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Closed-Form Correlative CodingcFG,) Blind
Identification of MIMO Channels: Isometry Fitting to
Second Order Statistics
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Abstract—We present a blindclosed-formconsistent channel es- B. Multiuser Context
timator for multiple-input multiple-output (MIMO) systems that .
uses onlysecond-order statisticVe spectrally modulate the output Gorokhov and Loubaton [5] (see also [6]) generalize the sub-
of each source by correlative coding it with a distinct filter. The cor-  space-based method for the multiple user situation. These ref-
relative filters are designed to meet the following desirable charac- erences show that by exploiting only SOS, the multiple-input
teristics: No additional power or bandwidth is required; no syn- multiple-output (MIMO) channel can be recovered up to a block
chronization between the sources is needed; the original data rate di | tant matrix. | valent t th uti
is maintained. We first prove an identifiability theorem: Under a 'agona_ constan mg nx.n equa ent terms, the con\{o u 'Ye
Simp|e Spec’[ra| condition on the transmitted random processes, mixture is converted into several Instantaneous, or static, mix-
the MIMO channel is uniquely determined, up to a phase offset tures of the input signals, two sources being in the same group
per user, from the second-order statistics of the received data. We if and only if they share the same channel degree. In particular,
then develop the closed-form algorithm that attains this identi- the convolutive mixture is completely resolved if all users are
fiability bound. We show that minimum-phase finite impulse re- o <0 16 distinct system orders, i.e., they exhibit memory di-
sponse filters with arbitrary memory satisfy our sufficient spectral . ) S .
identifiability condition. This results in a computationally attrac- ~ VErsity- The blind SOS-based whitening approachin [7]-[9] also
tive scheme for retrieving the data information sequences after the converts a convolutive mixture into a static one, with a substan-
MIMO channel has been identified. We assess the performance of tial weakening on the channel assumptions: Infinite-impulse re-
the proposed algorithms by computer simulations. In particular, sponse (IIR) channels can be accommodated, as well as min-
the results show that our technique outperforms the recently intro- imum-phase common zeros among the subchannels; further, the
duced transmitter-induced conjugate cyclostationarity approach I col -red d diti be d d St'li th ’ )
when there are carrier frequency misadjustments. usual column-reduced condi |on_can e roppe ->lll, these ap

proaches do not resolve the residual static mixtures.

To resolve these residual static mixtures, one may employ one
. S . ) of several blind source separation (BSS) techniques, depending
B LIND channel identification is an active topic of researchmainly on the characteristics of the sources, but also depending

It is a bandwidth-attractive scheme for automatic linkp, the number of available samples, and the signal-to-noise ratio

re-establishment that requires no training sessions and findR). Examples of these BSS techniques include
widespread application in the expanding field of mobile wire-

less communications. In this paper, we focus on closed-form
blind channel identification based only on the second-order
statistics (SOS) of the observations.

. INTRODUCTION

i) high-order statistics (HOS) approaches, e.g., the joint-
diagonalization closed-form procedure in [10], which are
feasible for non-Gaussian sources (although estimates of
cumulants converge slower than SOS [3]);

A. Monouser Context ii) the analytical constant modulus algorithm (ACMA)
[11], which provides a closed-form separation solution
for constant modulus (CM) sources;

iii) separation of finite-alphabet (FA) sources, which may

For single-input multiple-output (SIMO) systems, the work
by Tonget al. [1]-[3] was a major achievement. They exploit
the information conveygd by certaln. corrglatlon matrices of the be tackled by locally-convergent iterative algorithms, see
channel outputs to derive an analytical, i.e., closed-form, solu- [12]-[18]
tion for the unknown channel coefficients by the method of mo- '

ments. See also [4] for a distinct alternative closed-form sub-Chevreuil and Loubaton [20], [21] recently introduced the
space-based method. transmitter induced conjugate cyclostationarity (TICC) method.

They provide a complete closed-form SOS-based solution for

, _ _ _the MIMO channel with no extra BSS algorithmic step required.
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cillator simultaneously with multiple independently generateguasidiagonal structure, the method in [22] no longer applies.
carrier frequencies. We develop here a new consistent closed form estimator for the
MIMO channel.

C. Contribution

E. Paper Organization
In this paper, we propose a closed-form method for the blind

identification of MIMO channels based only on SOS. As in Section Il establishes the data model and states our main as-
the TICC approach [20], we require no additional BSS stepumptions. Section Ill presents the correlative framework for
When compared with the TICC methodology, our channel aswltiuser blind channel identification. We introduce the iden-
sumptions are more restrictive since we assume, as in most tifjability theorem and show that the requirements of the the-
proaches [5], [6], [18], that the transfer function is irreduciblerem are satisfied by minimum-phase FIR filters of arbitrary
and column-reduced, but we gain robustness to baseband carnizero degree. Section IV describes the closed-form algorithm
phase drifts. that estimates the MIMO channel up to a phase offset. Section V

Our method uses spectral diversity at the sources, attaineddigcusses a simple iterative technique for decoding the orig-
correlative coding. We utilize correlative filters at the transmithal symbol sequences once the MIMO channel is identified.
ters to assign distinct spectral patterns to the random messalfais technique jointly tracks residual phase drifts in the base-
emitted by the sources. We prove an identifiability theorem thB@nd signals and reduces the mean-square error (MSE) of the
establishes sufficient conditions on the correlative filters to eflosed-form channel estimate. Section VI evaluates the perfor-
sure uniqueness of the MIMO channel matrix from the So®ance of our closed-form correlative codif@FC; ) approach.
of the channel outputs. We derive from this theoretical resiife compare it with the transmitter induced conjugate cyclosta-
a closed-form algorithm that blindly identifies the channel maionarity (TICC) approach in [20]. Our simulation results show
trix by matching the theoretical and observed SOS. that CFG yields symbol estimates with lower probability of

Belouchraniet al. [19] derive an SOS-based algorithm foerror than TICC in the presence of carrier frequency asynchro-
separation of static or instantaneous mixtures of sources witlgms. Section VII concludes the paper.
distinct spectra. Concatenating the techniques in [5] and [19]
can then solve the convolutive mixture problem. In contra\'ﬁ;, Notation
our work ensures the unigqueness of the channel matrix for gen-
eral convolutive mixtures and not just instantaneous ones like inN Z, R, andC denote the set of natural, integer, real, and

[19]; in addition, we recover the conditions in [19] as a Sped%bmplex numbers, respectively. Matrices (uppercase) and
case from our theorem. Further, we provide an integrated andlumn/row) vectors are in boldface typ&€**™ and C"

lytical solution to resolve the convolutive mixture problem. Begenote the set of, x m matrices and the set of-dimen-

cause the spectra of the sources are known, we can paralleligla| column vectors with complex entries, respectively. The

our solution, which is a fact that can be exploited in praCtiCﬁlotations()T ()" (.)T and tr(-) stand for the transpose
wireless systems. ’ ' ' '

the Hermitean, the Moore—Penrose pseudo-inverse, and the
trace operator, respectivel}fA|| = +/tr (A*A) denotes the
Frobenius norm. The symbals,, 0, x..., and.J,, stand for the
n X n identity, then x m all-zero, and the. x n forward-shift

We introduced the correlative framework in [22]. In thafones in the first lower diagonal) matrices, respectively. When
paper, the closed-form solution relies on a certpiasidiag- the dimensions are clear from the context, the subscripts are
onal structure of the sources’s correlation matrices. We obtdlfppped. Fork € Z, we setK, (k) = J;, if k > 0, and
these by restricting the correlative filters to those that satisfyf- (k) = (J,;)7%, if k& < 0. The direct sum or diagonal con-
minimal memory lengticondition: loosely, the channel ordercatenation of matrices is represented by didg, Ao, . . ., A,,);
of each correlative filter is assumed to exceed the degreefef 4 € C"*™, vec(A) € C™ consists of the columns of
intersymbol interference (ISI) experienced by each user. Thisstacked from left to right, and represents the Kronecker
condition imposes a significant lower bound on the compiroduct. ForA € €™, o(A4) = {A1,A2,..., A, } denotes
tational complexity of the Viterbi decoding algorithm as thés spectrum, i.e., the set of its eigenvalues (including mul-
number of states in the trellis diagram increases with the ord#icities). The set of polynomials with coefficients it
of the correlative filters. In this paper, we drop theasidi- and indeterminate ! is denoted byC[z]. The polynomial

. . . . . d —k . . .

agonal property, which makes feasible correlative filters with(z) = > _,—o f(k)2™" € C[#] is said to have degrek written
arbitrary nonzero degree. Thus, the computational complexf§gf(z) = d, if f(d) # 0. The degree of the zero polynomial
of the Viterbi decoding step is significantly reduced. In fact, wg not defined. The subsets of all polynomials with degree
prove that minimum-phase finite impulse response (FIR) filters and degree at most are denoted byC?, [2] and Cj[z],
of arbitrary nonzero degree can fulfill the requirements of tirespectively. Similar definitions hold faE™[z] and C™*™[z],
identifiability theorem. This allows for the direct inversion ofwhich are the set oh x 1 polynomial vectors and x m
the filters and leads to a simpler scheme to decode the oriplynomial matrices, respectively. We will identify;[~] and
inal data sequences that may have phase-tracking capability‘“*1) by tacitly associating withf(z) = S¢_, f(k)z*
Since the sources’s autocorrelation matrices do not have the vectorf = (f(0)T, f()T,... . f(d)")T. For f(z) =

D. Relation with Previous Work
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ZZ:O Flk)>% € C?d) [2] and N € N, we define thex(N +  In the sequel, we will work witlstacked(or smoothejlobser-
1) x (d + 1+ N) block-Sylvester matrix vationsy y (t)
£(0) fd o - 0 yn(t) —SN[ )]
=] % 1O fd 0 —ZHpsp )+ wn(t) = Hs(t) +wn(t)  (3)
0 0 fO) - S where
Polynomial matriced’(z) € C!,*"™[z] operate on (input) sig- H, =T xy(h,)
nals{z(t) € C™ : t € Z}, yielding (output) signalgy(t) € H—[H1H2 Hp]
cateth (1) =Sp, . [5,(0)
- N s(t) = (s1(®).....sp(®)F)"
y(t) = [F(2)]=(¢) = kZ:OF(k)z(t - wr(t) =Sn[w(t)].

For N € N, the Nth-stackingoperatorSy|[-] is defined as

y(t) =Sn(=(t)] ny(t) = (s()", =t - 17, AL)
z(t— N)*)

wherez(¢) denotes a vector (or scalar) signal. Additional nota- A2)
tion is introduced as needed.

[I. DATA MODEL AND PROBLEM STATEMENT
Consider a noisy linear MIMO channel with inputs,s,(t),

p=12,..., P, andM outputs collected in the output vector
y(t):
y(t) =(n (£), w2(8), -, ym () (1)
r
= Z ) + w(t)
=1
r
= Z Z by +w(t). )
=1
Here,h,(z) € C(D )[7] denotes theZ-transform of the mul-

tichannel filter corresponding to theh user, ando(t) € CM A3)
represents additive noise. For example, in spatial division mul-
tiple access (SDMA) networks for wireless mobile communi-
cations, several users impinge on an antenna array through a
multipath space-time channel. In this scenario, (2) models the
measured baseband array snapshotshatic) denotes the user
multipath spatial signatures.

Problem Statement (Blind MIMO Channel Identification):
Given the SOS of the observed output data samg(es i.e.,
the set of correlation matrices

Clearly, all the desired information, i.e., the entriestf are
contained inH.
The following conditions are assumed:

Number of sourcesP and number of outputs M:
The number” of sources is known, and there are more
outputs than source® > P.

Irreducibility and column reducedness: The MIMO
polynomial matrixH(z) satisfies three properties:

i) irreducible, i.e., rankH(z) = P, forall z €
C\ {0} U{oo}s

ii) column-reduced, i.e., ranklh.(D;)ho(D>)
-~hp(Dp)] =P

iii) the column degrees ofH(z) are uniformly
upper bounded by some known intedey, ..,
i.e.,0 < D, < Dyax, forp=1,2,..., P.
As a consequence of andii), the MIMO channel
matrix H in (3) is full column rank if N, which is
the number of stacked observations, is greater than a
certain integer. For example, the integey + --- +
Dp — 1 is a lower bound, see [5] for a proof and a
more detailed discussion on this topic. We assume in
the sequel thaH is full column rank and thatv <
Niax fOr some knownv,, ..
Stationarity: The sources,(t), p=1,2,..., P, and
the noisew(t) are zero-mean wide-sense stationary
processes, uncorrelated with each other. The noise cor-
relation matrice§ Ry (7) : 7 € Z} are known, and
without loss of generality, the sources have unit power,

75, (0) = E{lsp()*} =1, p=1,2,....P.

Ill. CORRELATIVE FILTERING

In digital communication systems, it is commonly assumed

Ry ={Ry(r): 7 €7}, Ry(r)=E{yt)y(t—7)"}

find the M x P MIMO polynomial matrixH(z) = [h1(2)hs2(z2)

- hp(2)]. O
FindingH (=) amounts to finding

that each user transmits a spectrally white data stream, i.e.,

75, (1) = E{sp(t)sp(t — )"} = 6(7),

whered(7) denotes the Kronecker delta. As an example, take the

usual scenario wherg,(¢) denotes an independent identically
distributed (i.i.d.) sequence of information symbols drawn from
a finite alphabet setl C C like the binary alphabetlgsk =
{%1}. The emitted signals,(t) are indistinguishable from a

H=HH;..
=To(hp) =

Hp|, H,

[p(0)hp(1) - - hp(Dp)]-
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statistical viewpoint. Their power spectral densities share the holds for everyg € {1,2,..., P} \ {p} and every
same flat pattern. Due to this spectral symmetry, the MIMO 0 < My, My < Diax + Niax + Cax + 1, Ciax =
polynomial matrixH(z) cannot, in general, be unambiguously max{Cy, Cs,...,Cp}; here

determined from the SOBy. For a simple illustrative example,
consider the two-users case= 2 and thatD, = D, = D for Ay(7; M) = RsP(O;Mp)’l/QRsp(T;Mp)Rsp(O; M)~ /?

someD € N. In addition, for further reference, 1&y(A(#)) (6)
denote the SOS gf(t) given thatH(z) = A(2) denotes the normalized correlation matrixspft; A,,)
at lag 7. In addition, the correlative filters:,(z),

Ry(A(2)) = {Ry(7) : 7 € Z|H(z) = A(2)}. p = 1,2,..., P are known by the receiver. Assump-

tion A4) means that for each souree {1,2, ..., P},
there must exist one correlation lafp) that separates
the spectra ofA,(7(p); M,) from A,(r(p);M,),
171 -1 q £ p, e, from the remaining sources, irres_pec—
B(z) = A(2)Q, Q= 7 {1 ) } tive of the stacking parameterdf,, M, taken in
{0,1,..., Dpax + Niax + Crax + 1}. We now state

induce the same output correlation matrices, 7y(A(»)) = the identifiab.illity jcr.}eorem. ) .
Ry(B(2)). Note also that Theorem 1 [ldentifiability] : Consider the signal model

in (2), and assume that conditions Al)-A4) are fulfilled.
1 1 Let G(z) = [9:(2)g2(2) -~ 9,(2)] be a polynomial matrix
B(z) = ﬁ(al(z) +ax(z)) ﬁ(_al(z) + “2(3))} satisfying the same conditions &4>), i.e.,G(z) is M x P,
irreducible, column-reduced, andeggp(z) < Dpax. If

is useless for source separation purposes, as the two usersjat¢ induces the same MIMO channel output statistics,

It is readily seen that the two MIMO polynomial matrices
A(z) = [a1(z)a2(7)], wherea,(z) € Cé\fj)[z], p=1,2,and

mixed together. i.e., Ry(G(2)) = Ry(H(z)), thenG(z) = H(z) O, where
In conclusion, blind identification of{(z) from Ry isnota © = diagc®:, ™, ..., c?*"). O
well-posed problem when all the input signajgt) are spec- Proof: See Appendix A. Theorem 1 ensures uniqueness of

trally white. This motivates us to consider correlative codinghe MIMO channel matrix from the SOS of the system outputs,
at the source. Within this framework, thwh user, rather than as [22, th. 1]. However, here, the minimum memory length re-
transmitting a white data stream, say(t), emits the output of striction on the correlative filters of [22] has been dropped, and
a correlative filter uniqueness of the MIMO channel is now ensured by a more gen-
eral spectral condition.
sp(t) =lep(2)]ap(t)

ep(2) =c(0) + c(1)z ™" + -+ + ¢(Cp)z~ " € Cc,y[2]. (4) A. Connection with [19]

Assumption A4) entails a significant simplification when the

annel degreeb),, in (2) are knowra priori. In this situation,

from the proof of Theorem 1, it can be seen that it suffices that
. . T for each pair of sources+# q, there exists a correlation lag=

lepll =1, ep = (e(0), (1), -, e(Cp)) ~(p, q) such that (4, (r: N,)) N o(A,(r: N,)) = &, where

N, =1+ D, + N. Thus, for the special case of static mixtures

(D, = 0andN = 0), we recover the spectral conditions of the

gentifiability Theorem 2 in [19].

To avoid increasing the transmitted power, the correlative filt%F1
is normalized to unit-norm

We will show in Theorem 1 below that the uniquenesg{dt)
up to a phase offset per user frdy, is guaranteed by a certain

spectral diversity condition on the correlation matrices of tH h bel h h . .
colored signals;,(t). Theorem 2 below shows that assumption A4) is not

First, we need some additional notation. Bdj, € N, set very restrictive and is generically satisfied by unit-norm
s,(t; M) = Sy [s,(£)]. Since, in (4),a,(t) denotes a white minimum—phase filters of arbitrary nonzero degree. Be-
sequence, .4, (r) = &(r), the correlation matrices of fore stating Theorem 2, we need a definition. F:zbre_ N,
s,(t; M,), hereaftetR, (r; M,), are given by we let Mg[2] C Cglz] denote the subset of unit-norm
PR i v minimum phase filters with degred. Recall that we pre-

. _ * i i ifi 2] wi d+l p iating with
R, (1: M) = T (c))K (VT v (e (5) Viouly identified Cy[z] with C y associating
p( p) Mp( p) Mp—I—Cp—I—l( ) Mp( p) the filter c(z) _ Ezzoc(k)z_k c Cd[z] the vector
where the shift matri¥, (k) was defined previously for generice = (¢(0),¢(1),...,¢(d))™ € C**. Thus, bothCy)[2] and
n € Nandk € Z. We formally state the spectral diversityMa)[z] are subsets of**! and take their metric structure
condition. from this identification. Now, for giver” nonzero degrees in

A4) Spectral Diversity: The P users correlate their white d = (dy,dy,...,dp)", let
information sequences,(t) so that for each source
p = 1,2,..., P, there is a correlation lag = 7(p) Mglz] = Maylz] x Maylz] x -+ x Ma,y[7]
such that
e, f(2) = (f1(2), fa(2). ..., fr(2)" € Mglz] if and only
o(Ap(r; M) No(A (T M) =& if fp(z) € M y[z]forp=1,2,...,P.
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Theorem 2: Consider the correlative filters in (4), where
ap(t) denotes a white information signal, i.e,, (1) = 6(7),
forp = 1,2,...,P. Lete = (C1,Cs,...,Cp)T € NI
be a P-tuple of nonzero correlative filter degrees, and let
Flz] € Me¢[z] denote the subset of correlative filters that
satisfy assumption A4). Therk][~] is dense inM¢[]. O

Proof. See Appendix B.

IV. ALGORITHM

We exploit Theorem 1 to derive a closed-form algo-
rithm that obtains theM x P MIMO polynomial matrix
H(z) = [hi(2) h2(2)---hp(2)] up to a phase offset per user
from the correlation matrices of the observed data samples
y(t), i.e., from the seRy = {Ry(7) : 7 € Z}. The algorithm
works in terms of the equivalent stacked data model defined in
(3); it computes a MIMO channel matr& = [G1G> - - - G p]
that reproduces the observed SO%pf¢), i.e., G satisfies

Ry ()= GRg(7)G" + Ry (1), Vrez @)

whereRg(7) = E{s(t)s(t — 7)*} with s(¢) as defined in (3).
Theorem 1 asserts thatif (7) holds, ti@&p = H ¢~ or equiv-
alently, sinceG, = Tn(g,(2)), g,() = hy(2)e’». The re-
ceiver knows
i) the correlation matrices ofy, (¢) since we have (8),
shown at the bottom of the page, a#¥,(7) can be
accurately estimated in practice, e.g., by a sample-mean
operator;
ii) the sources’s correlation matricdgs(7) since the cor-

1077

termination of rank in the presence of noise is a tricky
problem. For robustness, it is more appropriate to eval-
uate the rank oR(0) through statistical methods, such
as the minimum description length (MDL) test applied
to Ry, (0); see for example [23]. Oncé is deter-
mined, we perform a-truncated eigenvalue decom-
position (EVD) of R(0) to obtain its square-root, say,
G, which automatically satisfies (9).

Step 2) Joint Determination of D,(p = 1,2,...,P) and

Q. This step jointly estimates the channel degtBgg
p=1,2,...,P)in (2) and the unitary matrig} in (9)

up to a phase offset per user. Notice that estimatipg

is equivalent to estimating, = D, + N, asiV, which

is the smoothing factor, is chosen at the receiver, and
so itis known. The indices,,,p = 1,2, ..., P are ob-
tained by minimizing a certain non-negative function
¢ : L — RT, where£ denotes the finite set

L ={(My,Ms,...,Mp) e NI
M +My+--+Mp=L-P}

We will see that the point= (L1, Lo, ..., Lp) is the
unique zero ofp. Moreover, the computation af(1)
automatically provide® up to a phase offset per user.
In order to definep, we need some additional nota-
tion. Recall that the correlation matricé,, (7; M)

of s5,(t; M) = Su,[sp(t)] are given by (5) and its
normalized correlation matrices, (7; M,,) by (6). For
m = (Ml,MQ,...,Mp) e L, let

relative filters are known by the receiver according to as- A(r;m) = diag( A, (7; My), Aa(7; Ms), ..., Ap(T; Mp))

sumption A4);

i) the noise correlation matriceRqy, (7) Since they are
related toRqy(7); replacey(t) by w(t) in (8) and the
latter are known by assumption A3).

Let R(7) = Ryy (7)—Ruwy (7) denote the denoised correlation
matrices ofy (). We computeF to satisfy (7) in four steps.

Step 1) Determination of Gy. This step computes the matrix
G, = HR5(0)'/*Q* 9)

where@ is a residual (unknown) unitary mixing ma-

trix. Given the signal model in (3) and assumptions
Al)-A4), the denoised correlation matrix at lag O is
given by the outer product

R(0) = HR5(0)H" = (HR5(0)"/?) (HRS(O)l/z)*_
Thus,L = 7, (D,+N)+P, whichis the MIMO

system order, i.e., the number of columndbin (3), is
obtained ad. = rank{R(0)}. As it is well known, de-

and

B(r) = GIR(MG]" = QRs(0)™/2Rs(r)Rs(0)~"/?Q" .

(10)
Note that both A(7;m) and B(r) are available
to the receiver. The matriced(r;m) can be pre-
stored, andB(r) are computed from the received
data. Associate with eachP-tuple of integers
m = (My,M,,...,Mp} € L, a unitary matrix
U(m) as follows: LetW, € CE*(M»+1) pe a global
minimizer of

FX) =Y IBX = XAy (7 My)|1°
TEZ

subject to|| X|| = /M, +1. LetW = W, W,
.-« Wp]: L x L. We defineU(m) as the nonlinear
projection of W onto the group of x L unitary ma-
trices. Theorem 3 describes the functiprand states
its main properties.

(11)

Ry(f)l)
RyN(T): H .

Ry(r — N) Ry(T—IN-l-l)

(8)
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Theorem 3:Lety : £ — RY be defined by Step 3) Determination of G:. The previous step provides the
unitary matrixt/' = U(l). To obtainG, which is a
m=(M;,M,,...,Mp) € L local copy of the channel matri#f up to a phase offset
—p(m) = Z IB(r) — U(m)A(r; m)U(m)* || (12) per user, seG = GoURs(0)~Y/2. In fact, using the
e expression olF, in (9), we get
Then,l = (L, Ls,...,Lp) is the unique zero of. More- G = HRs(0)'/?@Rs(0)"'/? = HO.
over,U(l) = Q©, for some diagonal matri®@ = diag(c?’:

In the last equality, we have used the fact tRgt0)'/>
and © commute. They share the same block-diag-
onal structure, theth block of @ being the matrix

IL1+1,6i921L2+1,...,GiQPILP+1). O
Proof: See Appendix C.
The following remarks are in order.

T Gie”ILP+1.
Remark 1: Given (10), we have Step 4) Determination of H(z): Once G = [G1G:
. . -+ Gp), G, : L x(L,+1),is computed, thé/ x P
= A(T; Q" — U(m)A(r;m)U %, (13 P P
o(m) Tez:z lQA(mDQ (m)A(rsm)U(m)"]%. (13) MIMO polynomial matrixH(») up to a phase offset
per user is easily retrieved. Notice the equation at
Thus, asm runs overZ, the observed second-order moments bottom of the page. Thus, the coefficients of it
B(7) tend to be matched by (m) A(7; m)U(m)*. filter
Remark 2: The summations in (11) and (12) involve only D,
a finite number of terms. They are carried over a finite subset h =N "R (k)2F
: R p(z) =) hp(k)z
T = {r,72,...,7} C Z since the correlative filters are FIR Py
(finite memory span). ie.,
Remark 3: A closed-form minimizer of (11) is obtained as
FX) =" IB(r)X — XAy (r; My)|)? Hp =[hp(0)hp(1) -+ Fp(Dp)]
TiT may be obtained by averaging thé+ 1 copies avail-
= ZH(IMP @ B(m;) — Ay(mi; Mp)T ® IL):cH2 able inG,,.
:|I;;_||2 V. SEPARATION OF SOURCES
— " T T (14) After the MIMO polynomial matrix H(z) is identified,
we face the problem of detecting the unfiltered information
wherex = veq X), and sequences,(t) in (4) from the observationg(¢) in (2). In the
sequel, we assume that tpth data sequencsg,(t) consists of
T=[T1T; - Ti|* i.i.d. symbols drawn from a finite alphabdj, C C. In addition,
T; =Iy, @ B(r) — Ay(ri; M,)" @ I.. for_simplicity_, we assume thads(t) d(_enotes spatio—te_mppral
¥ white Gaussian noise. Thus, the optimal maximum likelihood
A global minimizer of f(X) subject to|| X || = /M, + 1 (ML) criterion leads to a generalized maximum likelihood

can be obtained by scaling and reshaping into matrix formgguence estimation (MLSE) Viterbi algorithm [24]. However,
the eigenvector associated with the minimum eigenval{f2e computational cost of this approach is usually very high.
of the semidefinite positive Hermitean matrik*T, say u, We pursue a simpler, suboptimal technique to detect the data

ie, X, = vec!(,/M,+1u). In addition, notice that symbols. The proposed technique exploits the fact that the
W = [W,W,---Wp] can be computed inP parallel correlative filters are minimum-phase and permits to handle
threads, theth thread leading t#¥ . carrier frequency asynchronisms, e.g., Doppler effects. This

Remark 4: The nonlinear projection d¥ : L x L ontol{;, distortion induces a baseband rotation in the received signals.
which is the group of. x L unitary matrices, is a special case Ve have a data model similar to (2), except for the inclusion
of the classical orthogonal Procrustes problem [25]. It can Béthe residual phase drifts

computed as follows. L&V = UXV* denote a singular-value P
decomposition (SVD) o . Then UV ™ (unitary) globally min- y(t) = Z[hp(/:‘)]§p(t) + w(t) (15)
imizes the Euclidean distance betwd&handi{;.. =1
h,(0) h,(D,) 0 0
G, —H, " — 0 h,(0) h,(D,) 0 e
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wheres, (t) = s,(t)e’“r?, andw, denotes the baseband rotation
frequency corresponding to theh user. Although the filters
h,(z) in (15) are not exactly the same as in (2) (some phase
offset corrections are needed), we maintain the notation for the
sake of clarity.

Each iteration of the proposed iterative procedure consists of
two stepsStep A) The data symbols,(t) are detected, given
the current estimate df{(z), andStep B) the filtering matrix
‘H(z) is re-evaluated on the basis of the newly estimated data
symbols. This resembles, in spirit, the methodology of the ILSP
and ILSE approaches [12]. The added difficulty here is that the
data symbols are prefiltered and distorted by baseband rotations.
We now discuss these steps in more detail. i

A. Step A
We are at thén + 1)th iteration cycle. Let

H () = [ (R7(2) -+ B2

denote the estimate of the MIMO channel matikz) obtained
from the previous iteration cycle. The algorithm is initialized
with H® (%), which is the closed-form solution of Section IV,
andn = 0. We reason as iH™(z) = H(z). Focus on thgth
user. First, we extract the baseband rotated sequgricte =
ciwrts (t) from the observationg(t) in (15). We employ a filter
Fo(2) = T4to F,(h)2 7" € CY[7] satisfying

() "HO(2) = (0.....,0,27%,0,...,0)

for some non-negative delay, in the pth entry, i.e.,f ()
exactly nulls the intersymbol and co-channel interferences af-
fecting the usep. Notice that for sufficiently high degrek,,

the existence of such a filter is guaranteed by the irreducibility
of the channel matrix in assumption A2). The coefficients of the
filter

fg = (fp(O)vap(l)Tv T 7fp(FP)T)

can be obtainedas thfep — 1)(1+ F,) + D1 +-- -+ Dp_1 +
d, + 1)th row of the pseudoinverse of

= o, (6) 0, (1) 0, ()]

Let

ap(t) =[F,(2) ly(t + d)

Co
— it (Z cp(k)ay(t — k)) +np(t)  (16)

k=0

wheren,(t) = [f,(z)"]w(t + d,,) denote the application of the
separating filter to the observations’ noise. We have to detect the
data symbols,,(t) € A, from (16).

i)  First, we get rid of the correlative filter. Rewrite (16) as
Cyp
ap(t) = Y (k) (t — k) + ny(t)
k=0
wherec, (k) = c,(k)e'r*, anda,(t) = ay(t)e™»t. We
havec, (k) ~ ¢, (k) sincec’»* ~ 1 for small integers;
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and typical values af,, as for exampley,, = 27/1000
andC, = 5. Thus, within this approximation

ap(t) = [ep()]ap(t) +np(?).

Since the correlative filteg, (z) is minimum-phase, we
use its stable inverse, say(z), to recover the signal

ap(t)

up(t) =[gp(2)]np(t)-

Now, we handle the baseband rotation. Divide the
available samples, (t) in B blocks of equal siz&.
Making 77, small enough, we have, within each block
b=1,2,...,B, the approximation

/3p(t) = (b)ap(t) + up(t)

(17)

(18)

for somef,(b) € R.

We process the data block by block. Within each
block, we jointly estimate the symbols,(t) and the
phase offsetd,(b). Assume we are processing the
bth block. The algorithm starts with,(0) = 0 and
b = 1. We use the estimate of the phase offset in
the previous block and the fact that the phase varies
smoothly between adjacent blocks to approximate
6,(b — 1) = 6,(b), from which we obtain almost
phase-corrected symbols

np(t) = 7OV, () 2 ay (1) + up(2)

where v,(t) = e ? (=L () denotes complex
Gaussian noise. The data symhgl(t) is estimated
by projecting n,(t) onto the alphabet4,. By the
least-squares (LS) criterion

ap(t) = argmin [n(1) = o
Now, we turn to the problem of estimatirtg,(b) in
(18), given the symbols,(t). Again, we follow an LS
strategy

s

6,(b) = argmin Z |18p(t) — e ap ()] (29)
oER
tCB()
The answer to this minimization @(\b) = —¢, where
N Bt ap(t) = pc, p20.

teB(b)

Here,B(b), with cardinalityZ;;:, denotes the set of in-
dicest belonging to théth block.

It should be noticed that the estimationwgf in (17)
may also be efficiently solved by exploiting the fact that
wp, is a conjugate cyclic frequency &,(¢). The main
advantage of the proposed methodology is that it per-
mits us to handle more generic phase drifts, i.e., phase
distortions of the forme?»() where the time-varying
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phase signad,(t) is not necessarily given bg,(¢) = .
wpl. y

B. Step B :

Take the estimated symboaig(¢) and phase offsets,(b) :
b=1,2,...,B}inStep A, and leg,(t) = ¢®®[c,(2)]a,(t)
whenever the time indexfalls in thebth block. Rewrite (15) in
matrix form as

2o

Y =[y(Ly2) --y(D]=HS+W. _ ,
Fig. 1. Output of the unequalized channel.
Here
R Here, we have two fixed paths & = 0 and A, = 2.875,
S =[5(1)s(2) - 3(1)] where T is the symbol period, and a random numisgrof

. . . s T extra paths) is uniformly distributed in{5,6, ..., 15}; forg =
o T T T » )

8(t) = (81 (£),82(8)", ... 5P(t) ) 1,...,Q, the delays\, are uniformly distributed iff0, Ay,

8,(t) =Sp, [5,(1)] andy,, g =1,...,Q, aswell asy, andv,,.x denote unit-power

_ o complex Gaussian random variables. Each composite contin-
andW = [w(1)w(2) - w(T)]. The LS estimate of{ is given yous-time channel(t) = p(t) ® g(t), where® is the convo-

by lution operator, is then sampled at the baud rate and truncated
_ _ 4 at47p. This approximation deletes, at most, 4% of the channel
H = argmin |[Y — GS|* =YS§". power. Thus, iMH(z) = [hi(2)h2(2)], D, = dedh,(z) = 3,
Gecrmxt which is assumed known. The receiver s = 4 antennas
" N and processes packets 5f = 350 data sampleg(¢) in (2),
We setH" V() = H(=). with smoothing factotV = 3; see (3). "
For the identification technique, we fit six correlation ma-
V1. COMPUTER SIMULATIONS trices,i.e.7 = {+1, +2, +3}, in (14). After channel identifica-

We present two sets of simulations. In the first set, we cokion, the sources are extracted from the observagétisy fil-
siderP = 2 users , without carrier misadjustments. The perfofersf, (=) of degree, = 2D, = 6 with delayd, = D, +1 =
mance of the proposed blind channel identification techniquedsThe observation noise(t) in (2) is taken as spatio-temporal
evaluated in terms of the mean-square error (MSE) of the MIM@hite Gaussian noise with power. The SNR is defined as
channel estimate. For separation of the sources and the equal- P
ization step, the performance criterion is the symbol error rate SNR— 2p=1 Bl ()]s ()11} _ ||H||2.

(SER) of the estimated data symbols. In the second set of sim- E{{lw(®)[[*} Mo?

ulations, we consideP - 3 users with residual phase driﬁS'We start by illustrating a typical run of our technique. Fig. 1
We compare our technique with the TICC approach [20], bo ots in the complex plane a typical received signal, i.e., an
in terms of the MSE of the channel estimate and the SER of t ﬁtry of the observed vectar?) in (2). The joint effect of the

resulting symbol detection scheme. intersymbol and co-channel interference is clearly noticeable.
Fig. 2 (notice the difference in the vertical scale relative to
Fig. 1) shows the output of the equalized channel, i.e., the
We consider” = 2 users with distinct digital modulation signalsg; (t) and3.(¢) in (17). As seen, the algorithm recovers
formats. User 1 employs the normalized (unit-power) quateralid user signals from the observations. This example was
nary amplitude modulation (QAM) digital format, and user generated with SNR= 15 dB. We evaluated more extensively
employs the binary phase keying modulation format (BPSKthe performance of our proposed technique. We varied the SNR
Both users pass their i.i.d. information sequences through chetween SNR;, = 10 dB and SNR.., = 20 dB in steps
relative filters prior to transmission. We used correlative filof SNR., = 2.5 dB. For each SNRK = 500 statistically

A. Scenario with Two Users

ters with minimal memory, i.e., with just one zetg(z) = independenttrials were considered. For each trial, we generated
rp(1 — zpz~1). The zeros of the correlative filters for users I" = 350 data samples and ran the proposed closed-form

and 2 are;; = 1/4¢77"/2 andzy = 1/2¢7™/*, respectively; the and iterative blind channel identification algorithms. We
coefficientsk,, are normalizing constants to ensure unit-poweecorded the square-error (SE) of the channel estimate, i.e.,

outputs. For both users, the analog transmitter shapingg{ter se= |17 - HHQ' The symbol error rates for both sources were

is a raised-cosine with = 80% excess bandwidth. Each com- . . . .
N ; M ; : btained by error counting. Fig. 3 displays the average results
munication channel is a realization of the continuous-time mul- . .
. over the K = 500 trials for the mean-square error (MSE) of
tipath model ) L . .
the channel estimate. This is monotonically decreasing, as
Q expected. The dashed and solid curves refer to the closed-form
9(t) = 06(t) + VnaxO(t — Apmax) + E :fyqé(t —A,). (20) and the iterative estimates, respectively. As seen, the iterative
a=1 technique improves significantly over the closed-form estimate.
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Fig. 3. MSE of the (dashed line) closed-form and the (solid line) channgig- 4. MSE of the (dashed line) closed-form and the (solid line) channel
estimate: SNR varies. estimate varies.

TABLE Il
SyMBOL ERROR RATE (SER). QOSED-FORM ALGORITHM
(SNR= 10DB, T VARIES)

TABLE |
SvyMBOL ERROR RATE (SER).

CLOSED-FORM ALGORITHM (T' = 350, SNR VARIES)

SNR (dB) || User 1 | User 2 T User 1 | User 2
10.0 0.0646 | 0.0276 200 j 0.1527 | 0.0675
12.5 0.0124 | 0.0032 400 | 0.0461 | 0.0230
15.0 0.0011 | 0.0001 600 ([ 0.0218 | 0.0109
17.5 0.0000 | 0.0000 800 | 0.0168 | 0.0091
20.0 0.0000 | 0.0000 1000 [ 0.0106 | 0.0075

TABLE 1l TABLE IV

SYMBOL ERROR RATE (SER). ITERATIVE ALGORITHM
(T = 350, SNR VARIES)

SymBOL ERROR RATE (SER). ITERATIVE ALGORITHM
(SNR= 10DB, T' VARIES)

SNR (dB) || User 1 | User 2 T User 1 | User 2
10.0 0.0014 | 0.0040 200 ([ 0.0204 | 0.0156
12.5 0.0002 | 0.0002 400 | 0.0014 | 0.0041
15.0 0.0000 | 0.0000 600 | 0.0012 | 0.0041
17.5 0.0000 | 0.0000 800 | 0.0012 | 0.0041
20.0 0.0000 | 0.0000 1000 ([ 0.0012 | 0.0039

In Tables | and IlI, we show the symbol error rates (SERpnsequence, the SER is higher. Moreover, as expected, the
associated to the two sources. These correspond to the synfitwdter accuracy of the iterative MIMO channel estimate results
detectors implemented from the closed-form and iterative a lower probability of error. We also studied the performance
channel estimators, respectively. Notice that as user 1 employshe proposed technique with respect to the packetiiake

the QAM format, the SNR per symbol is lower, and as fixed SNR = 10 dB and variedl’ between’;,;, = 200 and
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Fig. 5. (Left) MSE and (right) BER of user 1 for the proposed and TICC (with square marks) approaches. (Dashed) Closed-form and (solid) iteitative algor

(SNR= 5 dB).
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Fig. 6. (Left) BER of user 2 and (right) user 3 for the proposed and TICC (with square marks) approaches. (Dashed) Closed-form and (solid) ietiathge alg

(SNR= 5 dB).
TABLE V
ZEROS OF THECORRELATIVE FILTERS (P = 3 USER9
User p 2p1 Zp,2
1 1
1 3 —3
1in/3 1 im/2
2 3€ / 7€
1 i3n/4 | _1,-in/2
3 7€ 7€

andd, = D, + 1 = 4. For the iterative algorithm, we con-
sideredI;;;, = 10 samples. For the TICC approach, the three
users employ cyclic frequencies givendsy = —0.35, aia = 0,
andas = 0.35, respectively. In addition, the Wiener filters in
[20] are implemented with parametefs= 4 andL = 7. The
nominal baseband rotations for the three users in (15) are given
by w; = 27/750, wy = —27/1000, andws = 27/900, re-
spectively. The channel degrees are assumed known for both
approaches.

We performed computer simulations to compare the

T = 1000 in steps offe, = 200. Fig. 4 shows the aVerageperformance of our propos_ed technique and tr_le TIQC ap-
results for the MSE, and Tables Il and IV display the SER d}roach. We considered residual baseband rotations given by

both sources.

B. Scenario with Three Users

In this set of computer simulations, we consider= 3 bi-

Awp(p = 1,2,3), where the drift factor\ varied between
Amin = 0 @ndApax = 1in steps ofAgep, = 0.125. For each

A, K = 500 statistically independent trials were performed.
Each trial consisted of the generatiornlof= 750 data samples

as well as subsequent channel estimation and symbol detection

nary users, and compare our results with the TICC approaah in the previous scenario with two users. The left plot in

[20]. Each user employs a FIR correlative filter with two zerogig. 5 displays the average results over #ie= 500 trials

i.e., we haver,(z) = k,(1 — 25127 )(1 — 2z,227%). Table V  considered. The SNR was fixed at 5 dB. For both approaches,
discriminates the zeros of the correlative filters for each us#ne dashed and solid curves correspond to the closed-form
The multipath propagation model in (20) is maintained, but noand iterative channel estimates, respectively. Additionally, the
Anax = 2.515, and the composite channel is truncated&t.  curves associated with the TICC approach are labeled with a
This suppresses, at most, 4% of the channel power. Thys:  square mark. As seen, the accuracy of the channel estimate by
3forp=1,2,3. An M = 8 antenna array sampled at the baudur technique is almost insensitive to the drift baseband rotation
rate is assumed at the receiver. In addition, the data packet dator A. In contrast, the performance of the TICC estimators
T = 750, the smoothing factalV = 2, the correlation lags used degrades as the carrier's misadjustment gets worse. The right
in the closed-form identification aré = {+1,+2,4+3}, and plotin Figs. 5 and 6 display the bit error rates (BERs) associated
the degree and delay of the separating filtersigre- 2D, = 6  with the two approaches for the = 3 users considered. As
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Fig. 7. (Left) MSE and (right) BER of user 1 for the proposed and TICC (with square marks) approaches. (Dashed) Closed-form and (solid) iteithtive algor

(SNR= 10 dB).

40 50 80 é :0 100 "0 é &) 4‘0 50 80
Dot facior (%) Orift factor (%)
Fig. 8. (Left) BER of user 2 and (right) user 3 for the proposed and TICC (with square marks) approaches. (Dashed) Closed-form and (solid) ietiamnge alg

(SNR= 10 dB).

seen, the proposed technique outperforms TICC. A similar APPENDIX A

set of simulations was performed under SNR 10 dB. The PROOF OFTHEOREM 1

results are displayed in Figs. 7 and 8. We can infer the SaM&-; <t we need some technical lemmas

conclusions as above. 1) Lemma A:Letz,y € C" andy # o. If z*K,,(k)y = 0,
forall k € Z, thenz = 0. O

Proof: Writey = (0,...,0,%,...,y,)T, Wherey, # 0.
Then,Y = [y(—l + Dy(—1 4+ 2)---y(n — 1], wherey(k) =
K, (k)y is a Toeplitz lower triangular matrix with; in the di-

We described a novel blindlosed-formestimator for the agonal. Thus.,y 'S nonsmgglar, and*y = 0 impliesz = 0.
e o : . . Lemma B:Let A = diag4;,A4»,...,A,),where A, €
MIMO channel. This finds applications in multiuser environ-_ .~ .. :
Lo . I Cri*rifore =1,2,...,n. Assumethat(A;)No(A;) = Dfor
ments like in wireless mobile communications. The proposed, . . _
. . . . .t # j.If Bcommutes with4, thenB = diag B:, B>, ..., B),)
estimator is consistent and uses oslcond-order statistics noXns s
We correlative codethe source outputs by filtering the date{cor someB; € C7, i =1,2,...,n. -
information sequences before transmission. This induces @fﬁog' t\é\/eenl;/se_thoe[gazthtg(Y—YZ=oanda(X)ﬂ
o o '

spectral asymmetry between the sources and enables ué
develop our closed-form solution. The correlative filters do not B, By --- By
increase the power or the spectral bandwidth of the system, By By -+ By,
nor do they require any reduction in the original data rate. B = : : :
We identified the sufficient condition on the correlative filters
that guarantees the desired spectral diversity. This condition
is generic in the set of unit-power minimum-phase filters afthere B;; € C**™. FromAB = BA, A;B;; = B;;A;.
arbitrary memory, in particular, filters with just one zero. ThusSinceo(A;) N o(A;) = &, fori # j, we haveB;; = 0 for
the filters can be inverted directly, which results in a computa-# ;.

tionally attractive scheme to recover the original information Lemma C:Let V € C™*"(m > n) denote an isometry,
sequences. We showed that in contrast to the TICC approaich, V*V = I,,, and letF(k) = V'K, (k)V fork € Z. If
our pre-processing is resilient to baseband phase drifts inducéds C**"*commutes with#'(k) for all k € Z, thenX = Al,,
by carrier frequency misadjustments. for some € C. O

VIlI. CONCLUSIONS

Bnl Bn2 T Bnn
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Proof: First, consider thakX is normal [25], i.e.,
X = QAQ" (21)

whereA = diagAidn,, Aodn,, ..., Aidn (A # Ay, fori #
J), and@ is unitary. Consider the hypothesis that 2. Using
(21) in

F(H)X = XF(k) (22) Step2) Choosek <

we haveG(k)A = AG(k), whereG(k) = W*K ,,(k)W, and

W = VQ is an isometry. Sinc& (k) commutes withA, it
follows from Lemma B thatZ(k) = diag/G1(k), Gz(k), ...,
G(k)), where G;(k) € C™>*™_  Thus, all matricesG(k)
share at least one common zero entry (any entry off the
block diagonal), i.e., there exists a pair of indigésj) such
that [G(K)]; ; = wiK,.(k)w; = 0forall £ € Z; here,w;
denotes théth column of W. Lemma A asserts that; = 0
(which is a contradiction). Thus, we conclude that 1 and
that X = MAI,,. We now turn to the general case. Given that
K, (k) = K,,(—k)*, we have

F(E)X" = X"F(k). (23)
Combining (22) and (23)

{ F(k)A = AF(k)
F(k)B = BF (k)

for all £ € Z and whereX = A + ¢B denotes the Cartesian
decomposition ofX, i.e., A = X + X"/2,B=X — X" /2i.
Since bothA and B are normal (in fact, Hermitean) matrices,
it follows from the first part of the proof thal = A.I,, and
B = )1, forsomel,., A\; € R. Thus, X = (A, + i\) 1.

Proof of Theorem 1:To settle notation

H(z) =[h1(2) - - hp(2)]
hp(2) =3 " hy(k)z ™ € €l [2]
H, :[hp(o)hp(l) T ahp(Dp)]
G(z) =lg1(z) - - g,(2)]

(=3 g,k € Clh [2]
» =l9,(0g,(1) - g,(Ep)]-

The proofRy(H(z)) = Ry(G(z)) = H(z) = G(2) (up to
a phase offset per column) is carried out incrementally in three
steps in which we establish

4) Z;::l D, = Z;::lE ;

5) D, = E,;

6) G, = H,c"r.
In addition, for simplicity, we consider noiseless sampj&9
in (2), as our proof only relies on the SOSyit).

Step 1) LetF(z) denote the vector space &f-tuples of ra-
tional functions (with indeterminate™*) over the field
of rational functions [6], [26]. LeSg(z) C F(z) de-
note the P-dimensional subspace spanned Hy-),
andSg(z) C F(z) its (M — P)-dimensional dual
subspace [6], [26]. Similar definitions hold @i =).
As shown in [6], if K (a stacking parameter) is high

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 5, MAY 2001

enough, ther‘SfI(z) is uniquely determined from the
correlation matrixiy, (0), y (t) = Skly(t)]. Thus,
Sﬁ(z) = Sé(z) andSg(z) = Sq(z) = S(z). Be-
cause botfH () andG( ) are irreducible and column-
reduced, they are minimal polynomial basis &(z)
[26]; consequently, they have the same order [26], i.e.,
E;f)):l Dy = E;f)):l Ep.

Nyax [recall (A2)] such that
H = [H.H,---H] is full column rank, where
H, = Tg(hy). Let Ry, (0) = VX?V* denote
a r-truncated EVDr = rankH}, V'V = I,
Y =diagoy,...,0.)(o; > 0). SetP = VX. Then

P=HR, (0)Y*Q" (24)
wherem = (Mi,...,Mp)T, M, = Dy+ K, sm(t) =
(s1(t; MY, ... sp(t; Mp)D)Y; Q : r x r denotes
some unitary matrix. Thuf}(r) = PTRyK (T)PT* is
given by

B(r) = QA(r;m)Q" (25)

A(r;m) = diag Ai(7; My),...,Ap(T; Mp)). The
same reasoning, interms@f= [G1G> - - - Gp|, G, =
T x(g,), leads to

P =GR, (0)'?w* (26)
whereW : r x r (unitary),n = (Ny,...,Np)t,
N, = E, + K. Thus

B(r) = WA(r;n)W* 27)

We must proveM, = N, forp = 1,...,P. As-
sume the opposite. Sin¢g , D, = >_ E, (Step 1),
then M, > N, for somep. Let 7y = 7(p) be a
correlation lag satisfying A4). In the sequel, the no-
tation z(¢) ~ X means thate(t) is the character-
istic polynomial of then x n matrix X, i.e., z(¢t) =
dettl, — X). In addition, letR {x(¢)} denote the set
of roots of z(¢) (including multiplicites); of course,
o(X) = R{z(t)}. Let b(t) ~ B(ry). From (25),
b(t) = gp(t) 12, 94(t), Wheregy(t) ~ Ay(ro; M)
forl=1,..., P.From (27))(t) = hp(t) [[,, ha(?),
whereh(t) ~ A;(ro; N;) forl = 1,...,P. By A4),
Ri{gp()} N R{h (t)} = & for ¢ # p. Thus, nec-
essarily, R{g,(t)} C R{h,(t)}; this is a contradic-
tion since the cardinality oR{g,(¢)} (i.e.,M, + 1) is
greater than the cardinality &{5,(¢)} (i.e., N, +1).
Thus,D, = E,forp =1,...,P.

Step 3) From Step 2n = n. In the sequelA, (1) = A, (7;

Mp) = A,(r;Np). Thus, A(r) = diagA:(7),
.., Ap(7)) = A(r;m) = A(m;n). Let® = Q"W
(unitary). From (25) and (27)A(7)@ = ©A(r) for
all 7 € Z. Letting

O O - Op
@ O -+ Op

®Op Opy -+ Opp
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e

Pq

(Mp + 1) x (Mg + 1), we haved,(7)8,, WriteQ = [Q,Q,---Qp], whereQ, : L x (M, +1). Suppose
©,,A,(7). Considerp # g¢. By A4), there thatf(X) = 0. Then
is a correlation lagm such thato(A4,(7)) N v
o(Ay(10)) = @. Thus,8,, = 0 forp # ¢, and QA(T)Q"X = XAy ()

(31)

O = diag®,1,...,0pp) with forall 7 € Z. LetY,, = Q;X. Equation (31) is equivalent to
A(T)®,, = @, A(T), Veez. (28) A ()Y, =Y p Ap(T)
Aq(T)Yq :Yqu(T) (32)

Let T, (¢,) = U,V denote a SVD, wherd/,
is unitary, Y, is nonsingular (because, without loss ofor ¢ # p andr € Z. In the proof of Theorem 1, it was shown
generalityc,(0) # 0, and7 y, (c,) has full row rank), that (32) impliesY’, = Al 41 for some), € C. On the
andV,, is an isometry. Using this representation in (5pther hand, from A4), there is a correlation lagthat separates
and (6), we have the spectra ofA,, (7o) andA,(79). Thus,Y, = 0 for ¢ # p. We
conclude thatX,, = \,Q,. Normalizing X,, to get|| X, || =

A(m) =U, V= KMtSt(nyv ur, (29)

Apply Lemma C to (28) and (29) to obta@,,
¢® Iy, 11, for somed, € R. From (24) and (26)

(1]
G =PWR, (0)~*/*
=HR, (0)"'/?@R, (0)~'/? 2]
Thus,G,, = H,c%,i.e.,G, = H,c%.
[4]
APPENDIX B

PROOF OFTHEOREM 2 (5]

Given f(2) = (fi(»),..., fr(2))T € Melz] ande > 0,
we must provideg(z) = (g1(»),...,gp(x))T € F[z] such  [€]

that dist f(=), g(2)) = \/211::1 £, —ng2 < ¢. Before pro-
ceeding, we need some definitions. Fore R andp(z) = 7]

S _op(k)zF € Cle), letp(z;0) = Yo_ (p(k)e®)z—*,
For@ = (6,...,6,)" € R™ andp(z) € C"[7], setp(»;0) = [8]

(p1(2;61), ..., pn(2;6,))T. Finally, for M, € N andc,(z) €

Ccplzl let Ay(T; My, cp(2)) denote the normalized correla-  [g)
tion matrix of s,(t) = Sy, [s,(t)] at lagT induced byc,(z);
recall (5) and (6).

Notice that f(#;8) € M¢[z] is a continuous function of
0. In addition, some algebra reveals that irrespectivelff
we haveA,(7; My, fp(2:6,)) ~ 7% Ay(T; My, f,(2)), and
A, (Cp; My, f,(2)) is nonsingular. Thus, &, varies, the spec-
trum of A,,(Cp; My, fp(2:6,)) is rotated in the complex plane [12]
(origin excluded by the nonsingularity). Clearly, we can choose
6, (as small as we want) such thatA,(C,; M,, fp(2:6,))  [13]
does not intersect a given finite set of pointsGinApply this
property for all possiblel/,, in order to satisfy A4), and let

9(2) = f(0).

[10]

(11]

(14]

APPENDIX C [15]

PROOF OFTHEOREM 3
16
Supposep(l) = 0. Then, by the arguments in Step 2 of the[ ]

proof of Theorem 1, we havk= m. In the sequelA,(7) =
A,(1; M), andA(r) = A(r;m). Equation (11) reads as

F(X) = IB(nX — XA, (n)|”

TEZ

= 1QAMNQ X — XA, (7|

TEZ

[17]

[18]
(30)

VM, + 1yieldsW, = ¢ Q..
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