the n-dimensional state vector, A an

n × n matrix, b an n-dimensional vector, y the output variable, c an n-dimensional

column vector, and D a scalar. Given this, the state equations for a linear system

are written as:

± = Ax + bu

y = cTx + Du
(2.1)

For simplicity, and with no loss of generality, we assume that the scalar D, which

represents direct coupling between the input u and the output y, is 0. Circuits in

which direct coupling is present are also easily handled [~.

Given a system in state variable form, we can express the zero state impulse

response as

H(s) = cT(sI - A)-lb, (2.2)

which can be equivalently expressed as a rational transfer function in terms of

the circuit’s poles, zeros, and residues:

H(,) -- ~(s- Zl).-- (,- Zn_l)
(s -- Pl)""" (s -- p,~)

(2.3)

kl k2 kn
- + -- +..-+ --. (2.4)

s -- Pl s -- P2 s -- Pn

We can expand the impulse response into a Taylor series [10]. About s = 0, the

power series expansion of H(s) is

Ho(s) = -¢TA-lb - cTA-2bs ..... cTA-J-lbs j ....

where

= E-cTA-J-lbsJ
./=0

: E rajs~

rnj ~ -cTA-J-lb, j _) O.

(2.5)

(2.6)
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Likewise, the polynomial//~(s) is the power series expansion around

H~(~) = eTbs-l +cTAlbs-2+...+eTAjb~-~-1+...

= ~ cTA-J-~bs~

= ~ -rn~s~ (2.7)

where

m./ ---- -cTA-J-~b, j < 0. (2.8)

It is easy to show that the mrs are related directly to the moments of h(t) for

j _> 0, and to the derivatives of h(t) (at t = 0) for j < 

2.2.1 Moment and Derivative Matching

AWE takes r moments and 2q - r derivatives as 2q constraints to formulate a qth

order approximation to the original nth order system1. The approximate impulse

response is written as:

~I(~) bq-lsq-1 + bq-2sq-2 + "’ " + bl s + bo (2.9)
aqSq d- aq_lsq-1 ~- ¯ ¯ ¯ d- al$ d- ao

where the coefficients a~ and b~ are found from the following sets of equations.

rn-(2q-r) m-(2q-r-1)

m-(2q-r-1) m-(2q-,-2)

m_(q_,÷l) U_(q_,)

. .. m-(q-r÷l)

¯ .. m_(q_r)

¯ .. m(,_2)

aq

aq-1

al

m-(q-r)

m-(q-r-1)

:

mr-- 1

(2.10)

bo -- moao

bl : moal d- mlao

b2
=

moa2 ¯ mlal d- m2ao (2.11)
ooo

by-1 = moaq_ l d- m l aq_ 2 d- ... d- mr_ l ao

and
1Typically q << n. For example, a second order AWE model for a 14,000 node clock distribution

circuit is shown in [6] to be an adequate approximation to the exact response.
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~-
-rn_laq

~ -m_2a q - m_laq_1

-~ --rn_(q_r)a q -- rn_(q_r_l)aq_ 1 ..... m_lar+1.

(2.12)

Once the coefficients of the numerator and denominator have been found, AWE

obtains the poles and zeros by solving for the eigenvalues of the companion matrix

of the characteristic polynomials. The residues are computed directly from the

poles and moments by noting that

(2.13)

from which the ~i’s can be easily obtained by inverting a q × q Vandermonde ma-

trix [5].
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Chapter 3

Adjoint Sensitivity

In this chapter, the theoretical aspects of pole zero sensitivity calculation in AWE

are discussed1. Discussion of computational complexity is presented in tandem

with the theory.

As seen in the previous chapter, the poles and zeros are computed from the de-

nominator and numerator of the impulse response, which in turn, are calculated

from the moments and derivatives. This chapter will follow that same stream. We

will first cover pole and zero sensitivity, in terms of the coefficients of the numera-

tor and denominator polynomials, then the coefficient sensitivities in terms of the

moments and derivatives, and finally, the moment and derivative sensitivities in

terms of circuit elements.

3.1 Pole and Zero Sensitivity

Consider a qth order polynomial defined as

q

¯ P = ~ cisq-i , (3.1)
i=O

where cl is the coefficient q - ith power ors. As discussed in [11], we can evaluate

the polynomial at its root rj, and apply the chain rule to obtain the root sensitivity.

Application of the chain rule yields:

q
OP (Oci?.q-i ¯ Or~ q-i-l~or =-0=~\or j +~c~-~r~ ), (3.2)

i=0

1Whereas a linear algebraic derivation is shown here, a circuit theoretic interpretation can also

be given [7].
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from which ~ is seen to be:

v’q c.~q-k-1 ¯ (3.3)
z-,k=O

We can apply this to both the numerator and denominator of the impulse re-

sponse to obtain the pole and zero sensitivities. Given that the coefficient sensi-

tivities have been found, this operation is quadratic in complexity with respect to

the order of approximation q. Since the order of approximation is generally very

small, this operation imposes negligible cost.

3.2 Coefficient Sensitivity

If we symbolically express the denominator coefficient equation given in (2.10) 

m1 a = mh, (3.4)

then the sensitivities of the denominator coefficients ~ are

oa _ ml-1 a + (3.5)o-~- \- 0e 0e /"

Likewise, the sensitivities of the numerator coefficients ~ arise simply from

(2.11) and (2.12) 

and
~gm--1 a Oa

~ q - m_l-~

Ore--2 a
0_~ ¢9m_1Oe q -- m-2 0e 0e-- --aq -1 -- °"-± Oe

Orn-(q-v) °qa °~rn--1 a ~ Oa,.÷ 1
-- D’~:-~aq -- m-(q-r)~e .... ~ ,+1 --"’t-l’~O-~--e

(3.6)

(3.7)

If the ~ have been obtained, solving for the ~ incurs only the cost of 2q2 q0e 0e --

floating point multiplications, and these partial derivatives are generated in a

straightforward manner. Since the m~ matrix is LU factored during AWE’s nomi-

nal run when solving for the poles and the zeros, the ~ require only a forward-

backward substitution, and no additional matrix decomposition, as (3.5) might
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suggest. Again, it is worth mentioning that the small size of the order of approxi-

mation q makes these costs minimal.

3.3 Moment and Derivative Sensitivity

Ultimately, both the pole and zero sensitivities depend upon the sensitivities of

the moments and the derivatives. These sensitivities are computed easily using

AWE’s moment and derivative calculating routines.

Applying the chain rule to (2.6), the moment sensitivities are written 

+ ... +
The sensitivities of the state equation constituents aA Ob and ~e~2-~, ~-g are all gen-

erated from well known stencils [4], are computed in constant time. Because of

this, the matrix multiplications given in (3.8) and are actually linear time opera-

tions in the total number of moments and derivatives matched, given that the rest

of the factors are known (more on this later). Furthermore since c is generally 

constant vector, the first terms in (3.8) will usually drop out.

In order to see how the ’factors’ that were salubriously introduced above are

calculated, let us first define two subsolutions, ~j and ~j:

Ycj = A-~-lb (3.9)

and

yj (A-J-l)T= C. (3.10)

The subsolutions are intimately related to the moments and derivatives mj’s. By

inspection of the state equations in (2.1), we see that the ~j’s defined in (3.10)

are essentially the solutions of the zero state circuit excited by b. Since the mj’s

are also found by the same zero state circuit, we see that we can first solve for

the ~j subsolutions, and then multiply by c~: to obtain the proper moments and

derivatives. As such, the ~j subsolutions are found without incurring additional

computational cost.

Similarly, we can view the yj subsolutions as being the solutions of the same
zero state circuit, but driven by a different excitation vector, cT. Since we have al-

ready LU factored the circuit in solving for the mj’s, one extra forward-backward

2A modified nodal analysis [12] approach is actually implemented.
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substitution is required per moment and derivative that AWE matches in generat-

ing a qth order approximation. Once again, the typically low order of a satisfactory

AWE q renders this cost small3.

Using our definitions for the subsolutions, we can now express the moment

sensitivity equation in a more intuitive manner:

~e---- 0c~"~
x-~ TOA ~T0b---~- J ÷ Z.,Y| ~-~ xJ-i - ~j ~-~, J -> 0. (3.11)
i=O

The derivative sensitivities are derived in a similar fashion as are the moment

sensitivities, and expressed as:

~-1
~e 0c~"~ ~ TOAx ~T0b

= si ~ j-|-sj ~, 0. (3.12)

Since the $~ and ~ subsolutions are dependent only on the circuit topology,

and not on the particular sense element, this computational cost can be shared

between multiple sense analyses. That is, once the pole and zero sensitivity with

respect to one element has been found, we can find the sensitivities with respect

to other elements using the same subsolutions.

3Since the circuit itself is typically large, each forward-backward substitution is costly. However,

the number of substitutions is low. We shall show that the overall cost incurred is still relatively

small.
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Chapter 4

Examples

This section provides results from several experiments that were run using a pre-

liminary implementation of the adjoint sensitivity method outlined in the previous

section. The implementation can provide the sensitivities of all poles and zeros,

as well as residues, with respect to all circuit elements 1.

We first provide results illustrating the computational costs incurred by an

AWE sensitivity analysis. As shall be seen, the incremental costs from either in-

creased levels of approximation or additional sense elements are low.

We then provide results that show the relationship between the approximate

sensitivities found by AWE to those of the exact system. This relationship is illus-

trated by showing the effect that the pole zero sensitivities have on the frequency

response. The data will show that the approximate sensitivities correlate well

with those of the exact system.

For both of the above cases, we use as an example the 741 operational amplifier

shown in Figure 4.1. Once linearized around the circuit’s bias point, there are 96

nodes and 263 elements. An HSPICE pole zero analysis, excluding input, output or

DC solution overhead, takes 16.22 CPU seconds2, and does not yield sensitivities.

As shall be seen, this figure is at least an order of magnitude higher than that of

an AWE analysis, including sensitivity analysis and I/O overhead.

As a final example, the comparator circuit shown in Figure 4.6 will be analyzed

for parasitic sensitivity. It will be shown that a ranking of sensitive nodes in the

~The residue and pole sensitivities are useful when the time response is of interest; the pole and
zero sensitivities when the frequency domain response is the focus.

2All CPU figures cited henceforth were generated on a DS3100 workstation. The CPU times have
been averaged over five runs.
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circuit based on information from an AWE analysis reinforces designer intuition.

In addition, AWE’s analysis will also be shown to predict nodes at which parasitics

actually improve circuit response. This ’compensation’ effect is validated through

simulation.

4.1 Computational Cost

Three benchmarks are provided in this section. In the first one, the sensitivities

of the poles and zeros with respect to a single sense element were generated, for

various orders of AWE approximation, and the costs profiled. In the second case,

the order of approximation remained fixed, and the number of sense elements was

varied. Finally, a large industrial example was benchmarked.

Table 4.1 contains the results from the first experiment, in which AWE was

asked to find the sensitivities with respect only to the compensation capacitor of

the 741 op amp, for various levels of approximation. There is an intial 2.7% over-

head in CPU time for a first order of approximation, and an increase of 1.3% for

each additional level. The initial 1.4% of overhead can be attributed to initializa-

tion routines required to set up the proper bookkeeping. Most of the incremental

cost arises from the solution of the ~j subsolutions, and is fixed regardless of the

order of approximation. Since the incremental cost is low, it is possible to increase

the order of approximation cheaply when a lower order model is found to be inap-

propriate.

In the second experiment, AWE was asked to perform a second order analysis

on the same circuit, as the number of sense elements was increased from one to

fifteen. The figures are profiled in Table 4.1. As can be seen from the figures, there

is an initial 4% overhead for the single element sense analysis, and a growth factor

of about 0.5% per extra sense element. Since the ~. and ~ subsolutions are not

recomputed after the first sense element, only ’bookkeeping’ is left, and hence, the

low incremental cost results. This fact makes it possible to find the sensitivities

with respect to a large number of elements without incurring much additional

cost.

Finally, AWE was asked to perform a second order analysis on a 14,000 node,

55,000 element clock distribution line, and find the sensitivities of the poles and

zeros with respect to 50 sense elements3. The total CPU run time was 371.7 sec-

3 [6] compares the run times of AWE versus HSPICE for the pole zero analysis of this circuit. AWE
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AWE CPU seconds

order total time sense analysis pole zero analysis I/O overhead

1st 0.404 0.011 0.265 0.128

2nd 0.432 0.017 0.278 0.137

3rd 0.449 0.028 0.290 0.131

4th 0.461 0.033 0.290 0.138

5th 0.468 0.037 0.298 0.133

Table 4.1: AWE Ccom~, sensitivity of 741 op amp

# sense CPU seconds

elements total time sense analysis pole zero analysis I/O overhead

1 0.432 0.017 0.278 0.137

3 0.428 0.021 0.279 0.128

5 0.420 0.025 0.268 0.127

7 0.437 0.027 0.276 0.134

9 0.429 0.036 0.266 0.127

11 0.443 0.034 0.275 0.134

13 0.441 0.041 0.269 0.131

15 0.460 0.051 0.278 0.131

Table 4.2: AWE 2nd order multiple sensitivity analysis for 741 op amp
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