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Abstract

Number representations in computers are typically chosen for reasons of range and precision.
Little consideration has been given to the impact of a representation on the complexity of the

operations that must manipulate it or to the distribution of "weight" over the bits of a format.
While some integer representations have been analyzed with respect to a particular implemen-

tation technology, we instead applied abstract complexity theory to the Boolean functions cor-
responding to operations (addition and multiplication) upon a wide variety of formats.* Since the

analysis provides information about the "ease" with which particular bits are handled, tradeoffs
between the uses of the bits (between range and precision of a floating-point format, for example)

can be more informed. Initial results confirmed conventional wisdom: A twos complement

format has a low complexity and a RNS format can provide vastly improved multiplication im-
plementations. We found that testing for invalid inputs was a major contribution to operations
using some representations. The project also involved optimization of the analysis, implemented

as a ’C’ program running on VAX and Cray computers. Though the implementation remains
limited by computing resources, this application of abstract complexity theory provides a new
method for comparison of arithmetic formats and should lead to a useful design aid, a new

criterion on which to base the choice of a representation scheme.

*This research was sponsored in part by the Office of Naval Research under grant N00014-88-k-0108.
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Chapter 1

Introduction

Representation formats for numbers internal to a computer are usually evaluated with respect to
their ability to map to the space of actual numbers. This evaluation has been thoroughly quan-

tified in terms of the range and precision inherent in different formats, but no such analysis exists

for determining the "ease" with which a computer can operate using the various representations.
It is known qualitatively, for example, that a Residue Number System allows for less complicated
and faster calculations than a "normal" integer format. We have quantified such differences for

two of the basic arithmetic operations (addition and multiplication).

Since each different representation and operation corresponds to a distinct Boolean function, we
directly applied Information Theoretical Complexity Analysis for Boolean Functions.1 Analysis

in this fashion employs l.rfformation Theory (specifically, the concept of entropy) to measure the

sensitivity of the function to each variable and hence its importance or influence on the computa-
tion. This analysis differs from previous attempts to describe the complexity of mathematical

operations in that it describes the operation independent of "a given application and realization
technology.’’2 Our results are in terms of the importance of the input bits, quantifying the relative

contribution of each bit (or field) of the representation to the complexity of the operation. 

examined the complexity inherent in the function, not the complexity of some implementation
(even in terms of generic operations) nor the "correspondence between abstract quantities
(numbers) and some physical representation (symbols).’’2

Presently limited to exact analysis of operations on symbols no larger than approximately 12 bits,
this analysis allows the impact of the representation on machine complexity to be assessed before

implementation is begun. It would be especially useful when the main objective is raw process-
ing speed. We have evaluated the common notion that uses of bits (say, in a floating-point

format) are interchangeable and found it incorrect. The results provide new insights into such
tradeoffs.

The next chapter describes abstract complexity analysis and its application to our problem. Infor-
marion about our current ’C’ implementation and efforts to optimize the program is included in

Chapter 3. Chapter 4 describes the particular formats we considered, including information about
the handling of operational errors and its contribution to the complexity of the Boolean functions.
Chapter 5 contains the results of our experiments and some discussion of their implications. The

final chapter summarizes our conclusions. We have also included two appendices for further

information: The first lists the equations which describe integer addition D-partition tables and
Appendix B summarizes our use of the Cray X-NIP.



Chapter 2

Techniques

2.1. Some Definitions

2.1.1. Partial Boolean Difference

A partial Boolean difference (PBD) is the Boolean analogy to the partial derivative. For a scalar

function, the PBD is "1" at a particular point if the output changes when a particular input bit is

complemented. The negative and positive PBDs (D~ and +p or npbd and ppbd below) refine
this definition by noting the direction of the change. Mathematically, we have:

Dp(f) --f@ (fo~p),

D+ _p(f) = Dp(f)A ~ (Sp(j")),

D;(f) = Dp(f)/’, Sp(f),

where 5p is the offset function, inverting bit p and passing the others unchanged, and Sp is the

sign function, which compares the value of f to the value of bit p of the input vector. Since the

definition is symmetric, we can simplify the computation by considering only the case where bit

p = O. These definitions can be translated into the following series of ’C’ statements:

pbd = F(x) ^ F(x I bitp);
npbd = pbd & ~F(x);
ppbd = pbd & F(x);

where x is the original input vector (assuming the bit under study is not set) and bitp is a bit

vector with a single set bit at the location of the bit we are interested in. These statements form

the core of the complexity program.

We shall use a 2 bit unsigned addition as an example: The input bit vector is four bits wide,

while the output is three bits. With an initial vector 0o11, the result is 011. Inverting bit 1 (bit 

is at the far left) makes the input 0111 and the result 100; the positive partial Boolean difference

is thus 100 and the negative is 011. This PBD pair would be repeated for an initial vector 0111.

For the first two bits (the first operand), the PBD pairs (positive, negative) for input vectors with

that bit initially zero are shown in table 2-1.

2.1.2. Differential Equivocation

PBDs are stored in a hash table which keeps track of their repetitions since it is their frequency of

occurrence which is important. The hash table consists of a fixed number of slots addressed by

hashing the PBD pair and to which bins are allocated as unique PBD pairs arise. When complete,

the bin sizes (counts of bin "hits") indicate the number of times each different PBD pair occurred.

When the hash table is full of the data for a single input bit, the program calculates the differential

equivocation (DE). This calculation is an application of the standard notion of entropy:



Table2-1: Raw SPBD data for a 2-bit unsigned addition (ad02)

0: 0000: (010, 000) bit i: 0000: (001, 000)

0001: (010, 000) 0001: (010, 001)
0OLO: (lO0, OlO) OOLO: (OOl, oo0)
0011: (100, 010) 0011: (100, 011)
0100: (010, 000) lOO0: (OOl, oo0)
0101: (lO0, o10) 1001: (I00, 011)
0110: (100, 010) 1010: (001, 000)
0111: (010, 000) lO11: (010, o01)

DE = -~ n(b)b, 
b__l 

1°g2

where w is the dimension of an operand, b is the bin size and n(b) is the number of times that
count was encountered. To reduce the number of calculations needed on each access to the hash

table, the program keeps track of the quantity ~=ln(b)b logz b and completes by calculating:

n(b)b log2 b
DE = 2w b=1

22w

Intuitively, the DE is a measure of the uncertainty in how the function will respond to changes in
that variable and is hence an average measure of the degree to which the function depends on that
variable. The complexity of the Boolean function is just the sum of its differential equivocations.

The DEs for our addition example are shown in table 2-2

Table 2-2: DEV for ad02

DE[0] = 1.000, Count = 2

DEll] = 1.500, Count = 3

C = 5.000

This is a very simple function, having only 3 unique PBD pairs (the "Count" shown above) for its
most complicated bit. The DEs for the second operand are not listed since they are identical to

those of the first.

2.2. Theoretical Results

A few of the theoretical results from Koob1 had a direct bearing on this project. We knew for
example that a function producing a permutation of the input bits (any form of pass-through

function) or a constant bit vector should have the minimum (zero) complexity. A completely
random function would have the maximum complexity, corresponding to unpredictable depen-

dence. (This second result was particularly useful when checking the true variance of the random
number generators.)

Padding (adding bits to) a function or composing it with a zero complexity, information preserv-
ing, operation will not change its complexity; the trivial functions (such as a permutation or extra

constant bits) are ignored when the truth table is analyzed. This provided some leeway when we
defined the representations to be considered.



On the other hand, some restrictions arise when we start with a function defined for some sub-

domain of the inputs (only "valid" bit vectors). This Incompletely Specified Function could not

be analyzed in the usual manner. Koob1 defined the complexity of an ISF to be the minimum

partial complexity over all completions. A completion of an ISF is a Completely Specified

Function (CSF) defined throughout the domain, which produces the same output as the ISF over

its restricted sub-domain. Partial complexity restricts the analysis of a CSF to some sub-domain

(ignoring the other input vectors). Unfortunately, since a large (often unwieldy) mtmber of 

may complete an ISF, exact calculation of the complexity of an ISF is intractable, in general.

Detecting illegal inputs, however, is a legitimate feature of any implementation. The addition of

an error bit to the output serves this purpose but the function outputs must still be defined for

illegal inputs. Examination of several reasonable completions revealed that a constant error vec-

tor produced the lowest complexity. This is discussed further in section 4.1.1.

2.3. D-partition Tables

One benefit of operating with an entropy function is the lack of reliance upon the actual partial

Boolean difference vectors produced. Once a profile of the b and n(b) values is available, the

DEs and complexity can be calculated from that information alone. The profile or dependence

partition description (called a D-partition table) delineates each PBD pair and the corresponding

bin sizes as shown for our example (table 2-3).

Table 2.3: D-partion profile for ad02

D-partition profile for bit 0:
(010, 000): 
(100, 010): 

D-partition profile for bit
(001, 000): 
(010, 001): 
(i00, 011): 

This information may be reduced to a table of bin sizes (number of input vectors in a D-partition)

and their occurrences for each input bit. The large amount of data stored in the hash table is no

longer necessary. This minimum information required for our 2 bit addition is shown in table

2-4.

Table 2-4: D-partition table for ad02

b = 8; n(b) = 2 1
b = 4; n(b) = 0 2
Total Categories = 1 2

An obvious outgrowth of this was the construction of larger profiles from the trends of a few

smaller ones to allow analysis of much larger Boolean functions. This was indeed done. The

new program input a file containing information equivalent to the intermediate data discussed

above and output the differential equivocations and complexity of the function. Unfortunately,

few of the D-partition tables proved to be structured enough to be useful here; this technique

could be used only with integer additions, as we mention in sections 5.1.1 and 5.2.1.



2.4. Sampling

Many efforts to reduce the computational intensity of the experiments centered on restricting the

size of the domain which must be considered. One particularly promising technique involved a
random sampling of the function’s domain. The sub-domain to be covered might in some way be
directed to produce results close to those of an exhaustive pass through the original domain. Of

course, the smaller sub-domain could be tested in much less time.

Experiments showed that the results were surprisingly close to the exact complexities without any

form of post-enhancement. Even when sampling a sub-domain with a dimension many bits
smaller than the overall domain, the results were within a few percent of exact. Thus, sampling

could be used for comparison of results, especially when the functions under study were similar

(within the same groups of the Results section). We used sampling with replacement (ie. without
removing duplicate vectors) since the error was insignificant.

Unfortunately, no theoretical results were available to help us predict the loss of accuracy due to

sampling or even the direction results should be shifted. There are clues, however. Sampling

involves the calculation of a partial complexity (as defined in section 2.2), whose maximum value
is limited by the size of the sub-domain. If results are in the neighbourhood of this upper bound,

the function is probably being undersampled, ie. the sub-domain is not large enough to capture all

of the dependencies. Although limited computational resources forced us to undersample some
functions (and underestimate their complexity), we were more interested in ascertaining how the
DEs varied across the bits; a relationship hopefully unaffected by inadequate sampling. We have

observed no characteristics aside from a new limit for the DEs which are the result of samp1~ng.

All results for 16 bit operands (except tests which might be completed using the analogy tech-
nique mentioned above) were obtained by sampling sub-domains with dimensions between 21

and 24 bits wide, not the overall 32 bit domain. We used as large a sub-domain as possible
(limited by program run time and by memory restrictions) and maintained that size for tests 

formats in the same group. We thus ensured that results could be compared across representation

ranges, usefully combining sampled and exact results. In fact, the sampled complexities did not

seem to be greatly reduced; the loss caused by sampling errors is small relative to the large values
involved. The consistency of sampling results also allowed comparison of representations which
had been tested over the same dimension sub-domain.



Chapter 3

Optimizations

A major portion of this work involved moving the theoretical results of Abstract Complexity
AnalysisI into the pragmatic realm of computer programming. Luckily, the theory was already

delineated in terms of bit vectors and transformations upon them. The use of the ’C’ language

made it simple to specify the internal operations necessary. Most of the coding complexity was
due to handling the large amount of data required.

When we originally took over support of the complexity program from Professor Koob, it was

designed to operate well on problems of small size and complexity. The program read the Iruth

table of the function under study from a file into an array. It then calculated the partial Boolean

differences for bits of the domain, working through every possible input bit vector each iteration.
The PBDs were stored in a hash table for the length of one iteration, at the end of which it was

emptied and the differential equivocation for that bit was calculated. Many inefficiencies in this
arrangement were corrected while making the program more suitable for large Boolean functions
corresponding to arithmetic binary operations.

The program was developed in the ’C’ language and run on VAX and Cray computers. Practical
considerations, such as computation time and memory requirements (the problem is exponential

with respect to the size of the function considered), still limit its application to exact analysis of
operations on symbols no larger than approximately 12 bits. Sampling the function’s domain

extended this limit to the width of variables on a VAX computer, up to 16 bit operands. The
following sections detail some of the changes we have made from the initial implementation to

reach these bounds.

3.1. The Truth Table

The file sizes used to store a complete truth table for even a 16 bit Boolean function such as an

eight bit addition problem were much too large for the program or disc space requirements to

handle well. The internal array of truth table values was randomly accessed (jumping from one
input vector to a vector with the bit under test complemented and then to the next vector in

succession) and caused thrashing, slowing the program. We combined the complexity program
with the program used to automatically generate the function definition files, replacing the array

access with a function call and removing any possibility of thrashing. The function call proved to
be much faster than the array access it replaced.



3.2. The Hash Table

Though the hash table was emptied linearly at the end of each iteration, it could grow to a large
size and was accessed randomly as new entries were added. Unfortunately, the large amount of
information to be stored and the need to record all repetitions of PBD values precluded any other
storage mechanism. We instead concentrated on improving the handling of the table and the

efficiency of the hashing function.

The hash function was the subject of a series of experiments completed early in the project. We

simply ran trials with likely combinations of the positive and negative partial Boolean differences
used to access a slot in the hash table. The search was narrowed as the fastest functions became

evident, leading to a straightforward ORing of the PBDs followed by a right shift and masking to
limit the output to the size of the hash table. This function provided the shortest run times and the

least time spent following chains of entries when the slot was occupied.

Hash entries were already allocated dynamically. We improved and centralized this allocation,

reducing the number of calls to the operating system and using a locally-managed pool of struc-
tures to be linked to the hash table as needed. As the problem sizes grew, it became necessary to

improve error handling and to call upon the operating system to raise limitations on memory use
by the process. The program is now able to efficiently make use of most of the virtual address

space of the VAX. Thrashing remains a problem due to the large space involved and its access
pattern, but the effect has been minimized.

3.3. The Domain

The input bit vector was considered to be the two operands of the functions placed side-by-side.
Since the operations we considered were commutative, the dependencies repeated exactly for the

second operand’s bits (see section 2.1.2). We decided to test only the first half of the domain bits,
doubling the complexity value when complete. The program was thus less universal but more

efficient for our experiments.

Another symmetry occurs in the partial Boolean difference calculation itself: As described in
section 2.1.1, the positive PBD delineates those bits of the output which have a positive depen-
dence on the bit under consideration, the outputs which change in the same direction as that bit
when it is complemented.1 It makes no difference whether or not the input bit is originally set; the

positive and negative Boolean difference bit vectors will be the same regardless.

We thus restricted our tests to those domain vectors where the bit under study was not set. At the
beginning of each iteration, the program determined the number of segments in which the impor-
tant bit was zero (eg. there is one such segment, the first half of the domain, for bit 0 and two for

bit 1) then iterated through the span of each range of input vectors. The bin counts were doubled

when calculating the differential equivocations. This also removed coding complexity from the

inner loop which calculated the PBDs.

Later, sampling (see section 2.4) was modified to use random values within these same segments


