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Abstract

The theory of Petri nets that was conceived to model the interactions
between asynchronous concurrent processes, can be extended to
explore conflicts and delineate the options available to resolve such
conflicts in such processes. To this end we define the property of
essentially decision free places (EDF places) in Petri nets to represent
the absence of conflicts in resource allocations. Using the theory of net
invariants we develop a procedure for identifying non-EDF places in the
synthesized logic. Furthermore, we outline a technigue of resolving such
conflicts with the use of 'NOT’ arcs in the Petri net. Some results in the
synthesis of Petri net models of discrete state systems are provided as a
prelude to the theory of EDF-ness.
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Chapter 1

Introduction

A diverse class of systems can be modeled as large scale discrete systems, with a number of
independent interacting concurrent processes. A prerequisite in the study of such large scale
discrete systems is a relevant model that should be able to reflect the interactions between the
various processes that constitute the system. The interaction between the processes occur
asynchronously, and the orderly execution of operations requires some control mechanism to
provide the proper sequencing between these independent, yet interacting components. Petri
nets evolved out of the need to realize these ends. Each independent process is treated as an
operation, whose execution is conditioned on the satisfaction of a finite set of logical
preconditions. Upon the execution of any such operation, a new set of logical conditions is
created that inhibit the execution of some operations and enables the execution of others in the
system. Petri nets are an ideal choice for the modeling of such large scale systems as they permit
easy representation of the logical preconditions and subsequent changes in their values as the

state of the system evolves in time.

Petri nets were introduced in the work of Carl Adam Petri [Petri 62]. During its nascency the
theory of Petri nets permitted logical "AND’ preconditions only. The definition of Petri nets were
then extended to include logical 'OR’, and logical ‘'NOT", preconditions [Agerwala 73]. Some
analytical issues for a specific class of Petri nets called Free Choice Nets were developed by
Hack [Hack 72]. A bottom-up synthesis procedure to construct a class of Petri nets representing
discrete logic schedules can be found in Beck’s dissertation [Beck 85). Some applications of Petri
net theory to manufacturing systems can be found in the paper by Dubois and Stecke [Dubois
83]. Narahari and Vishwanadham [Narahari 84] discuss some theoretical issues on the
construction of Petri nets from smaller subnets, and present their results with reference to
examples from manufacturing systems. Some issues on Stochastic Timed Petri” nets are

addressed in Wiley's thesis [Wiley 86).



In this dissertation we consider the issue of ambiguities or confiicts that can arise in the control
logic modeled by the Petri net. Two operations in a system are said to be mutually exclusive if at
a given point in time, the execution of one precludes the execution of the other. Consider for
example a particular task that can be achieved in two ways, and the achievement of this task in
one way precludes the simultaneous achievement of the same task in the other way. A conflict
free system is one in which, at no instance in the temporal evolution of the state of the system,
the logical preconditions for the execution of two mutually exclusive operations are
simultaneously satisfied. If a system has some operations in conflict, then a decision rule,

specified a priori, selects one -of the operations to be executed.

For purposes of simulation and analysis of large scale discrete systems, it is often necessary to
identify operations in contlict. In this report we provide a technique of identifying such operations,
and subsequently provide a technique of resolving conflicts by using Petri nets with 'NOT’ arcs.
We also extend the results stated in Beck's dissertation to facilitate the synthesis of a wider class
of Petri nets. The construction procedure outlined in Beck's dissertation covers only the class of
Petri nets that can be obtained by joining two independent Petri nets. Many non-trivial Petri nets
require at some stage of the synthesis procedure, a self merge, that is a merging between two

portions of the same Petri net.

In chapter 2 we introduce the Petri net terminology with respect to specific examples; these
terms are then defined rigorously. The interpretation of Petri net properties in a manufacturing
scenario is given in chapter 3. In the same chapter we introduce the construction procedure of
Beck [Beck 85]. Chapter 4 introduces the relevant existing results together with some new results
in the theory of Petri nets. To illustrate the various concepts introduced in the discussion of the
theory in this chapter we construct Petri net models for two examples. In chapter 5 we state a
new result on the presence of conflicts in a Petri net model of a manufacturing system and
subsequently provide a technique for resolving these conflicts. The identification and resolution of
conflicts is illustrated by using a task assignment example in a flexible assembly cell. We discuss
some issues for future research in chapter 6. The appendix contains some sample runs of an

interactive program that identifies and resolves conflicts in Petri nets.



Chapter 2

Petri net Definitions and Propetrties

2.1. Introduction

in this chapter we state and define the various terms and properties that are used in subsequent
chapters. They are first introduced and illustrated in an informal manner in section 2.2, and are
then defined rigorously in section 2.3. Section 2.4 introduces the concept of a reachability tree of
a Petri net together with an algorithm for the construction of a reachability tree for a given Petri

net.

2.2. Petri net fundamentals

A Petri net is a graph whose vertex set can be partitioned into two classes, called places and
transitions. The elements of the directed edge set of this graph are commonly referred to as arcs.
The arcs of a Petri net have two binding vertices that do not belong to the same class. If an arc in
a Petri net originates from a place then it terminates on a transition, and if an arc in a Petri net
originates from a transition then it terminates on a place. Graphically the places are represented

by circles and the transitions are represented by lines perpendicular to the arcs incident on them.

For the Petri net shown in figure 2-1, the set {p,,p,,p5} constitutes the set of places, and {t,,t,}
the set of transitions. In the example of figure 2-1, the transition 1, has the set {p,,p,} as its set of
input places, and the set {p;} as its set of output place(s). Analogously, the input set of transitions
to the place pj is {t;}, and {t,;} is its output set. A place is said to marked if it has at least one
token residing in it; tokens are represented graphically by squares in this report. The allocation of
the tokens in the net is referred to as the marking of the net. If all input places of a transition in a
Petri net are marked, the transition is said to be enabled; in the example of figure 2-1 transition 1

is enabled. An enabled transition can fire, in which case the token load of the output plgces of the



enabled transitions increases by one, and all input places to the enabled transitions are depleted

by one token. The consequence of firing the transition t, in the Petri net shown in figure 2-1 is

shown in figure 2-2.

In addition to the ordinary arcs in the Petri net, we introduce 'WOT’ arcs from places 1o
transitions, which disable the transition on which they are incident if the place from where they
originate has a token load greater than zero. Thus, a transition is enabled if all the input places for
the 'NOT" arcs are empty and the regular input places all have tokens in them. As illustrated in
tigure 2-3 the 'NOT" arc from place p, to i is represented by an arc thicker than the normat arcs

in the rest of the graph.

A marking is said to be reachable from a given initial marking for a Petri net, if there exists a
sequence of enabled, and subsequently fired transitions that would result in the marking of
interest. The reachability set of an initial marking is the set of reachable markings for the initial

marking.

Two important properties of Petri nets are liveness, and safeness. A Petri net is said to be safe
with respect to an initial marking if the token load in any of its places does not exceed one for any
marking in the reachability set of the initial marking. More generally, a Petri net is said to be
bounded if the token load in any of its places is bounded for alt markings in the reachability set of
the initial marking. The Petri net of figure 2-1 is safe under the marking shown in the figure. The
Petri net shown in figure 2-4 is not safe, because firing transitions ty and t, in succession puts two

tokens in place p.

A Petri net is said 1o be /ive with respect to an initial marking if for every marking that can be
reached from the initial marking, there exists a way to enable any transition in the net. The Petri
net of figure 2-1 is live under the initial marking shown in the figure. The Petri net shown in figure
2-5 is not live because once the transition t, fires, it cannot be enabled again; as only one of the
transitions t3, and t, can be fired when there is a token in place p;, and consequently the two

input places of transition will never have tokens in them simultaneously.



Figure 2-1: A Petri net example
Pl P2

Figure 2-2: The new marking resulting from the firing of transition t, in
Fig.2-1



Figure 2-4: An example of a net that is not safe

Pl P2

i | . i

Figure 2-5: An example of a net that is not live




2.3. Formal Definitions and Notation

2.3.1. Notational Preliminaries

The abbreviations and notational conventions listed below are used in subsequent chapters.
+ Braces denote a set or family, for example, {x} is a set with the generic element x. {x
| P} is a set of x's having the property P. The terms set, collection, family, and space
will be used interchangeably

» The symbol V is an abbreviation for for afl, the symbol 3 is an abbreviation for there
exists.

* The symbol € stands for belongs to, or is an element of, ¢ stands for does not
belong to.

» The symbol & is used to represent the null or empty set.
e The cardinality of a set A is denoted by card(A).

* The symbol N is used to represent the set of non-negative integers. N™ is a set of
ordered m-tuples {x,,X,, ..., X,) suchthatx e Nforr=1,2, ..., m.

« The vector e represents an unit vector along the i-th axis of an m-dimensional space.
The value of m can be inferred from the context. The family of m unit vectors for an
m-dimensional space is referred to by the symbol A.

» The conventions used in vector inequalities are as follows: if y and z are two vectors
of the same dimension, y > z means at least one element of y is greater than the
corresponding element in z and none of the elements of y are lesser than the
corresponding element of z. Similarly, y < z if at least one element of y is less than
the corresponding element in z, and none of the elements of y are greater than the
corresponding element of z.

» The transpose of a vector x is represented as x_.

2.3.2. Formal Definitions
Formally, a Petri Net with 'NOT’ arcs is defined as a quadruple, (I1,T,®,0) where:
II={py, - . . .p,} is the set of n places,
T={t,, ...t} is the set of m transitions,

d < (INxT)u(Tx1) is the set of directed arcs in the graph, connecting the places and
transitions, and

©® ¢ (IxT) is the set of 'NOT' arcs from places to transitions in the graph.






