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A Proofs of the Main Results

A.1 Proof of Theorem 1

Proof. The theorem is a restatement of lemma [6] which we state and prove in the technical results
section below. For clarity, here we formally establish the correspondence between the theorem and
lemma

First, note that by assumption rank{A} > 0. Let 2; = p; x p; and Q2 = pa X po be the two index
sets in the theorem. By assumption we have p; X p1 U pg X pg = Q and Q # [n] x [n]. If A1 is not
met, then p; U pg # [n], and from lemma@we can conclude recovery of A is impossible.

If p1 U p2 = [n], but A2 is not met then 3 = |p1 N p2| < 7 so it must be that rank{ A (2, t2)} < r.
Further, by assumption rank{A(p1,p1)} = rank{A(p2 \ t2,p2\ t2)} = r. By lemmaﬁ we
can again conclude that matrix recovery is impossible. Finally, if A3 is not met, then again
rank{A(i2, t2)} < r and we can conclude matrix recovery is impossible.

O

A.2 Proof of Theorem 2

Proof. Our proof technique will be to show that at the end of step 2 of the algorithm, the algorithm
has learned a C' such that A = CCT = A in step 3 of the algorithm.

We establish the result by induction, using & = 1 as the base case. If k = 1, algorithm 1 consists
of running step 1 followed immediately by step 3. The matrix A(p,,, p-,) is a principal submatrix
of A by assumption A2 and must therefore be SPSD. Therefore, we can decompose it with a real
eigendecomposition, and C(p,,,:) = E,, Ail/ % in step 1 of the algorithm, so it must be that C' (prys:
) € RlPm X7 and

A(pﬁ ’ p‘l’]) = é(pﬁa 5)C(P7—1, :)T = E‘rlArl E-;,I-l - A(Pn 5 Pﬁ)~

If & > 1, there are k — 1 iterations of step 2 between step 1 and step 3 of the algorithm. Let
led{2,....k} indicateﬂ what iteration the algorithm is on in step 2. Define Z; = Uﬁzl Pr;. Assume
at the start of the iteration of step 2 for a given [, the algorithm has previously assigned values to
C(Ti_1,:) € RIT-11%7 50 that

C(Zi—1,)C(T—1, )" = ATi1, i) = ATi1, Ti).

Above we have shown this is true for [ = 2. For part 2a of each iteration, there is again by assumption
no noise, so A(pr,, pr,) = A(pr,,pr,). A(pr,pr,) again indexes a principal submatrix of A by

'By this indexing notation, we count iterations of step 2 starting with the number 2. For example, if step
two runs twice, then for the first iteration of step 2, [ = 2, and for the second [ = 3.



assumption A2, so its eigendecomposition with real eigenvalues exists and we again have C =
ETlA%ﬂ, Cy € RIP7IX7 for C; in step 2a, so

CA’IC'ZT = ETLATZE;Z'; = A(p1, p1)-

We now use lemmato establish that after steps 2 b and ¢, we will have a C (71,:) € RIZ1%7 such
that C(Il, :)C(Il, :)T = A(Il, 1, )

To establish that this lemma applies, we need to first establish the correspondence between the
variables of algorithm 1 and those used in the statement of the lemma. Specifically, A(Z;,Z;) is

the matrix to be reconstructed from two of it’s principal submatrices A(Z;—1,Z;—1) and A(p,, pr,)-
We can verify that as required by the lemma A(p,, UZ;_1, p;, UZ;_1) = A(Z;,Z;). For these two

index sets, we have also already established that the algorithm’s variables C (Zy-1,:) and C‘l are
such that C(Z;_,,:) € RIZi-1xr & e Rlenr C(7,_1,)C(Z-1, )T = A(Zi_1,T1-1) and
CiCT = Alpr,, pr,)-

Continuing to establish the correspondence between variables in the algorithm and the lemma, we
note that the algorithm’s variable ¢; = p,, N (Uj:1 ,,,,, -1 ij) = p;,NZ;_;. Further, it can be verified
that the variables in the algorithm ¢; and ¢; index the rows of C and C such that C (u, )é’ (17,)T =
Alu,u) = é‘l(¢l, :)C’l(qﬁl, :)T, and it can also be verified that algorithm’s variable 7; is defined so

that A(p;, \ v, pr, \ 1) = Ci(m, i)él(m, T

By assumptions A3 and A4, rank{A(;,¢;)} = r. This establishes that rank{A(Z;,Z;)} = r > 0
as required by the lemma. All the lemmas conditions are then met, and it then follows from the
lemma that there must be a unique orthogonal W such that C(¢;, ) = Cy(¢y, :)W. However, if W is
unique and establishes the equality, this must be the W, learned in part b of step 2 of the algorithm.
Further, we just established the correspondence between the variables in the algorithm and that of
the lemma, so in part c of the step 2, we can conclude the algorithm produces a C (Zy, ;) such that
AT, T)) = C(T;,:)C(T;, :)T, which completes the inductive part of the proof.

All that remains of the proof is to show after processing all of the principal submatrices indexed
by Q1,...,Q, in steps 1 and 2 of the algorithm, step 3 will exactly recover A. If k = 1, the
algorithm consists of step 1 followed immediately by step 3. In step 1 we have shown that it will
assign values to the rows of C’(Il, :) such that C’(Il, :)(:*(Ih )T = A(Zy,Ty). For k > 2, the
algorithm will perform k& — 1 iterations of step 2 before step 3. By the inductive part of the proof
just finished, we can conclude after these & — 1 iterations, the algorithm will have assigned values
to the rows of C'(Zy, :) such that C(Zy, :)C (Zi, :)T = A(Zi, I ). However, by assumptions A1 and
A2, T = Ulepn = [n], showing that all the rows of C have been learned and therefore in step 3
of the algorithm A = CCT = A.

O

A.3 Proof of Theorem 3

Proof. The proof is by construction. First, consider the case when A is full rank and » = n. In
this case, we simply sample the full matrix and A1 — A3 trivially hold. Further, || = n? = nr <
n(2r +1).

Now, consider the case when r < n. Let ) index the set of & = n — r principal submatrices running
down the diagonal of A, such that forl € {1,...,k}, oy = {1,...,7+ 1} + {I — 1} ] We can verify
that

p{Q} = p{UL 1} = Uiy = [n],

2We will use the notation {-} + {-} indicates set addition.



meeting A1. Further, by construction each €; satisfies A2, and if we let 7y,..., 7, =1...,k, we
have that for i > 2

|pT¢ N (UjE{l,...,ifl}ij) ‘ = |pn N p‘rifll =T,

establishing that A3 holds as well. Having established that A1 — A3 hold for the proposed €2, we
count the number of indexed entries. The set §2; indexes (r + 1)? entries, and each further )y, for
k > 2 indexes an additional 2r + 1 entries not index by earlier €2;. We can formally count these
entries as

Q] = |94 +nif ]Qj \ (Qj n [UEQZDI

=2

=(r+1724+) (2r+1)

J
=(r+1)’+n—-r—1)2r+1)
=2r4n—1r>—r
<n(2r+1).

T

||
V)

A.4 Proof of Theorem 4

Proof. For the rank r matrix A € S?, fix C € R™*" such that A = CCT. By lemma sucha C
must exist. Now, define C; = C(p;, :). By assumption A2, each 4; € S}', s0 A; = ClT and by
assumption A4, rank{A;} = r > 0 for all [, as rank{A(¢;,¢;)} = r forall [ > 2.

Additionally, by assumption A6, A; € € S, by assumption A5, rank{fll} >r,and |A; — A <

€ < 1 for all . Further, we have min{min;c(—1, [\i,i — Aiv1l, Air} > 0 forl € {1,...,k},

and we also have ¢ < §/2. Then by lemmaﬂ if each C, is formed according to steps 1 and 2a of
algorlthnﬂ 1

mln "Cl CZWHF § L\/’r‘iﬁ7
wW-wWWw

for L = \/1 + 35 16< + 8\{;2%/2, where we have used the assumption ¢ > ); ; for all /.

Forming C from the C; matrices in steps 1 and 2 of algorithm 1 is equivalent to forming C from
the same C; matrices with algorlthmlln corollarynaccordmg to the ordering given by 7, ..., 7%.

Thus, we can use |19| to bound the error on miny, .y ywr—; ‘ C - C’W” at the end of step 2 of
algorithm 1.

Corollary |19| requires that |C(p;,:)| < b for some b > 0 and miny.yyywr—; HC’l - C’lW“ <
F
€*/b < 1 for some 0 < e* < b forall I.

By assumption b > max;c(y) |C; | for some C; such that 4; = C;C;”. However, we can show

that there exists an orthogonal O such that C; = C;O for any C; and C; such that C;C;T =
A = C’lClT . The Frobenius norm is a unitarily invariant norm, so if b > max;ex) |C} | F, then

3Algonthm 1 never explicitly forms C1, but for clarity and brevity, we will define C(pm:) to be
C(pT 19 :) Cl



b > maxcpy |Ci|F. as defined above, and it must be that [C(p;,:)|r < b for all I. Defining
€* = L+/re, and noting that our theorem requires /7€ < b, we can verify

TR R

satisfying the requirements of the lemma.

Corollary [19| also requires that C(¢;,:) and Cy(¢y,:)TC/(11,:) each are of rank r for I € 2,... k.
However, this assumption is also met. To see this, note that by assumptions A3 and A4 A(i;, ) =
C(11,:)C(u,:)T is of rank r for all I > 2 so C/(1;, :) must be of rank 7 for all [ > 2. The requirement

that Cy(¢y,:)TC(1y.:) is of rank r for all | > 2 is satisfied by the assumptions of the theorem.
Finally, corollary|19|also requires that Ulepl = [n], which is met by assumption Al.

Therefore, we can use corollary [19|to bound miny, .y wr—; HC — C‘WH
F

as

min HC CWH [4+12/v]" te

WWWT=]
= [4+12/v]F " Ly/re

when v < 02(C/(u1,:))/b? for all I. Note that \,.(A (e, 1)) = 02(C(1y,:)), so this condition on v is
equivalent to v < \.(A(¢y,1;))/b? for all L.

To obtain a bound on HA — AH , we apply lemma to find
F

|4=4], = e -ce|
F

< 2|Cp ([4+ 12/0F L/re) + ([4 + 12/0]F Ly/re)?
=2|C|p (4 + 12/0]* L Ly/re) + [4 + 12/v]** "2 L?re,

defining G = 4 + 12/v, we have

A—A| <2G*L|C|p Ve + G2 L (1)
-4,

Note that the statement of the main theorem in the body of the paper allows C' to be any arbitrary n

by 7 matrix such that A = CCT. We note that indeed any such C will do as if A = CCT = cc’
for some C’ € R™*", there is an orthogonal transformation relating C' and C’. The Frobenius norm
is a unitarily invariant norm, so |C|r = |C’| , which completes the proof.

O

B Technical Results

Lemma 1. For any A € S such that rank{A} < r, there exists a matrix C € R"*" such that
A=cCCT.

Proof. First, assume rank{A} = 0. Then if C is a appropriately sized zero vector, the lemma is
satisfied.

Now, assume rank{A} > 0. By the spectral theorem for real symmetric matrices, any rank p > 0
symmetric, real matrix can be decomposed as



A= FEAET,

for some diagonal A € RP*P containing the p non-zero eigenvalues of A and £ € R"*P, con-
taining the corresponding eigenvectors. Further, the p non-zero eigenvalues of A must all be
greater than 0 as A is PSD. Define C = EX'/2. By construction C € R™ P and we have
CCT = EXV2(EXY?)T = EXET = A. If p = r, this establishes the existence of a C' € R™*"
such that A = CCT. If p < r,a C € R™*" such that A = CC7 can be constructed by adding r — p
columns of zeros to the matrix EX'/2, O

Lemma 2. Let C € R™"*P be a rank r > 0 matrix. For the orthogonal matrix W € RP*P, consider
the equality C = CW. If r < p, then W is non-unique. Further, W = I uniquely if and only if
r=np.

Proof. We begin with the if and only if statement. Assume r = p. If » = p, it must be that
n > p. We write the singular value decomposition of C as C = UL VT for some U € R™*? with
orthonormal columns, orthogonal V' € RP*P and diagonal ¥ € RP*P with the p non-zero singular
values of C' along its diagonal. We now solve for W in the equation C' = C'W to show that uniquely
W = I. Specifically, we have

CW=cC
vsviw =uxv?®
vetvhHusvtw = (ve—tuhusv?

W=1I.

We now consider 7 < p. Denote the singular value decomposition of C as C = ULV, We
now need to consider the possibility that n < p, so define U € R"*"™ and V' € RP*P to be
orthogonal matrices and let ¥ € R™*P be a matrix with the singular values of C in the appropriate
locations. Specifically, the diagonal of > will contain the r singular values of C' and p — r zero
values along its diagonal. We again consider solutions to the equation UXVTW = ULV, We can
left multiply by U7 to obtain SV W = SV7. Let W = VO for some orthogonal O € RP*?, Let
O(i,:) = V(:,i)T if ¥(i,4) # 0. Then it can be verified that XV = VT W, regardless of the
values of the remaining rows of O. Furter, the remaining rows of O can be chosen arbitrarily as long
as O remains orthogonal. In the case of a single missing row, the missing row is only determined up
to multiplication by 1 or —1. In the case of more than one missing row, there is greater flexibility.
When O is non-unique, the product W = V'O will be non-unique, completing the proof.

O
Corollary 3. Let C,Cy € R™ " be matrices such that C; = CoW for some orthogonal W €
R™*". If the rank of Cy is r > 0, then W is unique.

Proof. The proof is by contradiction. First, assume there are two distinct orthogonal matrices W3
and W5, such that C7; = CyW; and C7; = CoWs. Then it must be that

Cy = CoW Wy . )

Next, note that if W, and W5 are two distinct orthornormal matrices, W3 WQT # I. However, by
assumption Cj is of rank r > 0 and by lemma holds if and only if W, W = I, and we have
achieved a contradiction.

O

Lemma 4. For the rank v > 0 matrix A € S define C1,Co € R"™" such that A = C,CT and
A = CyCT. Then there exists a unique orthogonal W € R"¥" such that C; = CoW.



Proof. First note that by assumption rank{A} = r, so C and C5 must also be of rank r. Further,
it must be that rank{A} < n, so r < n. Denote the singular value decomposition of C; as
Ch=U1 VlT, for Uy € R™*" with orthonormal columns, diagonal X r matrix 3¢, with the non-
zero singular values of C'; along its diagonal, and orthogonal V; € R"*". Use a similar notation for
the SVD of C5. With these preliminaries out of the way, we will first establish that W exists and is
orthogonal and then call on corollary [3|to establish its uniqueness.

First, we establish that W exists by noting that we can solve for it. All of the singular values of C
and C5 must be strictly greater than 0, as C; and Cs are of rank 7 > 0. Therefore, 21_1 and X5 L are
well defined. Thus, we can solve for W as W = V2251U2TU121V1T.

To establish that W' must be orthogonal let W be a matrix such that C; = CoW and note that we
have

A= 0T =co,wwTel = T = A,

so clearly CoCT = CoWWTCT.

Using our notation for the SVD of C2, we can then write

U SV TVaSoUd = Uy So VSt WW T Vo, U 3)

Noting again that 35 ! is well defined, we can then left multiple both sides of (3 by VoXy LUt and
right multiply by Us X5 'V4! to find,

I=wwT,

establishing that W must be orthogonal. Having established that there exists an orthogonal W such
that C; = CoW, that Cy and C5 are of rank » > 0, the uniqueness of W follows directly from
corollary O

Lemma 5. Consider the rank r > 0 matrix A € Si. Define the index sets I and Iy such that
A(Z1,7y) and A(Z,T,) are submatrices of A and A(Z; UZy, Ty UZy) = A. Let « = 1 N Zy. Let
ny = |21, and na = |Is|.

Define Oy € R™*" and Cy € R"2*" such that A(T,,T,) = C,CT and A(T,,T,) = C,CF.

Further, let ¢1 and ¢ index the rows of Cy and Csy, respectively, such that Cy(¢1,:)C1(¢1,:)T =
A(,1) = Co(p2,:)Co(p2,:)T. Finally, let 1y index the rows of Cy such that A(Zy \ 1,Za \ ) =
Ca(n2,:)Ca(n2,:)* . Then if the rank of A(r, 1) is equal to r, there exists a unique orthogonal

W C1(¢1,:) = Ca(2, )W “4)

such that A = C'C'" when C' € R"*" is formed as

C/(Il, I) = Cl
C/(IQ \ L, I) = 02(772, )W

Proof. Note that

C1(o1,:)C1(¢1,:)" = Ca(g2,:)Calb2, )" = A(1,0).



Further, by assumption A(¢, ¢) is of rank 7 > 0, so C1(¢1,:) and Cy(¢2, :) must be as well. Then
the existence, ortogonality and uniqueness of W follow from lemma 4]

Next, we establish that C’C'T = A. First note that

C/(Il, Z)C/(Il, Z)T = C’lClT = A(Il,Il),

and

C/(IQ \ L, Z)CI(IQ \ L, Z)T = 02(772, Z)WWTCQ(T)Q, Z)T

= Cy(n2, ) O, )"
= AT\ 1, T2\ 1).

All that remains is to show that C’(Zy \ ¢,:)C"(Z1,:)T = A(Z2 \ ¢,Z1). We do this by reference to
an arbitrary matrix D € R"*" such that A = DD Tt must be that A(Z,Z;) = D(Z1,:)D(Zy,:)T
and A(Zy,T5) = D(I,:)D(Z,,:)*. Additionally, we also know that A(Zy,Z;) = C1CT and
A(Za,T,) = CoCF.

Further, the rank r matrix A(c,¢) is a submatrix of A(Zy,Z;) and A(Z3,Z>) so A(Zy,7Z:) and
A(Z5,Z) must also be of rank r, from which it follows that D(Z;,:), D(Z,,:), C; and Cs are
also of rank r.

From lemma [] it then follows that there exist unique orthogonal O; and O, such that
D(Z,,:) = C104 and D(Zs,:) = C305. Further, we have

C1(p1,:)C1(d1,:)" = O, )W Ch(¢1,:)"
= D(1,:)03 WO D(1,:)"

= A, 1),
which establishes that D(t,:)OIWO1D(:,:)T = A(1,¢). Further, D(i,:) is a rank
r > 0 matrix of size [¢] by r.  Therefore, for the matrix M it must be that
D(t,)MD(1,:)T = A(1,0) = D(1,:)D(t,:)T if and only if M = I. Therefore, D(i,:

YOITWO1D(1,:)T = A(e, 1) if and only if O.WOT = I.
Now, consider, C"(Z \ ¢,:)C"(Zy,:)T. We can write

C'(Ty \ 1,))C" (T, )" = Co(no, Y WCT
= D(Zx\ 1,:) O WO, D(T,, )"
=D(Zx\ 1,:)ID(Ty,:)T
= AT\ 1, Th).

Having shown that A(Z1,T;) = C'(Z1,:)C"(T1, )T, A(Zy \ 1, To \ 1) = C'(To \ ¢,:)C" (To \ ¢, :)T
and A(Zx \ t,Z1) = C'(Zz \ +,:)C'(Z1,:)T, we can conclude that A(Zy U Ty, Z; UZ,) = C'C'T.
Further, A(Z; U Z5,7; U Z,) must be the entirety of A as by assumption A(Zy UZy,Z; UZy) = A,
which completes the proof.

O

Lemma 6. Let A € S} be a rank r > 0 matrix. Define the index sets T, C [n] and I C [n| and
let L = Iy NIy, Let ) denote the set of observed entries of A and assume Q) = Ty x Ty UZy x Ty
and 2 # [n] x [n]. Assume rank{A(Z,,7,)} = rank{A(Z2 \ t,Z2 \ 1)} = r. Then it is necessary
that Ty UZy = |n] and rank{A(v,1)} = r, where it is understood that rank{A(v,.)} = 0if v = 0,
for there to be a unique rank v completion of A.



Proof. First, if Ty U Zy # [n], the set Q fails to index a complete row and column of A, which
we compactly express as {(¢,7),(7,4) : 7 € [n]} N Q = @ for some ¢ € [n]. The matrix A is
SPSD, and by lemma we can decompose A as A = CC7T for some C' € R™ ", For any such
C, we can write the individual entries of A as A(i,7) = C(i,:)C(4,:)" for all i,j € [n]. For
row ¢ of any such C, the set of entries {A;;, A;; : j € [n]} then provide the only set of equality
constraints for C(z,:). Now if {(¢,7), (4,7) : 7 € [n]} N Q = O for some i € [n], this implies there
are no equality constraints to learn C'(¢,; ). Therefore, there are an infinite number of C matrices

such that A;; = (CCT);;,V(i,5) € Qbut A # CCT. We now show that rank{fl} = r. First,
C € R™", s0 it must be rank{CCT} < r. Additionally, 7; x Z; C £, so it must be that
A(T,,T,) = A(Zy,T,). By assumption rank{ A(Z;,Z,)} = r, and therefore, rank{A} >r. We

then have r < rank{/l} < r and conclude rank{/l} =r.

The rest of this proof now considers the case when Z; U Z, = [n] but rank{A(¢,¢)} < r. The
matrix A is of rank r, and A(¢, ¢) is a submatrix of A. Therefore, it must be that rank{A(¢,¢)} < 7.
We will show that under the assumptions of the lemma when rank{ A(¢, )} < r we can find two or
more rank r completions for A which match the entries of A in {2 but differ on their entries outside
of 2, establishing that there is no unique rank r completion for A from the set of observed entries in
0.

The matrix A is PSD, and we by lemmawe can decompose A as A = CCT for some C' € R"*",

We construct a matrix, C' € R"*", as

C(Ih Z) = C(Il, Z),
C’(ZQ \¢,:) =C(Z2 \ ¢, )W,

for some orthogonal W € R"*" such that

C(i,:) = C(u,:)W. &)

If . = (), then any orthogonal matrix will satisfy this constraint. If . # () and rank rank{A(:,¢)} < r,
then such an orthogonal W still exists and is non-unique. To see this note that if the rank of A(¢,¢
is less than r, the rank of C(z,:) must also be less than r as C(¢,:)C/(¢,:)T = A(e,1). By lemma
we can then conclude that there exists a non-unique orthogonal W such that C(¢,:) = C(¢,:)W.

Let A = CCT. The matrix A must agree with A on all entries indexed by 2. To see this note

and

where  we  have used the relations C(ZzNe,:)=C(e,:) =C(,:)W  and
C(Zz\ t,:) = C(Zz \ t,:)W to conclude C(Zy,:) = C(Zy,:)W. Note that Q = T; x T; UZy X Iy,



so the above establishes that any A constructed in this way will be indeed be identical to A on all
entries in 2.

Now, we consider the portion of the matrix not indexed by €2, that is A(Z1,Z5 \ ¢). Note that as
Q # [n] x [n], A(Z1,Z> \ ) consists of at least one entry of the matrix. Under the assumptions of
the lemma, if W is non-unique then the product

ATy, T\ 1) = C(Z, ) C (T \ 1, )T = C(Zy, )WTC(T \ 1, 1) T

is non-unique. To establish this first note that A(Z,Z;) and A(Zs \ ¢,Z3 \ ¢) are by assumption
rank r, so C(Zy,:) and C(Z5 \ ¢,:) must be rank r as well. Let W, and W5 be two orthogonal
matrices which satisfy ( . Then C (Zy, ) (W1 —W2)TC(Zy\ 1, :)T is non-zero. To see this note that
if W1 # Wa, then there exists some # € R” such that (W7 — W3)Ta # 0. However, C(Z5 \ ¢,:)
is rank 7, so the columns of C(Z; \ ¢,:)7 must span R", and therefore it must be that (W; —
W2)TC(Zy \ 1,:)T # 0. Finally, C(Z;,:) € RI™IX" is rank r so for any y € R", C(Zy,:)y = 0
if and only if y = 0. Therefore, as (W1 — W3)TC(Z5 \ ¢,:)T is a non-zero matrix, it must be that
C(Il, I)(Wl - WQ)TC(IQ \ L, 2)T 75 0.

Thus, we have shown that when rank{ A(z, ¢)} < 7, we can construct two or more A matrices which
are identical to A for all entries indexed by (2 but differ on entries not indexed by 2. All that remains

to show is that any such Ais rank 7. This is accomplished by noting that for any A formed from a C
as described above, A(Z;,7Z1) = A(Z1,Z4), and rank{A(Z;,Z;)} = r, so the rank of A must be at

least r. Further, A= C’C‘T, and C' € R™ " so rank{é} < r and therefore rank{fl} < r. Thus
r< rank{A} < r, and we conclude rank{fl} =
O

Corollary 7. Let Q) # [n] x [n] index the set of observed entries of a rank v > 0 matrix A € SY.
Suppose there exists a p1,...,px for k > 2 such that Ulepi X p; = Q, p; € pj for all pairs
(i,5) € {(i,4) € [k]x[k]|i # j} and pi"\p; = O for any pair (i, j) € {(i,j) € [K]x[K]| |i—j| > 1}.
Define v; = p; N pi—1 for i € {2,....k}.  Assume rank{A(p1,p1)} = r and
rank{A(p; \ ti,p; \ t;)} = rforalli € {2,... k}.

Then it is necessary that U¥_, p; = [n] and rank{A(v;,1;)} = r foralli € {2,...,k}, where it is
understood that rank{ A(v;, ;) } = 0 if 1; = 0, for there to be a unique rank r completion of A.

Proof. Fix i* > 2. Define p]_; = U;-*:jlpj and p} = U?f:i*pj and Q" = pf | X pi_; Up: X pr.

By construction p;

1 | and p} € [n]. Further, we prove that Q* # [n] x [n] by contradiction.
Assume that Q* = [n

[n

X [n]. Then this would require that either p;_; = [n] or p; = [n], which
would imply pf ; C pf or pf_; 2 p;. However, since we assume p; N p; = () for any pair
(1,7) € {(¢,7) € [k] x [k]| |é — 4] > 1}, this would require p;x_1 C p;= Or p;=_1 2 p;= both of
which contradict the assumption that p; Z p; for any pair (7, 7) € {(4,7) € [k] x [k]|i # j}.

S
]

Thus, we have two sets, p;_; and p!, which index A as required by lemma @ Now assume that

UF_,pi # [n]. Then pi_, U p} # [n], so by lemma@ A cannot be completed from the entries
indexed by 2*.

Now, assume that U¥ ,p; = [n] so p;_; U p; = [n], but there exists an i* > 2 such that
rank{A(¢;«,1;+)} < r. Define o* = p;_; N p}.
Then



rank{A(:", ")} = rank{ A(p;_1 N p;, p;_1 N p})}
= rank{A(p;«_1 N pi=, pix—1 N pi=) }
=rank{A(s;+,;+)}
<.

Further, .* > 2, s0 p1 C p} ;. By assumption the rank of A(p1,p1), which is a submatrix of
A(p;_1,p;_1), is r, and so it must be that rank{ A(p;_,,p;_,)} = r. Additionally, p;» C p}
and ¢* = 1%, 80 pix \ tix € pf\ ¢*. This establishes that A(p;« \ tj, pix \ ;=) is a subma-
trix of A(p} \ ¢*,pf \ ¢*). By assumption rank{A(p;« \ t;=, pi» \ ti=)} = 7, so it must be that
rank{A(p; \ .*, p; \ v*)} = r. Therefore, by lemmal|6] there is again no unique rank r completion
of A from the entries indexed by Q*.

Finally,

Q=Uj_1pj X pj
= (Ué;fpj X Pj) U (Uj=i-ps x pj)

C pia X piaUpi X pi
="

Therefore, the set 2* is a superset of 2. If no unique rank r completion can be found from a superset
of 2, then the entries indexed by {2 must themselves contain insufficient information to allow for a
unique rank r completion of A, completing the proof.

O

Corollary 8. Let ) # [n] x [n] index the set of observed entries of a rank v > 0 matrix A € SY.
Suppose there exists a pi, ..., px for k > 2 such that U¥_, p; x p; = Q and p; € pj for all pairs
(i,4) € {(i,5) € [K] x [K][i # j}. Assume (p; \ p1) N (p; \ p1) = O for any pair (i, j) € {(i,j) €
(K] > [K]li # 1,5 # 1,0 # j}.

Define v, = p; N p1 for all i € {2,...,k}. Assume rank{A(p1,p1)} = r and
rank{A(p; \ ti,p; \ t;)} = rforalli € {2,... k}.

Then it is necessary that U¥_, p; = [n] and rank{A(v;,1;)} = r forall i € {2,...,k}, where it is
understood that rank{ A(v;, ;) } = 0 if 1; = 0, for there to be a unique rank r completion of A.

Proof. Fix i* > 2. Define p\;= = Ujzi=pj and Q% = p\j« X p\s= U pi= X pi=. By construction
p\i= € [n] and p;- € [n]. Further, we prove that Q* # [n] x [n] by contradiction. Assume that
0 = [n] x [n]. Then this would require that either p\;« = [n] or p;« = [n], which would imply
Pri= 2 pi= of p\i= C pg-. However, since we assume (p; \ p1) N (p; \ p1) = 0 for any pair
(1,7) € {(i,4) € [k] x [k]|t # 1,5 # 1,4 # j}, this would imply that p; D p; for some i > 2
or p1 C p;~ for some 7 > 2, both of which contradict the assumption that p; ¢ p; for any pair
(1,5) € {(i,4) € [k] x [K][i # j}.

Thus, we have two sets, p\;- and p;-, which index A as required by lemma @ Now assume that

UF_1p; # [n]. Then p\;- U p« # [n], so by lemma @ A cannot be completed from the entries
indexed by 2*.

Now, assume that U¥_,p; = [n] so p\;~ U p;» = [n], but there exists an i* such that
rank{A(s;-, 1<)} < r. Define v* = py;« N py=.
Then
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rank{A(:*,0*)} = rank{A(p\;« N pi=, p\;= N pi=) }
=rank{A(p1 N p;x, p1 N pi+)}
=rank{A(s;+,;+)}
<.

Further, p1 C py;+, so A(p1, p1), which is rank r by assumption, is a submatrix of A(p\;=, p\s+),
which must then also be rank r. Additionally, t* = ¢;+, s0 p;= \ ¢* = p;« \ t;+. By assumption
A(pix \ tix, pi= \ L) istank 7, s0 A(p;= \ *, pi= \ ¢*) is also rank 7.

Therefore, by lemma 6] there is again no unique rank r completion of A from the entries indexed by
*. However,

Q=Uj_1p; X pj
= (Ujzipj X pj) U (pir X pix)
C prix X pyix Up; X pj
= Q"

The set Q* is a superset of €. If no unique rank r completion can be found from a superset of €2,
then the entries indexed by {2 must themselves contain insufficient information to allow for a unique
rank r completion of A, completing the proof.

O

Corollary 9. Let Q) # [n] x [n] index the set of observed entries of a rank v > 0 matrix A € SY.
Assume there existsanZ C [n]and p C [n] suchthatp L T, T € p, pxp C Qand Q) C px pUI xT.
Define . = pNZ. Assume rank{A(p, p)} = r and there exists at least one observed rank r submatrix
in A(Z\ ¢,Z\ ).

Then it is necessary that p UZ = [n] and rank{A(.,.)} = r, where it is understood that
rank{A(c,.)} = 0if v = 0, for there to be a unique rank r completion of A.

Proof. The proof is a straightforward application of lemma 6]

Define Q* = p x pUZ x Z. Note that Q* = [n] x [n], as by assumption Z C [n], p C [n],p € T
andZ Z p. Assume p UZ # [n]. Then by lemmal|6] A cannot be recovered from the entries indexed
by Q*.

Now assume that p UZ = [n], but rank{A(s,¢)} < r. By assumption, rank{A(p,p)} = r
and there exists at least one observed rank r submatrix in A(Z \ ¢,Z \ ¢), so it must be that
rank{A(Z\ ¢,Z\ 1)} = r. Then by lemmal6] A cannot be recovered from the entries indexed
by Q.

However, 2* O . If no unique rank r completion can be found from a superset of (2, then the
entries indexed by € must themselves contain insufficient information to allow for a unique rank r
completion of A, completing the proof.

O

Lemma 10. For any matrix pair C € R" P and C € R™P such that
miny . wwr—=r ”C’f CA‘W” < ¢ there exists an P € R" P and orthogonal U € RP*P
F

such that C = CU + P and |P|r < e.

Proof. Define UT = argming, .y ypyr_; HC’ - C’W”F Then by assumption ‘C — C’UT“F <e

Further, the set of orthogonal matrices of size 1 or greater is nonempty so such a U must always
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exist. Now define C' = CU + P. Because we can pick any P € R"*", such a P always exists.
Then

IPl, = ICU - CU — P,
=[ev-¢],

o),

<e.

O

Lemma 11. For C and C in R™*?, let miny .y wr—; HC’ - C’WHF <eand|C|p < 6. Then

HCOT - COT]’F < 26e + €2,

Proof. Forany W : WWT = I, we can write

], =lew], =[ew-c=c],
< |ew-c| _+iclx

= |e-ew| +icix,

where we have made use of triangle inequality for norms and the unitarily invariance of the Frobe-

nius norm. The above holds for any W. Selecting W* = argminy,.yyr—; HC’ - C’W‘ - we

have

], <[e-ew

<e-+6.

C
+1Cl

Again, for any W : WWT = I, we can write

HCCT - CC“THF —|ccr - CWWTOTHF
—|cer —ewer + ewer - C*WWTOTHF

= i - éwieT + ewieT - WTC*T]‘

F

IN

= C‘W}CTHF + HOW[CT _WTET) HF

IN

et |0 - wl, +[ew], e - ew,

=1l o -], +|e] e - owl,.

where in addition to the two properties of the Frobenius norm we used before we have also used
the submultiplicative property of this norm. We can again pick W arbitrarily, and we again pick

W* = argming.yywr—g ‘C - C’W’ , so that
' F

12



HCCT - ééT](F <01, Hc —ew

el le-ow

F
< [Clp e +[C] e
< de+ (e+0)e
= 20€ + €2,
where we have used the bound on |C'| in moving to the second to last line of the proof. O

Lemma 12. For Cy,Cy € R™*?, such that |C' | < 61 and |Cs| p < 92 define

ClzCl+P1
6'2102+P2,

for some error matrices Py, Py € R"*P such that |P1|r < €1 and | Pz|r < €. Then

”OlTCQ — CA(lTCVZHF < €102 + €162 + b1€9.

Proof. Throughout this proof we will use the triangle inequality of norms and the submultiplicative
property of the Frobenius norm without further comment.

First, note that

&), =l -+l
< Hél - C1”F +[C1] ¢

= |Pip + |C1l g
< €1 +65.

Next, we have

Hc{c2 - CHTCEHF - Hcchz —CTCy+ CTCy — C*lTégHF
=|let -ct]carctfea-cif |

|-rre-crnl,

i, +|ern),

< |PplColp + ICUF |1 P2] £
< €12 + [e1 + d1]er
= €102 + €162 + 01 €2,

where he have used the bound on H el H in moving to the second to last line of the proof. [

Lemma 13. Let U be an n x n orthogonal matrix. For the unit length vector v € R"™, define
0;(v) = ming, g=1 cos (kU (:,i)"v), where | - | indicates absolute value. Then

Z(U(:,j)Tv)2 = sin” 6; (v).

J#i
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Proof. The matrix U is orthogonal, so it must be that
2 (UG ) =0T e =vTo = ulf =1,
J
where ||| indicates the ¢3-norm. Therefore, for k € {1, —1}, we have

Z(U(:,j)T )2 = (kU(:, +Z 2 = cos? 0;( +Z =1,

J J# J#

which we can use to find
z:(U(:,j)Tv)2 =1 — cos?0;(v) = sin® 0;(v).

O

Lemma 14. Consider the matrices A, A € SY of rank v > 0 and 7 > r, respectively. Define
C € R™ " column-wise such that

C(i) =N2EGD), Vi< (6)

For i < r, define 0; = miny, s, =1 cos_l(kiEiTEi), where | - | indicates absolute value.

Then for any C € R™ " such that A = CCT and A

L min_|C— CW|p < izzl\)\i—5\i|+4)\isin2(9i/2)+4)\g/2\)\i—5\2»|1/2sin2(9¢/2).

Proof. Let S be the set of r x r diagonal sign matrices (diagonal matrices with values of 1 or —1
along the diagonal). The Frobenius norm is unitarily invariant, so for any C' and C,

min ||C CWr = min ||CW Clr
WWWT WWWT

min WS —CS|p.
W:WWT=I,5€S8

Further, for orthogonal W, the matrix WS~—1 is also orthogonal, so if W* minimizes
miny . ywwr—s ses [CW — CS|p, then W*S~! is an orthogonal matrix that minimizes
miny.wwr—s ses [CWS — CS| r, establishing that

min  |C - CW|r = min |CW —CS|p.
WWWT=T WWWT=I,SeS

Now select W’ such that CW' = EAY2. If CCT = A, such a W is guaranteed to always exist by
lemma[d] Next, note that
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min |cW = CS|p < min [CW' —CS|p
WWWT=I,SeS SeS

= min ||EA1/2 — CS||F.
Ses

‘We next can write

m1n||EA1/2 C’S||F—m1nZ||E A2 = O 0)S (6, 1)|)3

:Z min _|BG )N — kB A2, (7)

1 k,’,:k‘ie{—l,l}

where in moving the last line above we have used (EI) to substitute for C (:,4) and written the mini-
mization over S € S equivalently in terms of individual k; € {—1,1}.

Now, let £, be a matrix with orthonormal columns that span the subspace of R™ orthogo-
nal to the subspace spanned by the first » columns of E. The columns of the unitary matrix

B = [El, ...,E, E | ] then form an orthonormal basis for R™. For any vector z € R”, it must
then be that |z = | BT x|2. Therefore

E \L/2 —kE(: /22 — BTIE )\1/2 kB (: 31/2
2 2y 1EGON CONPE=3, min, VBTG ()AY2)13

n

_ , AT Y2 1 B 512
;ki;kﬁinl,l};(m”) BN — kB )AY)

_ Z in <(B(:7,L-)T[E(:’Z-))\Z}/2 _ kiE(;,i)Z\jn])? +...

) ki:k)ie{fl,l}

> (BCHTIEC N - kiEc,i)Xz“])Q)

J#i

:i min ((A}/2E(;,¢)TE(:,2')—kiX}/2)2+...

— kitk;e{—1,1}
> (W6 ECD) ).
i

where in moving to the last equality statement we have recognized that the first 7 columns of B are
by construction the first  columns of E.

Using lemma([T3] it must be that

Z()\}/zB(' HTE(, ) =\ (BGj)TEC 1)
J#i J#i
:)\iSiHQGi,
where 0; = miny,.x, =1 cos™(k;B(:, i) E(:,4)) = ming, ., =1 cos™*(k; E(:,i)TE(:,1)).
Further, note that
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. V250 AT re oy 1 51/2)° _ : N2 50 AT o 11722
ki:k}gg—ll,l} ()\i E(:0)"  E(:,i) — ki ) k,-:kgg%r—ll,l} <k1)\i E( i) E(:,i) — A, )

Additionally, )\1/ 2 > 0 and 5\1/ 2 > 0 since both A and A are PSD. Therefore, the k; that min-
imizes the above equation must render k;E(:, )T E(:,i) > 0, from which we can conclude that
kiE(:,i)TE(:,4) = cos(f;), when 6; = miny, .y, =1 cos~ ' (k; E(:,4)T E(:, 1)), so

2 2
. AY2500 AT o 31/2)7 _ (\1/2 Ny 312
o (kMz E(:4)" E(i) = A ) ()\l cos(6;) — A; )

We can therefore write (7)) as

T

- r - 2
S© min BN - kB0 1/2|2_Z[(A}/%os(e,-)—A}/?) +Aism2ai]

k)i:k}i 71,1
=1 el 4 i=1

= Z [Xi A = 2cos(0)A] A2

i=1

‘We now bound

A+ A — 2cos(0)MPAY2 = (A2 = A2 1 oAl 2RY2 2 cos(0,) A AL

? K2

= (A2 X2 L aal 2R (1 = cos(6)))

Note that

(A — Mi)?

1/2  31/2\2
(; AT)T = (/\1/2+/\1/2)

K2

\ A = Al
=Ni— N . .
T A+ 2A 2R

s
< |>\i_)\i|g
VDY

<N — Al

and we can use a half angle formula to write cos(#;) = 1 — 2sin?(6;/2), and we have
A+ A — 2cos(0)A 2R < [N = A| + 40 2A2 sin(6;/2).
Further note that )\1/2 Ai/Z + )\1/2 )\3/2 1/2 + |)\1/2 1/2| so we have
A+ A — 2c08(0)MPAY 2 < A = Ao+ AN 4 A2 = X)) sin®(6;/2)

= A — Nl + 4N sin2(6;/2) + 4M2[A2 = A1/ |sin?(6;/2)
< i = N + 4N sin?(6;/2) 4+ 4A1 2| n — A2 sin?(6,/2),

where in moving to the last line we have again used the inequality (\}/* — A}/%)2 < [A; — X;|. We
can then complete the proof by writing
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' C-CW; < Ai = il + 4 sin®(6;/2 4/\1/2/\1*5\2'1/2.291'27
W:I/{/nvl[;lT=[“ "F_;| | + sin®(60;/2) + 4X,"7| |/ sin“(6;/2)

where the final result is obtained by taking the square root of both sides of the above inequality.
O

Lemma 15. Consider the matrices A,fl € ST of rank v > 0 and ¥ > r, respectively. Define
S=A—A Letd = min{min;ep—1j, [N — Aiy1|, Ar}. Let [S]p < € for some e < 6/2 < 1.
Define C € R™ " column-wise as

Ci)=NEGq), Vi< (8)

Then for any C such that CCT = A,

min  |C — CW|r < K+/re,
WWWT=]

1/2
for K = \/1 + 16/\1 8\{5§3>21 )

Proof. Fori < r, define 0; = ming,.s, =1 cos ' (kET E;). We start by using lemmato write

~ R sin? (0, 120312 sin? (6,
min [ — CW|p < Z\)\z—)\l|+4)\lsm (0;/2) + AN2 | N — Ni| /2 sin?(6,/2).

(€))

We will now proceed to establish our theorem by using results in matrix perturbation theory to bound
the different terms in the square root of equation (9). Throughout this proof it should be understood

that Ari1, ..., An = 0and Aryq, ..., Ap = 0).

By construction S is a real, symmetric matrix, and we begin by using Weyl’s theorem, which states
that \; € [\ + A1(9), i + Ao (S)] [, where \;(S) indicates the i* eigenvalue of S, to bound
|Ai = Ai] < maxjeqrny [A;(S)] < maxjep, [A;(S)|. We then have

Z|)\ —)\|<Zmax\)\ |—rmaX|/\( W =7|Sl2 < r|S]|p < re, (10)

where |-|2 indicates the spectral norm.

We next bound sin®(6; /2) for i < r. For E(:, 1), we define

ri = AE(:,1) — ME(:, 1), (11)

which is a residual vector that will be 0 if and only if ();, E(:,4)) are an eigenpair of A.

Now define

se AA =min min |\ — \;|. 12
pid. A} ze[r]ae[nméz' i (12
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By the Sin Theta theorem (c.f., theorem 3.4 in §V of [[1]]), we know that

I7i]2

minjen) j2i [ A — Al

| sin(6;)] <
We also know sep{4, A} < Mine ) ji [Aj — Ai, for all i € [r], so we have

o i\’
;m Z (SGP{A A}> - sep2{A Ay & Z” il

We now bound Y";_, |r;[3. To simplify things note that

= AE(;,i) — NE(:,4) = AE(:,i) — AE(:,i) = AE(:,i) — (A+ S)E(:,i) = —SE(:,1),

so that |r;[, = ”SE(:, Z)H . We can now write
2

T I - 2
Sty =" [5G,
i=1 i=1

(01 7“)H2F
< HS[E(:, Lir), B(:, 1 TMH;
=S|
<é,

where E(:, 1 : r), is a matrix with orthonormal columns spanning a subspace orthogonal to the
subspace spanned by the columns of the matrix E(:,1 : r), so [E(:,1 : r), E(:,;1 : r) ] is an
orthogonal matrix.

Therefore, we have

2

T = | €
;sm (6;) < oo (A A (13)

To complete our bound on 3/, sin® (;), we have only to lower bound sep{A, A}.

Let dmax = max;ef,] | A — /\i|. We can again use Weyl’s theorem to bound

dmax:m?)](‘)‘i_j‘ﬂ < ”SHZS ”S”F§6<5/2- (14)
i€r

For i € [r] we also derive an inequality that will be immediately useful. We start by stating,

min_ A = Aj| = min {[Ai—1 = Al [Aigr — Ail}
JE[n],j#

where is understood the appropriate terms disappear if ¢ = 1 or ¢ = n. We finish the derivation of
the inequality by writing for all ¢ € [r],
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min {|A;i—1 — Ail, [Aig1 — Ai|} < min{. f[ﬂinl] IAi = Aig1l, Ar} =0,
e|r—1j,

so we can conclude for all ¢ € [r],

min |A; — Aj] < 6. (15)
jelnlj#i

For all i € [r], we can then use [14]and[15]to bound

min |>\J — 5\z| = min |5\Z — )\]|
Jelnl,j#i JEln],j#i
= min |:\i_)\i+)\i_>\j|
J€[n],j#i
> min A — A= [A = A
JEIn],j#i
> min 6§ — |\ — A
J€[n],j#i
> min 0 — dpax
J€[n],j#
>3§—4/2
=4/2.

Therefore, it must be that sep{ A, 121} > §/2. We can then pick up from and complete our
bound on 3°;_, sin® (6;) as

2

" 4
S sin? (6;) < 5% (16)
i=1

We now pick back up with (9) and write

.
- s N, sin2(0; 121\ X112 sin2(6;
W:vglvll?T:IHC CW|r < Z:\)\l il 4N sin®(6;/2) 4+ 4N, 7|\ — Xi|Y/2 sin®(6,/2)
=D = A+ 4 Aisin®(03/2) + 4> AP N = M| /2 sin?(0;/2)
i=1 i=1 i=1
< Z\)\ —)\|—|—4)\1281n (0;/2) +4)\1/2 il/aiZsm (0:/2).
i=1 i=1

Further, note that 6; € [0, 7/2], and therefore sin(6;/2) < sin(6;), so we have

er[;nn |C — C’W||F < Z|)\ —/\|+4)\1 Zsm +4)\1/2 rln/aiZsm

We now use (T0), (T4) and (T6) to find
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16A1e2 82\ %2
52 + 53/2

min [C - CW|r < \/re +

WWwT=]

For r > 1 and € < 1, we then have

min  |C — CW|r < K+/re,
WWWT=]

16x, , 8V2A°
fOI‘K:\/l—F(STl 63/21 .

Lemma 16. Let M be a rank r > 0 matrix in R™*" such that | M| p < §. Define

My =MW, + P,
My = MWy 4 Py,

for perturbation matrices Py, Py € R"*" such that |P1|r < €1 and |P2|r < €3 and orthonormal
matrices W1 € R"™*" and Wy € R"*",

Find
T = argmin |MW; — MWgW”fm, (17)
WWWT=I
and
T = argmin |[M; — MQW“% (18)
WWWT=I

Then T = W4 Wy is unique. If M My is also of rank r, T is also unique. Finally, when MJ M is
of rank r,

|-

2
S W[a(ﬁl + 62) + 6162].

F T

Proof. Define S = [MW,]" MW7, and denote the singular value decomposition of S as S =
UXVT, for orthogonal matrices U and V' and the diagonal matrix Y containing the singular values

of S down its diagonal. Similarly, define S = MQT M7, and denote its singular value decomposition
as S =UXVT,
It has been shown in [2] that the 7 and 7' which minimize and can be expressed as

T=UVv"T (19)
T=0VT. (20)

Denote the singular value decomposition of M as M = LWRT, for the matrix with orthornormal
columns L € R™*", the orthogonal matrix R € R"*" and the diagonal matrix ¥ € R"*". Writing
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S = [MWo)" MW, = Wl MT MW, = W ROYLT LVRTW, = Wi RU?RT W/,

makes it clear that U = W R and V = W{ R. Therefore

T=U0v' =W]IRR"W, = W] W,.

To establish the uniqueness of 7', [2] has shown that it is sufficient that the matrix .S have r, non-
zero singular values, which must be the case since we assume that the rank of M is r. Similarly, the

uniqueness of T follows from the assumption that S = MF M, is of rank 7.

All that remains is to establish the bound for HT — TH . We first bound HS — SH , and we write
F F

HS . S“F = || (W) T MWy — ME M,

= [[MWo]" MWy — [MW, + P]" [MW + Pi]| ..
Note that [MWs|p = [MWi|p = |M|p < 6. Lemma[l2)can now be applied to find

HS—S’HF < €10+ €61 + €20 = (€1 + €2) + €169, 21

Having established a bound on |S — S|, we now bound |7 — 7). Finding 7" and 7" in
and l| is equivalent to finding the unitary matrix in the polar decomposition of S and S. Li

([3]], theorem 1) has shown if A and A are two non-singular n X n matrices, then H‘Q — Q‘H <

-2 _A
‘Tn(A)j'Un(A) H’A A’
and A, 0,,(-) gives the n'" singular value of it’s argument when singular values are indexed such
that oy > ... > o, and |||-||| is any unitarily invariant norm. We can apply this theorem to .S € R"*"

and S € R"*" as we have shown S = [MW5]T MWj is of rank r and by assumption S = MT M,
is as well. Applying the theorem for the Frobenius norm, we find

, where @ and Q are the unitary matrices in the polar decomposition of A

2

R
o (S) + 0.(5) F
= JT?S) HS B gHF )
< (9 [0(e1 + €2) + €1€a]. (24)

Recognizing that 0,.(S) = o,.([MWo]T MW,) = o.(MT M) = ¢2(M), we can complete the proof
by writing

”TfTA

2
P S W[(S(El + 62) + 6162]. (25)

Lemma 17. For C' € R"*" define C, and Cs as

él = C(pl, I)Wl + P
Co = C(p2 :)Wa + P,
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for some index sets py C [n],pa C [n]| with cardinality |p1| = ny and |p2| = ne, orthogonal
matrices W1 € R™" Wy € R" " and error matrices P; € R™"**", Py € R"2X",

Denote the intersection of p1 and ps as L = p1 N pa. Let ¢1 and ¢4 indicate the rows of C’l and ég
so that

Cl(th :)

Ca(2,:)

C(L, Z)Wl + P1
C(L, I)WQ + PQ.

Finally, define ny such that C’g(ng, D =C(p2 \ ¢,:)Wao + Ps.

Algorithm 1 Procrustes Matrix Reconstruction Algorithm (C’l, ég, P1, P2, O1, P2, L, M2)

1. T 4= argminy . yywr—rg

Ca61.5) = Calda )W

2. C(py,:) « Cy
3. Clpa\ 1,2) + Ca(ma, )T
4. Return C
Assume p1 U py = [n], |o| = 7, |C(p2,:)|F < 02, [Pi|r < €1 and | Po|p < €2. Then if C(¢,:), and

Caolp2, )T Ci(¢n, :) are of rank r, algorlthmwzll assign values to all rows of C' such that
min HC*C’WH S €1 +€2+K[(S§(61 +€2) +52€162],
WWWT=I F
for a constant K = m

Proof. We first show that all rows of C' will be assigned values. To see this note that in step 1, rows
indexed by p; are assigned values. In step 2, rows indexed by ps \ ¢ are assigned values. Finally,

p1 U (p2 \ t) = [n], showing that all rows of ' are assigned values.

To establish the error bound, we begin by using the triangle inequality to write

o

W:I/II/nVi[;lT:I HC CWH W vﬁ/nle?T I{HC(m, )= Clon, :)WHF + HC(pQ o) =

prinw],}

If weset W = WlT , we can write this as
b Je- ], < [etm -t et -]
Jomin e —cw| <[l = oWl |+ Clee\no) = Cloa\ Wl |

‘We can bound the first term as

HC(Pl, ) = Clpr, )WlTHF = HC(pl, ) — CA'1W1TH
= ||C(p1, ) —[Clp1,:) W1 + P [/V1
=[P

=Pilp
S €1,

I

I
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where we have used that fact that the Frobenius norm is unitarily invariant in moving from the third
to fourth lines. In the remainder of this proof we will use this property of the Frobenius norm without
further comment.

We again use the triangle inequality to bound the second term as

[Ctoe\ 1) = Clpa\ W | = Cloa\00) = ol )T
= |Clo2\ 1) = [Co2 \ 1. )We o+ Palna DITW |

= HP2(772, )TW1THF + HC(pz \6i) [I a WzTWlT} HF

We can bound HPQ(UQ, )TWFHF as

[P VEWE | = 1P, ) < 1P < e

where we have taken advantage of the fact that TWIT must be an orthogonal matrix. We now

complete the proof by bounding HC (p2\ ty2) {I — WoTWT } H . We can use the submultiplicative
F

property of Frobenius norm to write

[ctoe i) [T =TT | < 1€\ 1ol [T - Wt |
=10 \ ) [ W W2 =T

= 1Cp2\ 0. )l [T =T,

where we have defined 7' = W W;. We now apply lemma |16|to bound HT — TH . We set M in
F
the lemma to C(¢, :), My to Cy(¢1,:), Ma to Ca(ga,:), P1 to Py(¢1,:) and Ps to Pa(ga,:).

Note that it must be that |C(¢,:)|r < [|C(p2,:)|r, any by assumption |C(p2,:)|r < d2 so
(1, )| < 8. Additionally, [Py (61, )l r < |Pilr < e and [Pa(a,:)lr < | Polp < 3. By

assumption C/(, :) is of rank r, as is C (b2, :)TCy (1, :). Under these conditions 7" is the solution
to equation || in the lemma and 7" to equation tmi Applying the lemma, we find

. 2
HT — THF < [52(61 + 62) + 6162].

~ o (C,)

We can also bound [C(p2 \ ¢,:)|z < 02, and we have

ICp2\ )l [T -] < m[% t )+ aal[C\ u)ly
< m[(b(el + €2) + €162]02
- %[63(61 + €2) + da€1€0].

Putting all of the pieces of the proof together we have

min HC — OW“ <€+ e+ K[&%(El + 62) + (526162],
WWWT=1 F
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for K = Srey
O

Corollary 18. For C € R™*", assume there exists a Cy € RM*XT and Cy € R™%" and index sets
p1 and py such that

min HC(pl, ) — C’1W“ <€
WWWT=[ F

min C(p2,:) — C. WH < es.
WWWT=] H (p2:2) = Cs Pl
Assume p; U pa = [n]. Let ¢ = p1 N p and assume [¢| > 7.

Define C; = C(py,:) and let ¢; be an index set that assigns the rows of the matrix C(¢, :) to their
location in Cy, so that C(¢,:) = Ci(¢y, :) and let 7; assign the rows of C'(p; \ ¢, :) to their location
in Cj, so that C(pl \ L, Z) = Cl(m, )

Assume C(¢,:) and C’l(¢1, :)TC’Q(¢2, :) each are of rank . Finally, assume |C(p2, )|z < J2.

Learn C' € R™*" with algorithmin lemma Then algorithm will assign values to all rows of
C such that

min HC—CWH <€+ e+ K[03(e1 + €2) + dae16),
WWWT=] F
for K =

2
a2(C(t,1) "
Proof. For the r x r orthogonal matrices T} and 7%, define the matrices F, F» € R™*" such that
C1 = Cl(p1,)T1 + B (26)
Cy = Clpa, )Ty + Es. 27)

Then for any C1, Cy and C, there exists orthogonal T and T5 such that | E' || » < €1 and | Eq| » < €.
We prove this first for Cy and C(py, :). Let W’ = argming,.yypyr—; HC’(pl, ) - élWHF’ and let

T, = W'T. Then

Bl = €1 = Clor,ow™

‘ F

“feta-cur],

= pamin[CGu) - G|

SEl.

The same argument can be carried out for 6'2, C(p2,:) and T5. All of the assumptions are then met

for lemma to guarantee that algorithm [1| will learn a C from Cy and Cs such that all rows of C'
are assigned and

min HC—OW” <€ +62+K[5§(61 + €3) + 0261 €3],
WWWT=] F

_ 2
for K = EEI(IE
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Corollary 19. For C € R™*", assume there exists a set of two or more matrices C’l S
RM>7 .., Cy € R™X*7, and collection of index sets p1,...,py such that |C(p,:)|p < b for

some b > 0 and minyy.yywr—; HC’(pl7 D)= éleF <e¢/bsome0 <e<bforalll.

Assume UF_, p; = [n]. Foralll > 2, define v, = p; N (Ué;llpj) and assume || > .

Define C; = C(py,:) for all I, and let ¢; be an index set that assigns the rows of the matrix C(¢,:)
to their location in C), so that C(v,:) = Ci(¢y,:) and let n; assign the rows of C(p; \ i1, :) to their
location in Cy, so that C(p; \ u1,:) = Ci(ny, ).

Algorithm 2 Sequential Procrustes Matrix Recovery (C’l, s Gy Py P {u, di,m}r_,)

Initialize C' as a n X r matrix.
1. C(p1,:) « C4
2. Forl e {2,...,k}

N N 2
(C(Ll, ) — Gy, :)WHF
) Clpr\ uy:) « Ci(m, )W
3. Return '

a VVH—ar min T_
g WWT=I

Use algorithm@to learn a C' € R"*". Then if C(u,:) and C’l(¢l, :)Té(bl, :) each are of rank r for

le2, ...k algorithmwill assign values to all the rows of C such that

w1 “C B OW“ <[4+ 12/v)" e,

for a constant where v < 02(C(vy,:))/b? for all 1 > 2.

Proof. We will first establish a bound assuming |C(p;, )| < 1 for all [ and € < 1, and will then
generalize this result when |C(p;, )| < bfor some b > 0 for all l and € < b.

We establish the result by induction. We prove the base case for £k = 2. Note for the case k = 2,
algorithm [2) will consist of step 1, followed by one iteration of step 2, followed by step 3, which is

equivalent to running algorithm of lemma |17| with inputs C’h C’g, P1, P2, P1, P2, L2 and 1y, where
we have listed inputs in the same order as in the heading for algorithm|1| In this case, C; and Cy

are such that miny,.yywr—; HC(pl, ) — C’NV” < € and miny . yywr—; ”C’(pg, ) — C’gW” <e

Further, by assumption p; U pa = [n], |ta| > 7 and C(1z,:) is of rank r. If Co(¢pa, )T Cy (1, ) is of
rank 7, corollary 18|then guarantees that algorithm 1| will learn a C' such that

min HC - OWH < 2e + K[202¢ + 82¢2), (28)
WWWT=] F

for K = W where d; = |C(pa,:)|r < 1. Noting that by assumption € < 1 and 2(C(s2,

)) < v, we have

o HC - éWHF < [2+3Gle <[4+ 6Ge, (29)

where G = 2/v.
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We now prove the induction step. When k > 3, algorithm [2] will consist of running step 1, followed
by k£ — 1 iterations of step 2, followed by running step 3. Let Z;_; = U{;ll pi- On the (j —
1)*" iteration of step 2, assume that the previous steps of the algorithm have learned the rows of
¢ indexed by Z;_; (that is C(Z;_1, :)) such that minyy.yyr—; HC(Ij_l, ) = C(Z1, :)WH <
[4 + 6G)72e. For clarity of what is to follow, define €/, = [4 + 6G]’~?¢. Performing the
( — 1)t" iteration of step 2 of algorithm I with C and the C( [j—15 :) from the previous steps
of the algorithm and then performing step 3 is equ1valent to running algorithm [I] with the inputs

C’( —151)s CJ,IJ 1,05, d5_1,05,nj,tj, where we have again listed inputs in the same order as in
the heading for algorlthm and ¢;_; = 1;.

By assumption miny . wwr—=r ”C(Ij,l, ) - C” lWH <€, and
minyy,pwr—s HC’(p]-, ) — CJWHF <e. Further, p;UTZ;_; = p; U (Ul:1 pl> = [n;], where
nJ is the number of rows in c i :). Further, |¢;| > r and C(i4,:) is of rank r. Then if

Ci(¢;,)7C(&, 1) = Ci(ey,0)" (LJ7 :) also is of rank r, corollary 18| guarantees that algorithm
w111 learn a full C(Z. 4, ) from C’j and Cj_1 such that

W:V{/nviélT:IHC(Ij,: - C(Z;,: WH <ete 1+K[6 (e+ € 1)+ dje;_yel,

where §; = |C(p;,:)|r < 1. Again, e < 1, so we have

W:v{/nvil;lT:I ”C(Ij7 )= Oy, :)WHF S et ot Klet26.)

Recognizing that again K = W < % = @, we further have
W:Vgnvii;szl HC(Ij’ ) - C(T;, :)W”F <ete; ) +Gle+2€; ] (30)
We can bound the right hand side of (30) as

min HC(@,: ~ G, WH < e+ [4+6GY 2 + Gle + 2[4 + 6G) 2]
WWWT=T

[1+ Gle+ [1 + 2G][4 + 6G)T 2
[1+Gle+2772[1 +2G][2 + 3G} 2
[2+3G)e + 27722+ 3G} e

(24 3G] + 27722+ 3G 1) e
(243G + 277224 3GP ) e
[1+ 27722+ 3G e
2
21
=[4

IN

IN

IN

2072 4 2172][2 4+ 3G}~
2+3G) e
+6G) e (31)

Substituting G = 2/v, we can conclude

e~ Cww] <

when [C(p;,:)|» < 1forall l and e < 1. Finally, since Z, = U}"_, pr = [n], after processing all k
submatrices, algorithmwill learn a full C' such that
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min HC C’WH [4+12/v]) te.
WWWT=1

We now generalize this result when |C(p;, )| < b for some b > 0 for all [ and 0 < e < b. Define
= C/band C'; = Cy /b for all [. Then

1
1€ (o1 )l e = [C(pr, ) /bl = J1C (o )| < 1

Further, since minyy.jyyyr—rg HC(pl, ) — élW“ < eand € < b, then
F

~ 1 1 -~
o / N v — 3 = I
WWWr=1 HC (prs2) CZWHF WP W= bc(pl“) bClW .
1 . A
b |:W:VrVnV1[}1T_I HC(pl, - ClWHF}
€
< =
/)
<1.

for all {. For clarity of what is to follow define ¢’ = ¢/b.

Finally, if v < 02(C(u,:)) forall I > 2, then v’ = v/b? will satisfy v/ < a2(C”(1;,:)) forall [ > 2,
as can be seen by writing

D < 50 (Cu,)) = (O, ) /8) = 02(C . 2).

Having established this basic inequalities, it can be verified that using algorithm [2] to reconstruct
C from Cl, O s equivalent to first usmg algorithm |2 I to reconstruct the rescaled C’ from

..., 0 and then multiplying the final C’ by b to estimate C' = bC’. However, we have
just shown that IC'(p1,:)|F < 1forallland € < 1, so we can use the result we just established to
conclude that

min HC’ C’WH [4+ 12/v/])F1¢
WWWT =1
for v’ < 02(C’(u,:)) for all . Using the relations above, we can conclude
min ”c C’WH 4+ 12/0/]F~
WWWT=T

when for v/ < 7502(C(u,:)) forall L.

However, if minyy.yyywr—r HC’ C”WH [4 4 12/v/]F71 <, then
b [ min ¢ - cw| } = min e’ —bCw|
WWWT=I F|  wawwT=r1 F

min ”C - C‘WH
WWWT=] F
< b4+ 12/

= [4+12/v]F e,
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SO Minyy . pwyyr—g HC — CW" < [4 + 12/v']*~'e which completes the proof.
F
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